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Convex operational theories form a class of physical theories that are built on the
operational mixing of states of the system resulting in convex state spaces. Following
the operational approach to describe physical experiments, the other operational
concepts, such as measurements and state transformations, rise from the properties
of the state space. In addition to quantum theory, the convex operational theories
include but are not restricted to classical theories and quantum theory of processes.

In the light of recent deep interest in quantum information theory, convex opera-
tional theories serve as means to consider information-theoretic principles in a more
abstract framework. This allows to compare different types of theories against each
other and further study the nature of these principles. Some of these principles can
then even be used for different axiomatizations of quantum theory.

This thesis serves to introduce the mathematical concepts related to convex opera-
tional theories and then use them to construct this class of theories in the ordered
vector space formalism. We use the constructed class of theories to consider the
most important aspects of the theories with applications in physical theories such
as quantum theory. We study some of the most important non-classical properties
of quantum theory in the more abstract framework of convex operational theories
including original research on one of these features.
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Konveksit operationaaliset teoriat muodostavat joukon fysikaalisia teorioita, jotka
pohjautuvat tilojen operationaaliselle sekoittamiselle, minka seurauksena teorian
tila-avaruus on konveksi. Fysikaalisten kokeiden kuvaamiseen kaytettyjen ope-
rationaalisten periaatteiden seurauksena muut teorian maaritykseen tarvittavat
kasitteet kuten mittaukset ja tilamuunnokset saadaan johdettua tila-avaruuden
ominaisuuksien pohjalta. Kvanttiteorian lisaksi konveksit operationaaliset teoriat
sisaltavat klassiset teoriat ja kvanttiprosessien teorian.

Kvantti-informaatioteorian saaman viimeaikaisen suuren kiinnostuksen valossa kon-
veksit operationaaliset teoriat antavat valineet kasitelld informaatio-teoreettisia pe-
riaatteita abstraktimmassa viitekehyksessa. Tamé mahdollistaa eri teorioiden ver-
taamisen toisiinsa sekéd antaa mahdollisuuden tutkia naiden periaatteiden luonnetta.
Joitain naistd periaatteista voidaan jopa kayttaa kvanttiteorian aksiomatisointiin.

Taman tyon tarkoituksena on esitella konvekseihin operationaalisiin teorioihin
liittyvid matemaattisia rakenteita ja kayttda naita rakenteita teorioiden formalismin
rakentamiseen. Nain muodostettuja teorioita kaytetaan teorioiden tarkeimpien
piirteiden tutkimiseen ja fysikaalisiin teorioihin soveltamiseen. Kvanttiteorian
tarkeimpia ei-klassisia piirteita tutkitaan abstraktimmassa viitekehyksessa alku-
peraista tutkimusta sisaltaen.

Avainsanat: konveksit operationaaliset teoriat, yleistetyt todennakoisyysteoriat,
kvanttiteoria, kvanttiprosessien  teoria, konveksisuus, operationaalinen
lahestymistapa
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Introduction

Quantum theory is by right to be considered as one of the most accurate physical
theories: all the predictions of the theory are in an extremely good accordance
with the empirical experiments. The reasons behind the success of quantum theory
ultimately lie on the deep understanding of its mathematical structure and the
ongoing extensive research year after year. Over the decades the motivation behind
quantum theory has varied from trying to explain observations that did not have
grounds in the classical physics to applying quantum theory in practice.

One of the most resent motivators has been the applicability to information
theory leading to the birth of quantum information theory. As we are reaching the
quantum domain in the size of the components in classical computers and as the
quantum information theory has been seen to hold many significant advantages over
the classical information theory, it has triggered an extensive search for applications
in quantum technologies. The advantages, for example the speed-ups of classical
algorithms and more secure communication protocols, are ultimately a result of the
non-classical features of quantum theory such as entanglement, superposition and
disturbance caused by measurements [1].

The success of quantum information theory has led the researchers to seek to
understand information and information processing in more abstract level as uni-
versal information-theoretic principles rather than just as specific features. This has
sparked a renewed interest on a class of more abstract theories that were originally
used as a tool in the research on the quantum foundations as early as the 1960’s.
This tool, and the subject of this thesis, is the framework of convex operational
theories.

The convex operational theories are built upon the idea of operational mixing
of the states of the theory resulting in a convex space of states. The operational
approach focuses on explaining the mathematical structures in terms that are used
to describe physical experiments relying on the statistical analysis of the experiment

thus creating a link between states and measurements. Based on the convexity of



the state space, we can formulate measurements as affine functions taking a state
to a probability that the outcome of the measurement is the one represented by
the function and state transformations as affine functions from the state space to
another convex space. Furthermore, we can consider joint systems and construct
composite state spaces. After fixing the set of states, the theory is (more or less)
fixed.

The objectives behind convex operational theories were first considered by Lud-
wig [2H4], Mielnik [5] [6], Davies & Lewis [7] and Gudder [§]. Their work already led
to a class of generalized convex schemes of quantum theory indicating that many
principles and features of quantum theory can be formulated in a much more general
setting. They showed that these features are not just characteristics of the standard
quantum theory but that quantum theory can be considered as a particular instance
of these theories leading to different axiomatizations of quantum theory based on
these features. The class of theories generated this way not only include quantum
theory but classical theories as well.

In the age of quantum information theory the convex operational approach has
lifted its head as the framework provides a suitable setting to consider information-
theoretic principles in more abstract formalism. The convex operational theories, or
nowadays more often referred to as generalized probabilistic theories (GPTs), provide
a framework to consider different infromation processing tasks in different theories
and then see how different physical principles and phenomena (for example cloning
[9], teleportation [10], joint measurability [11], etc.) manifest themselves in different
theories.

Studying different physical principles this way not only gives us hints what is so
special about quantum theory but also it gives us information on the characteristics
of different phenomena themselves as we can study how restricted or generic they are
in these theories. One can for instance try to characterize features that are present
in any non-classical theories or just in quantum theory. Also work on different
axiomatizations of quantum theory has been continued (see for example [12, 13]) but
now with the focus on the principles of information processing such as information
causality [I4], no-signalling and bit commitment [I5]. Although the mathematical
structure of quantum theory is well understood, the physical principles that would
lead us to this structure are still missing.

The focus on information has also led to a more abstract level of quantum infor-
mation processing as instead of considering quantum states as our objects of interest

we can also process quantum processes themselves [16]. Quantum processes are im-



portant in quantum information theory as state transformations are an essential
part of any manipulation and processing of information. The convex operational
theories give an abstract enough setting to consider these scenarios as well.

In this thesis we present one framework for convex operational theories and
use it to examine some of the most important non-classical features of quantum
theory. In Chapter [[] we introduce the mathematical structures needed to construct
the framework. We start by considering more general notions of convexity based
on operational principles and show that they quite naturally fall down under the
traditional convexity in vector spaces. In preparation for the construction of the
theories, we present the order structures of vector spaces and their tensor products.

In Chapter [[I] we construct the ordered vector space formalism of convex oper-
ational theories. We show the connection between convex sets and ordered vector
spaces and use this formulation to define a class of operational notions such as ef-
fects, measurements and operations. We use natural physical principles to present
the composite of individual systems in ordered tensor product spaces. We apply
the framework to a class of specific theories by considering the features of quantum
theory, quantum theory of processes, polytope theories and classical theories within
the constructed framework.

The final chapter is devoted to consider some of the non-classical features of
quantum theory in the level of convex operational theories. Chapter [[TI] focuses on
three task-type information-theoretic features of quantum theory: cloning, broad-
casting and joint measurability. We formulate these tasks in convex operational
theories and show that they are in fact generic features for classical classical theo-
ries such that in any non-classical theory we can prove a no-go theorem for these
tasks. We also see how these tasks are not independent of each other but in fact
quite naturally linked.

In the last section of Chapter [[T])is included the research part of this thesis. In the
research [I7], published in Physical Reviw A, we use the notion of noise content to
extract intrinsic noise from (physical) observables and apply it to formulate a noise
inequality that serves as a sufficient condition for joint measurability of observables.
We demonstrate our result by applying it to quantum theory, quantum theory of
processes and polytope states spaces. In particular, we consider an example of a
newly introduced notion of reverse observables.

This thesis is dedicated to the memory of V&ind Ilmari Leppéajarvi (1939 — 2017).



Chapter 1
The mathematical framework

We start our investigation of operational theories by introducing important mathe-

matical concepts that will be needed to describe our class of theories.

1 Convex structures

Convexity is a crucial property for states of any physical system as mixing different
state preparations is always possible in any controlled experiment. The notion of
convexity is most commonly formulated in vector spaces but in principle there is
no reason why it should be so. This leads to a generalized notion of convexity and
convex structures. Generalized convexity can be formulated in many ways (see for
[8, 18-21]) and here is presented one that supports the ideas behind the operational
approach of interpreting physical systems. We will see in this case that under one
natural assumption the convex structures can in fact be embedded in vector spaces

[18] so that we are left with the traditional notion of convexity.

1.1 Generalized convexity

Let us start by constructing a notion of generalized convexity based on the idea of
mixing states in a physical experiment. Suppose we have n different states o1,..., 0n
that are being examined in an experiment. Instead of using the states individually
as an input for the experiment, we can decide to take the input to be the mixture
of these, i.e. o1 with probability A;, g2 with probability A2, and so on. As we have
to use some input, the probabilities have to sum to one. We note that any set of
probabilities, called weights, satisfying this must give a valid mixture.

We can consider some basic properties of the mixture. If all the states are the
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same so that we only mix just one state, then we always take the input for the
experiment to be that one state. Thus, with respect to the measurement, this
mixture must be equivalent to the one state that it was a mixture of. On the other
hand, if the states are different but some state is mixed with a zero-probability, then
this state is never used as an input so that the mixture can be expressed without
this state.

We also note that as the weights just represent the probabilities of choosing a
particular state for the experiment, the input ordering of the states is not fixed
for any single run of the experiment. Finally, if we make a mixture of mixtures
of states, since we still use as inputs just the specific states as inputs, we can ex-
press the mixture of mixtures as a single mixture where the weights are determined
accordingly.

These ideas lead us to the following definition. For that, let us denote A, =
{Oq, .. ) €0,1]7 | o7, x = 1},

Definition 1.1. A convex structure is a set K equipped with mappings
(3), A x K" = K,
for which the following conditions hold for all n € N, n < oo:

C-1. (A, Ans0,...,0), =0
for all p € KL and (A\q,...,\,) € Ay;

C-2. <)\1,...,)\Z‘,...,)\j,...,)\n;Ql,...,Qi,...,Qj,...,Qn>n
:<)\17"'7/\]'7"'7/\1'7'”7)‘n;917'”7@]’7*"7@1'7"*7971)”

for all 4,5 <mn, (01,...,00) € K" and (A1, ..., \,) € Ay;

C-3. (Moo e =0, A5 015, Ok -5 O ),
== </\17'"7>\k—17)\k+17"'7)\71;@1’"'7Qk’—1algk+l7"'7gn>n_l

for all (01,...,00) € K", (A1,...,\n) € Ay, and any k < n;

C-4. <)‘17"'7)\i7"'7)\n;915--'7Qi:<,u17"'7,um;Q/17'"7@'/m>m7"'7gn>n
= <A17"'7)‘7ﬁ—17)‘i,u17"'7)\ilum7)‘i+17"'a)‘n;Qla"'aQi—l?Qlla'"7Q;nagi+17"-7gn>n+m_1

for all (o1,...,0,) € K", (0},...,0),) € K™, (A,..., ) € Ay and (p1, ..., fm) €
A,
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The mappings (-;-), on K are called a conver combination for each n. The
element (Ay,..., \p;01,...,0n), given by a convex combination (-;- ), is called the
muxture of the elements o1, ..., 0, with weights \y,...,\, respectively. Thus, the
existence of a convex combination mapping means that a finite set of elements with
specific weights form a unique mixture in the convex structure .

The conditions C-1 — C—4 formulate the ideas presented above: The condition
C-1 states that the mixture of an element with itself is just the original element, and
condition C-2 means that the mixture is independent of the order of the elements
in the mixture. Condition C-3 reads that a mixture which has a weight 0 for
some element is independent of that element and does not affect the mixture, and
finally condition C—4 illustrates the fact that a mixture of mixture elements can be
expressed as a single mixture with weighted weights.

Since the arguments of the convex combination function (-;-), already indicate
the subscript n, it will be left out from here on. The weights of two-element mixtures
always satisfy Ay = 1—X\; so that in order to simplify notations we denote ( \; o, ¢’ ) =
(M1=X0,0).

Let us first examine some properties of mixtures.

Proposition 1.2. Let K be a convex structure. For a convexr combination function

(+;+) the following properties hold all n € N:

a){(0,...,0,1,0,...,0;01, .., 0k-1, Ok, Okt1,---0n) = Ok for all elements (o1, ...,0,) €
Krandl <k <n.

b)<>‘17"'7)‘k7)‘k+17"'7)‘n;Q7"'7Q7Qk+17"'7Qn>
= <Zf:1>\i,)\k+1,...,)\n;g,gk+1,...,gn> for all (M\1,...,\) € Ay,
Q,Qk+1,---,@n€’CandO§k§n.

Proof. a) By condition C-2 we can assume that £ = 1. We prove the statement by
induction. Let first n = 1. Then by C-1 we have

(Lo) =or1
Suppose now that a) holds for a mixture of m elements. Now by C-3 we have that
(1,0,0,...,0; 01,02, 03 - 0ms+1) = (1,0,0,...,0; 01,00, 03 -, 0m) = 01
Thus a) holds for all n € N.

b) For k = 1 the statement clearly holds since the sum of weights is trivial. If
k = n we see by C-1 that

<)‘1a---7/\n;97---79>:Q:<1;Q>:<Z)‘n;9>-
=1
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Hence, cases n = 1 and n = 2 are covered.

Let us now fix £ = 2 and show that b) holds for all n = 3,4,.... This can be
achieved by induction with respect to n.

First take n = 3, then by C-4 and C-1 we have that

A1 Ao
AL, Ag, A3 = 1— As; :
< 1y N2, 37QaQaQ3> < 3)<1_)\371_>\37Q7Q>7Q3>
= (M + A2, A350,03) .

Then suppose that b) holds for a mixture of m number of elements when k = 2. By

C-5 and the induction hypothesis we see that

<)\17)\27)\3---7)\m+1;Q7Q7Q37"'7Qm+1>
A1 Am
= (1o . : om ) om
< m+17<1_)\m+17 71_)\m+179797937 , O > 0 +1>

NP TE " A
- m+17 1_>\m+17"'71_Am+17Q7Q37"'7Qm ’Qm+1

= <>‘1+)\27)\37'"7)\m+1;Q7Q37"'7Qm+1>7

so that b) holds for all number of mixtures when k = 2.
It remains to show that b) then holds for all 0 < k < n. This can be done
similarly by induction but now with respect to k. First take k = 3:

<)\17"‘7)‘R;Q7Q7Q7Q4)"'7Qn>

_ A\ A2 An .
— 15 0, 1_)\17"'a1_)\17QaQ7Q37--'7Qn

et A
- 15 0, 1_)\17"'71_)\17@7@3’--'7@71

<)\17)\2+)\37)\47"'7)‘7L;197197|Q47"'7Qn>
<)\l+>\2+)\37)\47"'7)\n;Q7Q47"'>Qn>'

Suppose finally that b) holds for all number of elements n in the mixture and for

k=m <n. Now

<)‘17"'7)‘m+17)\m+27"')\H;QJ"‘7Q7Qm+27"'7Qn>

= (e ( 22 M
= 1, 0, 1—)\1,“'71_)\179""’0707”4'27"-;@71

s, A
= A1 = A g2 ——— 0, Ot2s - - - On
< 1aQa< 1_)\1 ) +2 1_)\199 +2 0
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m+1
- <)\1aZ>\ia)\m+27'"a)\n;gvgagm-‘r%"'vgn>
=2
m+1
- <ZAia)\m—l—Za"'a)‘n;Qan—&-ZV"7Qn>'
i=1

Thus b) holds for all number of elements and all number of same elements in the

mixture. u

Next proposition shows that in fact we only need to consider two-element mix-

tures.
Proposition 1.3. Every mixture can be expressed as a mixture of two elements.

Proof. Let (01,...,0,) € K" and (Aq,...,\,) € A, where n > 3. By condition C-3
we may assume that \; # 0 foralli = 1,...,n. Since ;" | A; = 1, especially \; < 1,

and we have that .

Ai
Z1—A1:1’

=2

so that (22—, ..., 22) € A, ;. Hence,

[ES VRN e
o= A2 A 0 0
1_)\1,,1_>\1, 299 Un
is a genuine mixture.

By the condition C-4 we have that

Ao A
A1; MY = A1 L 09, ..., O
< laglag> < 1a017<1_)\17 )1_A17Q27 y O >>

= <)\17...,>\n;017-"79n>'

]

In the light of previous proposition, we can restate the most important properties

for two-element mixtures.
Corollary 1.4. Let K be a convex structure. Then
i) (L0,0") =0
i) (Nio.0) = o
iir) (X 0,¢)=(1=Xd\e), and

w) (A (p;00),0") = <Au; Q,<Afi}ﬁj);9’,9”>>
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for all o, ¢, 0" € K and X\, pu € [0, 1].

Proof. 1), ii) and iii) are just conditions C-3, C-1 and C-2 formulated for mixture

of two elements. By C-4 we have for iv) that

M1 —
(N (p50,0),0") = (A, ML — ), 1 = Xy, 0,0") = <)\M;Q7<1(_—/\Z);Q,;QN>>-
O

Next we see that the traditional notion of convexity is included in our framework

of generalized convexity as expected.

1.2 Convex subsets of vector spaces

As a special case of convex structures we can consider convex subsets of vector

spaces. For the following basic notions of vector spaces see for example [22, 23].

Definition 1.5. Set V combined with two operations, vector addition + and scalar
multiplication -, is a vector space over a field F if the following axioms hold for all

vectors x,y,z € V and scalars a, § € F:
V-1. (x+y)+z=a+(y+2),
V-2. r+y=y-+ux,

V-3. there exist a zero vector 0 € V such that
O+zxz=2x

for all z € V,

V-4. for every x € V there exists an inverse element —x € V such that
z+ (—x) =0,

V-5, a-(8-2) = (af) -,
V-6. l-z=ux,
where 1 is the multiplicative identity in F,

V-7. a-(z+y)=a-x+a-y, and

V-8. (a+p)-z=a-z+ [ .
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Figure 1: A convex set (left) and a non-convex set (right) in R2.

Axioms V-1 (associativity), V-3 (neutral element) and V-4 (inverse element)
make V an additive group, and V-2 (commutativity) completes it into an Abelian
group. Axioms V-5 to V-8 concern the compatibility of scalar multiplication and
vector addition, and the last two are usually referred to as the distributive laws.

A vector space is finite-dimensional if there is a finite set of vectors that span
the vector space. Basic results of vector spaces is the existence of a basis, i.e. a
linearly independent set of elements that span the vector space. The dimension of
a vector space is the number of elements in a basis. If the scalar field F in Def.
is taken to be the set of real numbers R, then the vector space is called a real vector
space.

In our setting we make the following limitation:
All vector spaces are real and finite-dimensional from here onwards.

In vector spaces we can now formulate the traditional notion of convexity.

Definition 1.6. A subset K of a vector space V is convex if Az + (1 — \)y € K for
all z,y € K and X € [0, 1].

Geometrically convexity means that the line segment between any two point of
a convex set are included in the set (Fig. [I). We may also consider sums of more
than two elements. A linear combination in a vector space V of the form Y " | \;xz;,
where z1,...,2, € V and (Ay,...,\,) € A, is called a convex combination or a
convex sum. The next proposition shows that a convex set is closed with respect to

finite convex sums [24, Thm. 2.1.4].

Proposition 1.7. Let IC be a convex subset of a real vector space V. Then for all
n €N,

i Az € K
=1

for all z; € KK and \; € [0, 1] such that " A\ = 1.
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Proof. The proof can be adapted from the arguments from proposition by in-
duction.

Consider convex sums of n elements. For n = 1 the argument is trivial. Suppose
then that I is closed with respect to convex sums of k£ elements for some k € N; i.e.
Zle Niz; € K for all z; € K and \; € [0, 1] such that Zle A; = 1 for some k € N.

Now consider a convex sum of k£ + 1 elements, Zf’:ll Aiz;. We may suppose that

A #0foralli=1,...,k+ 1. Then especially A\ty1 < 1 so that

k

Ai
y=) i
; 1 — Aigr
is a convex sum of k elements. By the induction hypothesis we have that y € K,

and hence

k41 k
Z i = Z N + N1 T = (1 — M)y + M1 @i € K
i1

=1

since IC is convex. O

The previous proposition confirms that the mapping
n
()\1,...,>\n,$1,...,$n) — Z)\Zl’l
i=1

on a convex subset IC of a real vector space V defines a unique element in X so that
we may see if the conditions of Def. hold for it. It is easy to check that the
convex sum satisfies the conditions, making K a convex structure.

Let us then consider some basic concepts and properties of convex sets. These
basic concepts can be found for example in [24] 26/-2§].

Given a subset V' C V of a vector space V we can always construct a convex
set containing V' (see Fig. . Namely, we form a set of all convex combinations of
vectors in V. This is called the convex hull of V' and denoted by conv(V), i.e.

n
conv(V) = {invi\vn EN:(A,.... ) €A, 1, €V Vi= 1n} (1.1)
i=1

The convex hull of V' is the smallest convex set containing V' and the convex
hull of a convex set is the set itself. Thus, every convex set is a convex hull of a
set. We can ask if for a convex set there is a smallest set that would generate the
convex set as its convex hull. We will address this question more closely later on,

but essentially this brings us to the notion of extremality.
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Figure 2: The convex hull of a set of points in R2.

Let K be a convex subset of a vector space V. We see that every element x € IC
can be expressed as a trivial mixture x = A\x + (1 — \)z for every A € [0, 1]. We note
that in general there might not be any other mixtures to represent an element and

we make the following definition.

Definition 1.8. An element z € K of a convex set K is called extremal if
r=Xy+1-XNz = z=y==z

holds for all convex decompositions z = Ay + (1 — A\)z with y,z € K and X € (0, 1).
The set of extremal points of K is denoted by ext(K).

Since extremal points have only a trivial convex decomposition, they can be
considered elementary points in the convex set. We note that conv(ext(K)) C K.

Another elementary concept is the face of a convex set.

Definition 1.9. A convex subset F C K of a convex set K is called a face if for
y,z € K and X € (0,1) we have that Ay + (1 — \)z € F implies that y, z € F.

We see that both the convex set K itself and the empty set () are faces of K.
They are called trivial faces. If F is a non-trivial face of K, then it is called a proper
face. We note that a singleton set {z} is a face of K if and only if z € ext(K). Also,
a face F' of a face F of K is a face of K.

For example, in Fig. [2| we see that the extremal points are exactly the vertices of
the set. In addition to the singleton sets of the extremal points, the faces are seen
to be the line segments connecting any two adjacent vertices.

The above concepts play important role in convex sets and they will be needed
later on. Before introducing a special class of convex sets, we first show the convexity

in vector spaces is more than just a particular instance of convex structures.
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1.3 Embedding convex structures into vector spaces

Let us consider general convex structures once more. We say that a convex structure

K has a cancelling property if the implication
(Nd o) =(Nd" ) = o=/ (1.2)

holds for all g, ¢/, ¢” € K and X € [0, 1].
We show that the cancelling property guarantees that a convex structure can be

identified with a convex subset of a vector space [I8], 25].

Proposition 1.10. Let K be a convex structure with the cancelling property. Then

there exist a vector space V and an injective map ¢ : K — V such that

(N0 0')) = Ap(o) + (1 = Ne(d)
for all o, o' € K and X € ]0,1].

Proof. We start by constructing the vector space V. For that, consider first the

vector space
Vi ={f: K= R]| f(x) # 0 only for finitely many = € K}.
Vi is the vector space generated by K and it has a (canonical) basis {0, }.ex, where

1, ify=ux,
5as(y) =
0, otherwise.

We note that the mapping ¢ : x — ¢, is a bijection between K and the canonical
basis.
We can construct a subspace U of Vi by considering the span of the vectors of

the form

Sinay) — A — (1= N)3,.

We then set V to be the quotient space Vi /U and denote by ¢ the linear quotient
mapping that takes an element z € Vi to some equivalence class in V. We show
that the mapping ¢ = ¢ op : K — V satisfies the required properties.

Clearly ¢ is well-defined. Let us show the convexity-preserving property of .
Take (X\;x,y) € K for some z,y € K and X € [0,1]. In the trivial cases when x = y,
A =0 or A =1 the statement is trivial. Thus, we suppose x # y and A € (0,1).
Since 6(xzyy — Ay — (1 — A)d, € U, we have that &/, is mapped by ¢ to the
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equivalence class of Ad, + (1 — \)J, so that since the quotient map is linear, we have
that o ({(X\;2,y)) = dp(x) + (1 — A)e(y). Thus, ¢ preserves convexity.

Next we show that ¢ is injective. For that, take z,y € K such that ¢(x) = ¢(y).
Thus, we have that p(z) — ¢(y) = 0 which means that ¢(z) — ¢ (y) = 6, — §, € U.

This means that 0, — d, is some linear combination
i=1

for some real numbers {v;}7"; C R, where we have denoted z; = (\;;z;,y; ). If we
denote a; = max{v;,0} > 0 and §; = max{—~;,0} > 0, so that a; + 5; = || and
a; — B; = 74, we can express (|1.3) as

m

Oy + Z[aiézi + @)\iém + ﬁz(l - )‘i)dyi]
i=1

= 0yt > [Bi0: + aidiby, + ai(1— N3y, (1.4)
i=1
where now all the coefficients are positive. We see that both sides of the above
equality define the same function F’ that is non-zero only on finite number of distinct
points wy, ..., w,, n > 1 such that F(w;) >0 foralli=1,... n.
Let us first use the expression of the left side of for F'. First of all, we must
have x, z;, x;, y; € {wy,...,wy,} for all i = 1,... m since all of these points give a

non-zero value for F'. Since w; # w; for all i # j, we have that
D 0a(wy) =Y 0 (wy) =Y 0k, (wy) =D 6y, (wy) =1 (1.5)
J J J J
for all 2 =1,...,m. Thus, we have that
Y Flw) = 14 [a+ B+ Bi(l = A)] (1.6)

J

= 1+Z(OZ¢+5Z‘)=1+Z|%|:1+% (1.7)

where we have denoted v = ", |7
If v =0, then v, =0forall7=1,...,m so that 6, = J, from which it follows
that x = y which was the claim. It remains to consider the case when v > 0.

We denote by o’ = ﬁ and o) = % for any a € R. Consider the mixture
J

w=(F(w),...,Fw,);wy,...,w,).



THE MATHEMATICAL FRAMEWORK 15

For that we have that a mixture of x, 21, ..., Zpm, T1, - - -, Tpn, Y1, - - - , Y With weights
5z(wj)(J) ) a15z1 (wj)(j)v e 7am62m (wj)(j)7 61>\15:p1 (wj>(j)7 s 7ﬁm/\m51m(wj)(j)7 ﬁl(l -
M)y, (W) B(1=A)d,, (w;)9) must equal w; since the weights are non-zero

only if the respective points equal w;. By using C-3 in Def. we can remove
the additional O-weights from the mixture after which all the remaining point must
equal w; so that by C-1 the mixture must result wj.

If we now plug the previous mixtures of each w; to the mixture w, we get that w
is a mixture of the points z, z1,..., Zm, T1, .. ., Ty, Y1, - - - , Y With multiple instances
of all of them. By rearranging the terms (C-2), by combining the weights such that
there are only single instances of the points z, 21, .. ., Zpm, T1, - - -, Ty, Y15 - - - , Y i0 the
mixture (Prop. b)) and by calculating the respective weights using the identities
in ([1.5]), we finally get that

w o= (1), B B Bl = M), B (1= An)

S 21y ey 2y Ty e e Ty YLy e oy Ui )

= (1), Bl Bl 2oy 2y 21y o Zm )
= <1/7(a1+61),7"'a(am+ﬁm>,;x7217"-azm>
o < 1 O‘l—i_ﬁl Oém—i_ﬁm'xz N >

1+7> 1+77, 1+7 y Ly 2Ly - e o ~Am
_< 1 Y. <Oé1+51 U, + B >>
- PN 3 Ly D) FRLy ey Pm

L+~ gl v

where we used the properties C-1, C—2, C—4 and Prop. b) and denoted Kk = 1" =

1/(1+7) andv:<0‘1?51,...,amjﬁm;zl,...,zm>

By repeating the same process by using the expression of the right side of (|1.3))

for ', we find that w = (k;y,v). Thus, (k;z,v) = (K;y,v) so that it follows from
the cancellation property that x = y. Hence, ¢ is injective. We see that the image

©(K) is a convex set in V. O

Thus, with the additional cancelling property, the convex structures can be em-
bedded in vector spaces as convex sets. When constructing the convex operational
theories we will see that in the case where we take our states in a physical ex-
periment to be elements of a convex structure, the cancelling property is satisfied.
Hence, from here on we will focus only on convex subsets of vector spaces.

As an example we consider particular types of convex sets.
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1.4 Polytopes

Definition 1.11. A convex subset P of a vector space V is called a polytope if it is

the convex hull of finitely many points.

We see that a polytope always has a finite set of extremal points |28, Section
3.7]. Namely, if P is a polytope, then P = conv(P) for some finite set of points P.
Let z € ext(P). In particular z € conv(P), so that we have by extremality that
every convex decomposition of x is trivial so that € P. Since P is a finite set,
lext(P)] < oo.

We saw that ext(P) C P. In fact, we can prove the converse if the set P is
convexly independent, i.e. none of the points in P can be represented as a convex

combination of the other points [28§].

Proposition 1.12. If P is a convex hull of finite set P of convexly independent
points, then ext(P) = P.

Proof. Above we saw that ext(P) C P. For the converse, we take a point p; € P =
{p1,...,pn}. Suppose that p; = A\y+(1—\)z for some y, z € P and A € (0,1). Since
P = conv(P), we have that y = > a;p; and z = > | B;p; with some weights
{a;}; and {B;}; so that

pi = Paj + (1= NBlp; + > _[Aai + (1 = N)Bilp:.
=
We cannot have that o; = 8; = 0 since then we would have that p; is be a non-
trivial convex combination of other points in P which would contradict the convex
independence of P. The same contradiction is faced for all o; # 1 # B;. Thus,
a; = ; = 1 from which it follows that y = z = p,. Hence, P C ext(P). n

Next consider any polytope P = conv(P), where P = {p1,...,pn}. If the set
P is convexly independent, we have that P = ext(P). Otherwise, without loss
of generality, we have that p,, can be expressed as a convex combination of other
points in P. Thus, conv({p1,...,pm}) = conv({p1,...,pm_1}). Since P is a finite
set, we can similarly continue to remove all convexly dependent points from P so
that we are left with a convexly independent set P’ = {py,...,p,}, n < m, such
that conv(P’) = conv(P) = P. It follows from the Prop. that P' = ext(P).

Hence, we have proved the following [2§].

Proposition 1.13. Every polytope is the convex hull of its finite number of extremal

points.
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Figure 3: Some of the first regular polygons in R2.

The above proposition is just a special case of a much more stronger result on
convex sets. The result is known as the Krein-Milman theorem and we will only

state it here.

Theorem 1.14 (Krein-Milman Theorem). If K is a compact convex subset of a

finite-dimensional vector space V, then K is the convex hull of its extremal points.

The theorem relies on topological properties of vector spaces which can be found
in the next section. The theorem can be proved by studying further properties of
faces and extremal points (see for example [24], Theorem 2.6.16]).

Examples of polytopes include all regular polygons in R? (Fig. , i.e., convex
sets P, = conv({p1,...,Pn}) such that ||pi|| = ||pa]| = ... = ||pn]| and p; - pi1 =
17:]|? cos (%) for all ¢ = 1,...,n where the addition is modulo n. The extremal
points of a polygon are its vertices and faces are exactly the sides of the polygon.
We will consider polygons and other polytopes later in Chapter [Tl when we consider
them as state spaces. In particluar, we will see that a state spaces corresponding to

a classical systems form a special class of polytopes, namely simplices [28].

Definition 1.15. A polytope P with extremal points ext(P) = {po,p1,. -, Pn} is
called a simplex if {p; — po,...,pn — po} is linearly independent set.

Equivalent way to formulate simplices is to require that the extremal points are
affinely independent [28, Thm. 3.5.4], i.e. none of them can be expressed as an affine
combinationﬂ of other extremal points. The most recognized feature of simplices is

the following characterization [29, Prop. 2.34].

Proposition 1.16. A polytope P is a simplex if and only if every element in P has

a unique convexr decomposition into extremal elements.

TAn affine combination of points is any linear combination such that the coefficients sum to
1. We can define the affine hull of A, denoted by aff(A), as the set of all affine combinations of

elements of A.
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Proof. Let S be a simplex and ext(S) = {so,s1,...,5,} so that the set {s; —
S0y -, 8n — So} is linearly independent. Let x € P and take two convex decom-

positions for x so that
n n
Tr = E Q;8; = E Bisi.
i=0 i=0

By subtracting so = >, ;s = Y. Biso from both convex decompositions and

rearranging we have that

n

Z(Oﬁ — B5i)(si — s0) = 0.

i=1
Since this is a linear combination of linearly independent vectors resulting the zero
vector, we must have that o, = §; for all « = 1,...,n. It follows also that oy =
1= a;=1=>" 0 = fo. Thus, the convex decomposition of z is unique.

Assume then that every element of a polytope P has a unique convex decomposi-

tion into extremal points ext(P) = {po, p1, - - -, Pm }- Suppose the set P = {p;—po} ™
is linearly dependent. Thus, there exists a linear combination of elements of P such
that

Z%’(pi —po) =0 (1.8)

for some real numbers {7;}; such that v, # 0 at least for some k € {1,...,m}.

Let us denote
Y= % 0= D Y V<o =770
=1 1:7;>0

We note that v-¢ # 0 and/or .o # 0, since v # 0.
If now v = 0, we have that >0 = —7y<o and that ), v;p; = 0. Thus, we get two

equal convex combinations

>0 170 50

This contradicts the assumption that every element has a unique convex decompo-
sition into extremal elements.

Suppose then that v #% 0. Without loss of generality we then have v-q > 0.
From ([L.8) it follows that py = ), %pz = > . %ipi- Again we get two equal convex
combinations . R R

~——Po + ~_jpj = —p;.
>0 j13,<0 V>0 i1750 120
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Again this contradicts the assumption that every element has a unique convex de-
composition into extremal elements. Hence, the set P is linearly independent and

P is a simplex. n

Figure 4: The four simplest simplices: a point, line segment, triangle and tetrahe-

dron.

We note that a simplex with n+1 extremal points spans an n-dimensional vector
space so that we may call it an n-simplexr. Thus, for every simplex there exists a
canonical vector space. For example we can consider the 0-simplex as a point, 1-
simplex as a line segment in R, 2-simplex as a triangle in R? and 3-simplex as a
tetrahedron in R? (Fig. [4).

As was already hinted at the beginning of this section, convexity will play a big
role once we start to construct our class of operational theories. However, there is
another structure (that is closely related to convexity as we will see) that will have
a big part in constructing the theory. This structure is partial orders and ordered

vector spaces.

2 Ordered vector spaces

Ordered vector spaces are vector spaces with additional structure induced by a
partial order. The basic concepts and properties presented here can be found for

example in [30-32]. We begin by a definition of partial order.

Definition 2.1. A partial order < on a set P is a binary relation over P satisfying
PO-1. z <z,

PO-2. if xr <y and y < z, then = < z, and

PO-3. if x <y and y < x, then x = y.

for all z,y,x € P.
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Conditions PO-1, PO-2 and PO-3 are called reflexivity, transitivity and antisym-
metry respectively. Set P equipped with a partial order is called a partially ordered

set or poset. If elements of a poset P are always comparable, i.e.
PO-4. always either z <y or y < x for all x,y € P,

then < is said to be a total order.
For a partial or total order <, we also denote x > y if y < x, x <y if x <y, but
x # y and similarly z > y if z > y, but x # y. We can now consider partial orders

in vector spaces.

Definition 2.2. Let V be a real vector space and < a partial order on V. The pair
(V, <) is an ordered vector space if the following two axioms hold for all z,y,z € V
and A € R:

OVP-1. if x <y, then x4+ 2z <y + z, and
OVP-2. if x <y and X > 0, then Az < \y.

Instead of the pair (V, <), we may also call the vector space V itself an ordered
vector space implying there is a partial order < such that (V, <) is an ordered vector
space. We will see that partial orders in vector spaces are actually characterized by

geometrical object called cones.

2.1 Cones

Let A and B be subsets of some vector space and A € R. Denote
A+B={a+blac A, be B}

and

M = {a|a € A}.

Definition 2.3. A subset C C V of a real vector space V is a cone if AC C C for all
A > 0. Moreover, a cone C is convex if C +C C C and strict if CN —C = {0}. A

strict convex cone is called a proper cone.

By the above definition, cones are closed with respect to multiplication by a
positive scalar whereas convex cones are additionally closed with respect to vector
addition. Cone is therefore proper if and only if it does not contain any non-trivial
subspaces of vector space V. We note that convex cones are always convex subsets

of the vector space they lie in.
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Figure 5: The ice cream cone in R3. The grey disk serves as a base for the cone.

Examples of cones include all subspaces of vector spaces so that in particular
vector spaces are cones. Furthermore, they are convex cones. However, they are not
strict cones since any subspace of a vector space multiplied by —1 is the subspace
itself. However, we can construct strict cones out of them by considering just positive
linear combination of vectors that span them. A prime example of a proper cone is

also the ice cream cone in R? (Fig. [5)) defined for instance as

{(z,y,2) € R®|z > /22 + 42} (2.1)

We see that the positive elements of an ordered vector space form a cone [29]
Prop. 3.4].

Proposition 2.4. Let (V, <) be an ordered vector space. Then the set
V+:{I€V|$ZO}
is a proper cone on V.

Proof. By OVP-2, x > 0 implies Az > 0 for all x € V,, and thus AV, C V,.
Similarly by OVP-1 we see that if y > 0 and z > 0, then z +y > 2z > 0, and thus
Vi +Vy C Vs

In order to prove the strictness of V, we consider element x € V, N —V,. This
means that both x > 0 and —x > 0 hold. By OVP-2 it is clear that 22 > 0. Thus,
by OV-P-1 we have that

r=2r+(—2) >0+ (—x) = —=x.

Similarly
—z=2(-2)+z>0+2=ux,

and by PO-3 it follows that + = —z and therefore x = 0. O
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The cone V; on an partially ordered vector space (V, <) is called the positive
cone of V. Conversely to the previous proposition, we see that any proper cone C
induces a partial order on a vector space V and that the positive cone V. coincides
with the cone C [29, Prop. 3.4].

Proposition 2.5. Let C C V be a proper cone on a vector space V. Denote x <y
if and only if y —x € C. Then < is a partial order on V. Furthermore, (V,<) is an

ordered vector space, and V, = C.

Proof. Clearlyx—x =0€ Cforallz € V. Nowifz < yandy < zforall z,y,z € V,
ie.y—xe€Cand z—y €C, then z—x = (2 —y)+ (y — z) € C by the convexity
of C. Finally, if xt <yand y <z forall z,y € V,ie. x —y € C and y —x € C, we
have that y —z = 0, since C N —C = {0}. Thus < is a partial order.

Suppose then that x < y for all x,y € V. Firstly, then y—z = (y+2)—(x+2) € C
and thus z + z < y + z for all z € V. Secondly, also A(y — x) € C for all positive
A € R. Hence, (V, <) is an ordered vector space.

Now we see that
Vi={zeV|z>0}={zxeV|zel}=C.
O]

As the partial order in any ordered vector space is defined by a cone, the order
structure can be equivalently studied by studying the properties of cones. Next we

formulate some elementary concepts that we will need when dealing with cones [30].
Definition 2.6. A cone C on a vector space V is generating if C —C = V.

Definition 2.7. Let C be a proper cone in a vector space V. An element u € C is
said to be an order unit (or C-order unit) if for all € V there exists a A > 0 such
that z < A\u.

Definition 2.8. Let C be a convex cone in a vector space V. A non-empty convex
subset B C C\ {0} is a base for C if for every non-zero x € C there exists unique
A >0 and b € B such that x = \b.

For example, 1 € R, is an order unit in R. Furthermore, the singleton set {1}
is a base for the cone of positive real numbers R, . For the ice cream cone (2.1)) in
R3 we see that for any fixed z > 0, the convex hull of the circle 22 + y* = 2? is a

base for the ice cream cone (Fig. [f).
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Note that if a convex cone has a base then it is also proper. Indeed, suppose
there exists some non-zero element x € C N —C where C is a convex cone with base
B. Since B is a base, there exists A\, u > 0 and y, 2z € B such that x = \y = —pz.
Thus, £ _fi € B. Now

)
A (1 )+<1 A )( 1 ) 1 1 i
— | = ——— )2 ) = x — xr =
A\ A+ w Ap" A+p ’

but since B is convex and 0 ¢ B this is a contradiction.

For any cone C we note that even though it might not be generating, the set
C — C is still the smallest subspace containing C. For order units and generating

cones we can prove the following result [30].

Proposition 2.9. If an ordered vector space V admits an order unit, then the pos-

itive cone V., is generating.

Proof. Tt is always true that V, —V, C V. For the contrary, let u be an order unit
in V. For each x € V we can find X > 0 such that x < Auw and N’ > 0 such that
—z < Nu. Take A = max (N, \’) so that £2 < Au. Thus we have that A\u £z € V.
from which it follows that

1 1
xr = 5(Au+x) — §(Au—x) eV, -V,
Hence, V C V, — V, which proves the claim. O

2.2 Dual space and dual cone

Let V be a vector space. The set V* of all linear functionals on V),
V*={f:V — R]|f linear},

is the (algebraic) dual space of V [22].
If we define the usual scalar multiplication and addition of functions on the dual

space V* of a vector space V,

(f +9)(x) = f(z) +9(z), (Af)(z)=Af(z), VfgeV', AeR,

we see that the dual space becomes a vector space itself [22].
For a vector space V with a basis {v;}?_; we can always construct a basis in the

dual space V*. Define linear functionals v/ € V* by

v (v) = oy
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forallv=>" aueVioralj=1,...,n
Now we see that the set {v/}7_, is linearly independent since if 3°. afv/ = 0,

then

0= Zozjvj(vj) =l
J

for all j = 1,...,n, and that it spans V* since f = > | f(v;)v" for all f € V*.
Thus, the set {v/}7_ is a basis for V*. It is called the dual basis of {v;}j-,. In
particular, dim(V) = dim(V*) [22].

Apart from dual spaces, we can consider dual spaces of dual spaces. In that case

we have the following [22].
Proposition 2.10. IfV s a finite-dimensional vector space, then V** ~ .

Proof. Consider the mapping ® : VV — V** defined by

for all f € V*. If we take any x € V such that ®(z) = 0, then f(z) =0 for all f € V*
implying that x = 0. Thus, ker(®) = {0} so that ® is injective. By the discussion
above, we have that dim(V**) = dim(V*) = dim(V) so that by the rank-nullity
theorem dim(Im(®)) = dim(V) which then proves the surjectivity of ®.
Furthermore, ® preserves the linear structure of V: for all z,y € V and o, 8 € R
we have that ®(azx + fy) = ad®(x) + fP(y) which follows from the linearity of
functionals in V*.
[

If V is now an ordered vector space, it is meaningful to ask how we can define a
partial order in the dual space V* so that it is connected to the partial order of V.
We address this question next.

Let C be a cone in a vector space V. We say that a functional f € V* is C-positive
if f(z) > 0 for all x € C and C-strictly positive if f(x) > 0 for all z € C\ {0}. We

make the following definition.

Definition 2.11. The set of C-positive functionals,
C={feV|f(xr)>0Vx e}

is the dual cone of C.
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We see that the dual cone C* of a cone C is indeed a cone, since A\f € C* for
all f € C*. In fact, C* is always convex even if the original cone C is not, since
f+geC*forall f,g € C".

If V is an ordered vector space with a positive cone V., we say that a functional
is (strictly) positive if it is Vi-(strictly) positive. Now the dual cone V7 is the set
of positive functionals in V*, and as it was stated above, V7 is convex. Hence, in
order to VI to induce a partial order in V*, it must be a proper cone for which we

have the following result [31].

Proposition 2.12. Dual cone C* of a cone C is a proper cone if and only if C is

generating.

Proof. As the dual cone is always a convex cone, it suffices to only consider the
strictness of C*, i.e. whether C* N —C* = {0}.

Take f € V*. Now we have the following chain of equivalences:

f(x)=0 VzeC—-C <&  f(r)=0 Vzel
& f(x) KOANf(x) >0 Vzel
& f,—fec
& fecrn-C.

Hence, the set of functions in V* vanishing on C — C coincides with the set C* N —C*.

Assume first that C is generating so that ¥V = C — C. Since the zero function
is uniquely defined as the only function vanishing on the whole vector space V, we
have that C* N —C* = {0}.

Now assume that C* is strict, i.e. C* N —C* = {0}. Thus, the set of functions
vanishing on C — C consists only of the zero function. Suppose by contradiction that
V #£ C —C. Since C —C is always a linear subspace of V, there always exists another
subspace S C V such that V is the direct sum of C —C and S,ie. V=(C—-C)&S.
If g € §* is any non-zero linear functional on &, we can define a function f, : V —+ R
by

fo(x) = foly + 2) = g(2)
for all z € V, where y + z is the unique direct sum representation of x € V. Clearly
f4 is well-defined and it is straightforward to check that f, is linear. Hence, f € V*

and

fo(y) = foly+0) = g(0) =0
for all y € C—C which contradicts the fact that the zero function is the only function
in V with that property. Hence, V = C — C so that C is generating. m
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Hence, if the positive cone V. of an ordered vector space V is generating, then
the dual cone V7 is a proper cone and thus induces a partial order in V* called the
dual order of V.

For dual cones we can also consider the basic properties of cones. For example
in the case a dual cone is a proper cone, we have the following for the order units
in the dual cone [30, Thm. 3.5].

Proposition 2.13. Let V be an ordered vector space with a generating positive cone

Vi. If u € Vi is an order unit in V*, then u is strictly positive.

Proof. Since V. is generating, it induces a dual order in V*. Let u be an order unit
in V*. Since u € V7%, it suffices to show that u(x) # 0 for all z > 0. Take > 0 and
by a way of contradiction assume that u(z) = 0.

Since u is an order unit, for each f € V* there exists A > 0 such that f(z) <
Ag(z). Similarly for —f € V*, there exists A’ > 0 such that —f(z) < Ag(x). Since
u(z) = 0, we have that £f(x) < 0so that f(x) = 0 for all f € V*. Especially, if now
{e;}; is any basis for V then for its dual basis {e'}; we have that e'(z) = 0 for all i
so that x = 0. This contradicts the fact that x > 0. Hence, g is strictly positive. [

For bases we see that the existence of a base in a cone C is equivalent to having
a C-strictly positive functional [33], [30, Thm. 1.47].

Proposition 2.14. A convex cone C in a vector space V has a base if and only if

there exists a C-strictly positive functional on V.

Proof. First let C be a convex cone in a vector space V with a base B. Define a
function f : C — R4 by f(0) = 01if 0 € C and for x € C\ {0}, f(x) = A, where
A > 0 is the unique real number such that = Ab for some unique b € B. It is clear
that f is C-strictly positive.

In order to show that f is additive take x,y € C. Since C in a convex cone, also
x4y € C, so that there exists a unique b € B such that x +y = f(x + y)b. Also
there exists by, by € B such that = f(x)b; and y = f(y)bs. Define

/() f()
flx)+ fly) f(x) + fy)

by = b1 + bQEB,

so that
r+y=f(x)br + f(y)bs = (f(x) + f(y))bs.

Since the above representation is unique, we have that b = b3 and f(z + y) =

f@)+ f(y).
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Also for each p > 0 there exists a unique b € B such that \x = f(Az)b'. Thus

FQ)b = Az = A(f(2)b1) = (Af(x))bs,

and the uniqueness of the base representation implies that b = ¢’ and f(ux) = pf(x).

Let M be the subspace generated by C, i.e. M =C —C. Extend f to M by
F:M—=R,

F(z) = f(x1) — f(22),

where x1, x5 € C are such that x = x1 — x9. It is now easy to see that I’ is C-strictly
positive and additive.

Take then p € R. If > 0, it is clear that pzq, uze € C for all z = 21 — x5 € M,
so that by the properties of f we have that

Fuz) = f(pzr) — flpa) = p(f(z1) — f(22)) = pF(2).

On the other hand, if y < 0, then —pzq, —pze € C and

F(px) = f(—paz) — f(—pxr) = p(f(21) — f22)) = pF(2).

Hence, F' is linear on M.

Let then N be any algebraic complement to M, i.e. any subspace of V such that
YV=Ma&N. Define g : N — R by g(y) = 0 for all y € N. Then the mapping
G:V—>R,

G(z) = F(x) +9(y),
where z = x + y is the unique direct sum representation of z € V such that x € M
and y € NV, is linear and C-strictly positive functional.

Then let f : ¥V — R be a C-strictly positive functional. Fix a > 0 and de-
note B = {x € C|f(z) = a}. Now each x € C has a representation x = b,
where f = f(z)/a > 0 and b = o/ f(x)z € B. Suppose then that = has two such
representations, i.e. x = b = 'Y for some 3,3 > 0 and b,0' € B. Now

5=y = TV _ 0 iy

0% « (%

from which it follows also that b = b'. Hence, the base representation is unique and
B is a base. m

In particular we see from the proof of the previous proposition that a base B of

a cone C has to satisfy

B={reC|f@=1)

for some C-strictly positive functional f € C*.
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2.3 Topological properties

We start by recalling some topological concepts. The general topological concepts
presented here can be found in [34]. The parts of topological vector spaces are
composed of [33], 135, 36] and the topological properties of cones can be found in [30].

Let X be a set and 7 a collection of subsets of X. We recall that 7 is called a
topology on X and the pair (X, 7) a topological space if both the empty set () and
the whole set X are elements of 7 and if any union (finite or infinite) and any finite
intersection of elements of 7 is an element of 7. Sets G € 7 are called open and their
complements X \ G are called closed.

A point x € E C X is called an interior point of E, and F the neighborhood of
x, if there exists an open set A C E such that z € A. The set of interior points of
X is denoted by int(X) and is called the interior of X. A subset A C X is open if
and only if every point of A is its interior point. A set B C X is called compact if
every open cover of B has a finite subcover.

As a particular type of topological spaces, we say that a topological space (X, 7)
is a Hausdorff space if for every distinct points x,y € X, x # y there exists open sets
E and F such that x € E, y € F and ENF = (. In particular, metric spaces are
Hausdorff spaces. For a Hausdorff space every pair of distinct points have disjoint
neighborhoods so that we have a clear separation of points. As a consequence this
affects the convergence of sequences.

A point x € X in a topological space (X, 7) is a limit of a sequence (z,,) if for
every neighborhood E of = there exists ng € N such that z, € E whenever n > ny.
If a sequence has a limit, then we say that the sequence converges. For Hausdorff

spaces we have the following [34], Prop. 1.6.11].

Proposition 2.15. In a Hausdorff topological space any sequence can have at most

one limit.

Proof. Let X be a Hausdorff topological space, (z,) a sequence in X. If (z,,) does
not converge, then it has no limit and the claim follows. Therefore we may assume
that (z,) converges and has limits z,y € X. Suppose that x and y are two distinct
elements in X, i.e. = # y. Since X is Hausdorff, there exists distinct (open)
neighbourhoods F, F' C X such that x € E and y € F. If now a sequence (z,) C X
converges to both z and y, there exists ny, no € N such that x,, € F whenever n > n,
and z, € F whenever n > ny. Now for n > maxnq,ny we have that =, € ENF
which is a contradiction to the fact that E N F = {0}. O

As topology can be defined on any set, we can consider topologies on vector
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spaces. However, we have to make the topology compatible with the vector space
structures, namely vector addition and scalar multiplication. This is achieved by
continuity of functions.

A function f : X — Y from a topological space X to a topological space ) is
continuous at © € X if for every neighborhood V' of f(z) there exists a neighborhood
U of x such that f(z) € V whenever z € U. Furthermore, f is continuous if it
continuous at every point of X.

We now have a natural definition for topological vector spaces [35].

Definition 2.16. Let V be a real vector space and 7 a topology on V. Then the

pair (V,7) is called a real topological vector space if
TVS-1. the scalar multiplication («, z) — ax from R x V to V is continuous, and
TVS-2. the vector addition (z,y) — x 4+ y from V x V to V is continuous.

We can now formulate some results for topological vector spaces that we will
need later. Here we settle for just presenting the results and some the implications
of the results for our earlier work.

First we see that we can refer to topological properties without specifying the

topology if require the topology to be Hausdorff.

Proposition 2.17. Every Hausdorff topological vector space V of dimension n is

1somorphic with R™ with the Fuclidean topology.

It is easy to see that the mapping
n
(Oll, oo 7an) = Zaivi
i=1

from R™ to V is an algebraic isomorphism for any basis {v;}; of V. Furthermore,
every isomorhism is of this form. The previous proposition follows by proving that
the isomorphism is continuous and has a continuous inverse. The proof of this can
be found for example in [30, Thm. 8.32] or [35].

As we have an isomorphism between a vector space and its double dual, we can
ask when the same holds for cones. This is characterized by the next proposition
[30, Thm. 2.13].

Proposition 2.18. C is a closed convexr cone in a vector space V if and only if

(C*)* ~C.

From the above proposition we see an immediate implication.
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Corollary 2.19. The dual cone V7 of a closed positive cone V. of an ordered vector

space V s generating.

Proof. From Prop. we see that (V})* ~ V. By applying the previous theorem

to the cone V7, we see that it is generating since V, is a proper cone. O]

We see that the statement of the previous proposition is satisfied if the positive

cone has a compact base [27, Lemma 8.6].
Proposition 2.20. Let C be a cone with base B. If B is compact, then C is closed.

If a cone is closed, we can prove the other direction for Prop. [30, Thm.
3.5]

Proposition 2.21. Let V be a vector space with a closed generating positive cone

V. If u € V* is strictly positive, then u is an order unit in V*.
An useful notion can be made about the dual cones [30, Thm. 2.13]:
Proposition 2.22. A dual cone of a cone is closed.

As we conclude this section, we will next continue with examining further prop-
erties of vector spaces by considering how to combine vector spaces and form new

ones. This can be accomplished with the tensor product structure.

3 Tensor product of vector spaces

Tensor product of vector spaces is a new vector space that is connected to the given
vector spaces in a natural way. We will first consider the algebraic tensor product
and then turn to cones and partial orders in them. The material on (algebraic)
tensor product of vector spaces presented here can be found in [37H39]. Partial
orders in tensor product spaces are covered in [40] and [41].

Let us first consider some properties of bilinear mappings [37]. Let U, V and
W be finite-dimensional real vector spaces of dimensions n, m and [. We say that
a mapping f : U x V — W is bilinear if it is linear with respect to both of its

arguments, i.e.

flauy + Bug,v) = af(ur,v) + Bf(ug,v), and
f<u7 Avy + /“]2) - )‘f(ua Ul) + ﬂf(ua UQ)
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for all u,uy,us € U, v,v1,v9 € V and «, B, A\, u € R. We denote the set of bilinear
mappings from U x V to W by L(U,V;W). If W = R we say that a bilinear function
f:U XV —= Ris a bilinear form.

Let {u;}i-, be a basis for U and {v;}72, be a basis for VV and consider a bilinear
function f € L(U,V;W). For each element u =}, a;u; € U and v = Y, Bjv; € V

we have that

f(u,v) = Z a;B; f (ug, vj).

We see that each f € L(U,V;W) is determined by the mn elements of the set
{f(u;,v;)}i; € W. On the other hand, for arbitrary nm elements w;; € W, 1 <i <
n, 1 < j < m, we can define a bilinear function f € LU, V; W) by

f(% v) = Z o g
0,J

forall u =3, asu; €U and v =}, Bv; € V, so that f(ui, v;) = wy for all i, 5.
The set of bilinear functions L£(U,V; W) becomes a vector space when we define
the linear combination af + g of elements f,g € L(U,V; W) with o, € R by

(af + Bg)(u,v) = af(u>v) + ﬁg(uv U)

for all (u,v) e U x V.
Furthermore, if {wy}!_; is a basis for W we can construct a basis {Fjjx}i i« for
L(U,V; W) by defining the functions Fy;, : U x V — W by

Fijk(u,v) = a; fwy,

for all u =) auu, € U and v = >, fyv, € V. Each Fjj;, is clearly bilinear, since

for example for the first argument we have that
Fiu(Qu+ Nu'v) = (Aa; + Nai)Bjwe = AF(u, v) + AE(u',v)

for all u = Y . oyu, v’ = >, du; e U, v = Zj Bjv; € V and A\, X € R, and the
linearity over the second argument can be seen in a similar way. Now for every

feLU,vV; W) we see that
fluw) = > aiBif(ui,vy) = aiByyiswe = (Z %‘jkﬂjk) (u, v)
i ik i,k

for all u = ), au, € U and v = >, fyvy, € V and where f(u;,v;) = >, VijkWk

is the basis expansion of each f(u;,v;) foralli=1,...,nand j = 1,...,m. The
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linear independence of the set {Fjji}ijr follows from the fact that {wy}, forms
a basis. Thus, the set {Fj;;}i;x forms a basis of L(U,V; W) and we note that
dim (LU, V; W)) = dim(U) dim(V) dim(W) = nml.

Bilinear mappings are used to construct the tensor product of two vector spaces
[39].
Definition 3.1. Let ¢4 and V be two vector spaces of dimensions n < oo and
m < oo. A pair (W, f), consisting of a nm-dimensional vector space W and a

mapping f : U xV — W is called a tensor product of U and V if
TP-1. f e L(U,V; W), and

TP-2. if {u;}_, is a basis for U and {v;}L, is a basis for V, then { f (u;, v;) }1<i<ni1<j<m

is a basis for W.

We note that the second condition immediately implies that
dim (W) = dim () dim (V).

Before we start studying tensor products we want to make sure that such structures
exist [37, [39).

Proposition 3.2 (Existence of tensor products). For any two finite-dimensional

vector spaces there exists a tensor product space.

Proof. Let U and V be two vector spaces of dimensions n and m with bases {u;};
and {v;}; respectively, and let YW be any nm-dimensional vector space with a basis
{wj;}i ;. Similarly to what was done above, we can define a bilinear mapping f €
LU, V; W) by
f(u,0) =) aifjwy
i\j

for all u = >, a;u; € U and v = Y. Bu; € V so that wi; = f(u;,v;) for all
t=1,...,nand j=1,...,m.
Let now {u;}; and {v}}; be any bases for & and V. The new basis vectors can

be represented in the previous bases as
r r
u; =) qigug, v =) B
k l

for some family of real numbers {a; }ix, {Bj1};1 C R. Since the change of basis is an

invertible mapping, we also have representations for the previous bases with respect

~ / oo
U; = E Qply, UV = E 5le1
k l

to the new ones as
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for some family of real numbers {&y }ix, {sz}j,z C R such that they satisfy
Z Qi Qj = Z BiBrj = 0.
k k

Now we can express the basis vectors w;; € VW as
~ N 1o
wij = Z ik B f (wy, vp),
k]

since f(uy,v)) = >, @ Biswys. Therefore the vectors f(uj,v;) span W and since

there are total number of nm of them, they form a basis for W. O

We see that the bilinear mapping f of the tensor product of vector spaces U and
V is the most universal bilinear mapping on U x V in the sense that any bilinear

mapping can be expressed uniquely in terms of f [37) 39].

Proposition 3.3 (Universal property of tensor product). Let (W, f) be a tensor
product of vector spaces U and V. If g € LU, V;X) for some vector space X, then
there exists a unique linear map h : W — X such that g = ho f.

Proof. Let {w;}; and {v;}; be bases for  and V. Let h : W — X be a mapping
defined by the basis { f(u;,v;)}i; of W such that

h <Z Az’jf(“ia“j)) = Z)\ijg(uz'>vj)-

Clearly h is well-defined and linear. Now

(ho f)(u,v) = h(f(u,v))=nh (f (Z aiui,Zijj>> =h (Z aiﬂjf(ui,vj)>
= Z%ﬂjg(ui,%‘) =49 (Z QU;, Z@j%‘) = g(u,v)

for all u = >, qiu; € U and v = . Bjv; € V. The uniqueness of h follows from
the fact that h(f(u;,vj)) = g(u;,v;) which dictates the images of the basis vectors
of W. O

From the next proposition we see that the tensor product of two vector spaces

is essentially unique so that all the tensor product spaces are isomorphic [37, 39].

Proposition 3.4 (Uniqueness of tensor product). Let U and V be vector spaces,
and W, f) and W', f') their tensor products. Then there exists a unique bijective
linear map e : W — W' such that f' =eo f.
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Proof. Since f" € LU, V;W') and (W, f) is a tensor product of U and V, by the
previous proposition there exists a unique linear map e : W — W' such that f' =
eo f. All that is left to do is to show the bijectivity of e. This can be achieved by
applying the same procedure for f € L(U,V; W) and (W', f'): there exists a unique
linear map ¢ : W' — W such that f = €’ o f'. Now we see that f = (¢/oe)o f, so
that e o ¢/ = id, where id is the unique identity map in W. Similarly we see that
also € o e = id where id is the unique identity map in W’. This shows that e is
bijective and that e=! = ¢'. O

For simplicity, we also call the vector space W itself as the tensor product of U
and V and denote W = U ® V. We also use the notation f(u,v) = v ® v for the
tensor product mapping f and call it the canonical mapping of U ®V. Thus, if {u;};
and {v;}; are bases for U and V respectively, the basis of Y ® V is then {u; ® v;},
and each element w € VW can be represented in the form w = EZ i Aiju; @ v; for
some family {)\;;} C R. We note that dim (4 ® V) = dim (i) dim (V).

The bilinearity of the canonical map f of Y ®V immediately implies the following
properties for the elements of U ® V:

a) (U +u) ®V=1u v+ uy v
b) u® (v1 +v2) = U v + u® vy
) Mu®wv)=(A)®@v=u® (\v)

for all w,uy,us € U, v,v1,v5 € V and A € R. Using these identities we also can
represent a general element w = 3, - Ajju; ® v; EU RV as w = 3, uj, ® vj, where
now {uj, ® v} }x does not necessarily form a basis for U ® V [3§].

Let us now explicitly construct a tensor product of two vector spaces U and V
with bases {u;};-, and {v;}72, respectively [37]. Let * and V* be the dual spaces
of U and V with dual bases {u'};_; and {7}, respectively.

Take W = L(U*,V*;R). For each (u,v) € U x V define a mapping g,, :
U xV*— R by

Gun(5,1) = s(u)t(v)

for all (s,t) € U* x V*. Clearly g,, is bilinear for each (u,v) since both &* and
V* are linear spaces. Thus we can define a mapping f : U x V — L(U*, V*;R) by



THE MATHEMATICAL FRAMEWORK 35

f(u,v) = gy, for all (u,v) €U x V. We see that f € L(U,V; W) since

f (Z aiui,Zﬁjvj> (5,1) = 95 au, 5, B0, (5,1) <Za ul) t (Z ﬁjvj)
i j J
— Z i Bis(u;)t(v;) Z i3 Gusw; (5, 1)

- (Z a; 35 f (us, Uj)) (s,1)

for all (s,t) € U* x V*.
As we saw earlier, we can construct a basis {F}; }; ; for L(U*, V*; R) from functions
Fyj U x V' >R,
Fij(y, =) = o'’
forally =, au® € U* and z = Y, f°v* € V*. Now we see that

Fi, v)) (Y, 2) = Guiw, (4, 2) = yl(uwi)2(v;) = o' F7 = Fij(y, 2)

for all (y,z) € U* x V* so that the set {f(u;,v;) h<i<n1<j<m forms a basis for W.
Hence, we can identify the tensor product space U ® V' of two finite-dimensional

real vector spaces U and V with the vector space L(U*, V*;R) of bilinear forms on

U* x V* so that each product element u ® v, where u € U and v € V), is identified

with the bilinear form defined by

(u®v)(f,g9) = flu)g(v) (3.1)

for all f e U* and g € V*.

For the dual space of a tensor product space we have the following [37].
Proposition 3.5. LU, V;R) ~ (U R V)*

Proof. Take g € (U ® V)* and define a mapping ®, : Y x V — R by &, = go f,
where f is the canonical mapping of «f ® V. It is straightforward to check that ®,
is bilinear. Consider the mapping g — ®,. Since &, € L(U,V;R), by the universal
property of tensor products there is only one linear mapping g € (U ® V)* such that
®, = go f, namely g = g. Hence, the mapping g — @, is bijective and we see that
it is linear, i.e. @pyipy = a®, + P, for all g, ¢’ € (U@ V)* and o, § € R, O

As a corollary we have that the dual of the tensor product of vector spaces can
be identified with the tensor product of the dual spaces [37, Prop. 1.3].

Corollary 3.6. (U R V)* ~U* @ V*
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Proof. By Propositions [3.5 and [2.10] we have that
UDV) =~ LU, V;R) ~ LU™, V™ R) =~ U @ V"
]

If we consider more closely the isomorphism and the one from Prop.
we see that we can identify element ¢; ® ¢go € U* ® V* with a linear functional on
U RV defined by

(1 ® g2)(u ®v) = g1(u)g2(v) (3.2)
forallu e Y and v € V.
We can also consider tensor products of other linear maps between vector spaces,

not just the tensor product of linear functionals [37, Thm. 1.2].

Proposition 3.7. Let F : U — X and G : V — Y be linear maps between vector

spaces U and X, and V and Y respectively. There exists a unique linear map H :
URY = X ®Y such that Hu®v) = F(u) @ G(v) for alu®@v eU @ V.

Proof. Let f-UXYVY -URXV and g: X x)Y — X ®Y be the canonical mappings
of U ®V and X ® )Y respectively. We define a mapping F'x G : U xV — X x ) by
(F' x G)(u,v) = (F(u), G(v))

for all (u,v) € U x V. We see that then the composite mapping g o (F x G) :
UxV — mX ® ) is bilinear so that go (F x G) € L(U,V;X ® V). By the
universal property of the tensor product U ® V (Prop. there exists a unique
linear mapping H : U4 @ V — X ® ) such that go (F' x G) = H o f. Now

H(u®wv) = H(f(u,v)) = g((F x G)(u,v)) = g(F(u),G(v)) = F(u) ® G(v)
foralu@veld @ V. O
The mapping H of the previous proposition is called the tensor product of linear
mappings F and G and is denoted by F ® G. For every linear map F': U — X we
can also define the dual map F* : X* — U* by F*(f) = fo F for all f € X* so that
if I" and G are as in the previous proposition, we have that
(FRGE)(fog)uev) = (feg(Feg)(uewv)
= (f®g)(F(u) ®G(v))
= f(F(u)g(G(v)
= F(N)w)G*(g)(v)
= (F"(f) @G (g)(u®w)
= (F"e&)(feg)(udwv).
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Since the product elements span both U ® V and X* ® Y*, we have that (F ® G)* =
F*® G*.

We note that the above construction for the tensor product of vector spaces can
be naturally extended to cover more than two vector spaces. Instead of bilinearity
and bilinear mappings one then considers multilinearity and multilinear mappings.
Omne can in particular show that the tensor product is associative such that (U ®
VYW XU (VW) for any vector spaces U, V and W so that order in which
the tensor products are constructed makes no difference [37]. For simplicity, we only
consider tensor product of two vector spaces. With that in mind, we can now start

to consider the partial orders in tensor product spaces.

3.1 Tensor product of ordered vector spaces

Let us consider the tensor product structure of two finite-dimensional vector spaces
U and V that are now partially ordered. Since no partial order was used in the
construction of the tensor product of vector spaces, the algebraic set of the tensor
product of ordered vector spaces coincides with & ® ). However, the partial order
in Y ® V is by no means unique so that the set of positive elements, or the positive
cone as we saw earlier, is generally not fixed. Thus, in general there is a freedom
in choosing the positive cone. Nevertheless there are two canonical choices, the
maximal and the minimal tensor products.

In order to construct a reasonable tensor product space, the partial order there
must be somehow linked to the partial orders of the spaces from which it is con-
structed from. The following definition captures the minimal requirement that the
composites of positive elements both in the vector spaces and their duals should be

positive [40].
Definition 3.8. A cone C; C U ® V in the tensor product of two ordered vector

spaces U and V is a tensor cone if

uveC, Yuel,, veV,, (3.3)
e® fel, VYeel] feVi. (3.4)

We note that if 4, and V, are generating cones in U/ and V respectively, then any
convex tensor cone C; C U ® V is generating. Indeed, since any convex tensor cone

contains all positive linear combinations of positive pure tensors, for any element
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> U ®v; €U ®V, we have that
= Z(ai®ci+bi®di>_Z(bi®cz’+ai®di> €C —C,
where u; = a; — b; € U for some a;,b; € U, and v; = ¢; — d; € V for some ¢;,d; € V.
for all i.
As was shown in the previous section, in the case of finite-dimensional vector
spaces, the tensor product & ® V may be identified with the set £(U*, V*;R) of
bilinear functionals on U* x V*. Hence, the product elements u ® v € U ® V of the

above definition may be identified with bilinear forms defined by

(u@v)(f,9) = flu)g(v) (3.5)

for all f € U* and g € V*, and the isomorphism of Cor. identifies the product
elements f ® g € U* ® V* with linear functionals defined by

(f @ g)(u®v) = f(u)g(v) (3.6)

for all w € U and v € V. With these identifications, the conditions of the previous
definition are easily checked for various cones in U ® V.
We see, however, that not all tensor cones induce a partial order since they might

not be proper or even convex cones. Hence, we arrive to the following definition.

Definition 3.9. A tensor product U ® V of ordered vector spaces U and V with a
partial order is an ordered tensor product of U and V if the partial order is induced

by a proper tensor cone.

Let us now consider the maximal and minimal tensor products [40, 41] (also
known as the injective and projective tensor products) that were mentioned at the
beginning of this subsection.

In the light of the above definitions we can ask what is the minimal proper cone
Cmin C U®YV that satisfies the requirements and ([3.4)? Let us start with the set
of products of positive elements, since they must always be included in any tensor
cone. We see that they form a cone and even a tensor cone in 4 ® V. Unfortunately
the cone is not a convex one. However we can form a convex cone from them by
considering the positive linear combinations, i.e. the conical hull, of such elements.

Denote this convex cone by Cyin, i.€.

Conin = {Z&jui@mvz,j C o €U, v €V, Ny € R+}.

i?j
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Clearly Cp;, is a convex tensor cone since it was constructed that way. It is in
fact a proper cone, since if € Ciyin N —Crnin We have that x = ), i Aiju; ® v; where
Aij must now vanish for all ¢ and j so that = 0. Hence, Cy,;,, is a proper tensor

cone and we can construct a minimal partial order in i ® V.

Definition 3.10. The minimal tensor product of ordered vector spaces U and V,
denoted by U ®uin V, is the ordered tensor product U ® V ordered by Cpin.

In the similar manner as in the case of the minimal tensor product we can ask
what could be the maximal proper tensor cone Cy.x. Let us now consider the second
condition of the definition of the tensor cone. Take a product element f®g € U*RV*,
where f € U and g € Vi, acting on a general element ) . u; ® v; € U @ V. The

condition now reads as

(f®g) (Z U ® ) = Z F(ui)g(v;) > 0. (3.7)

Since we are looking for a maximal tensor cone, we can take Cn., as the set
consisting of all elements w € Y ® V, where w = ), u; ® v; for some {u;}; C U and
{vi}; CV, satistying (3.7) for all f € YT and g € Vi, i.e.

Coax ={w eURV[(e® f)(w) >0 Yeel], feVi} (3.8)

We can always consider such elements as bilinear forms on U* x V* so that we
have that

Conax = {w € LUV R) [w(f,9) 2 0Vf €U, Vg e Vit (3.9)

In other words, Cp.x is the set of all positive bilinear functionals on U* x V*. Note
that always positive product elements u ® v € Cyax, Where u € U, and v € V...
We note that if w € Cpay, then

for all e; € U, f; € Vi and p;; € Ry for all 4 and j. This also works another way
around since e ® f is just a special case of an element of the form (3.10). Hence,
Cmax 18 a convex cone which also makes it a tensor cone.

However, it may happen that C.x is not a proper cone as it may not be a
strict one. In a similar manner as in the proof of Prop. we see that the set

Cax N —Crax coincides with the set of bilinear forms w € U4 ® V which vanish on
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(L{f; — ?/l_";) X (Vj; — Vj;) Thus, w may not vanish on all of &/* x V*. If now U7 and
Vi are generating cones, then Cpax N —Ciax = {0} and Cp.x is a proper tensor cone.
For example, the generating property of U} and V7 is guaranteed by Cor. and
Prop. if U and V. are closed or if both ¢/} and V] admit order units.

From now on we will assume that C,,.. is a proper tensor cone in which case we

make the following definition.

Definition 3.11. The maximal tensor product of ordered vector spaces U and V,
denoted by U ®ax V, is the ordered tensor product U ® V ordered by Cpax.

We can show that there is a duality between maximal and minimal tensor cones.
Naturally we have that Cax = (U @max V), and Cuin = (U @min V). Suppose that
U} and Vi are proper cones (so that I/, and V, are generating cones). Then we

can also consider minimal and maximal tensor cones in U* ® V*. Denote
Dmin = (Z/{* @ min V*>+7 Dmax = (U* O max V*)Jr

Note that in order for Dy,ax to be a proper cone, we must have that (U)* = U, and
(Vi)" =V, which is always guaranteed as U} and V7 are closed by Prop. [2.22|
Consider first D,,;,. We have that

Dpin = {Z/ubijei X fj |VZ,] e € Z/{j;, fj S Vi, Hij € R+} .
1,3
Now in our finite-dimensional setting we have that
tD*

min

{we U V)" |w(g) >0 Yg € Duyin}

= {UJEU@V | <ZMU€Z®JCJ> (w) ZO \V/Zszei@fJ‘ GDmin}

— {weUsV | (8 Hw) >0 veel, fevi)

— Cons. (3.11)
Similarly for Dpay, if U, and V, are closed, we have that

Dpox = {geUU"@V" | (u®v)(9) >0 Yuel, veV}

{geURV) | g(u®@v)>0 YuelU;, veEV,}
= {geWUaV)" | g(w) 20 Vw € Cuin}

I

Now
Dhax = {we @ @V) [w(g) 20 Vg € Dmax}
= {weld®@V]gw) >0 Vg € Dpax}
= Cuin (3.12)
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As we noted, all positive linear combinations of positive product elements are
positive bilinear forms so that Cpin C Chnax. Furthermore, the construction of Cpin
and Cp.x ensure that if C; is any proper tensor cone in a tensor product space, then
Cmin C Ct C Crnax-

We can also consider tensor products of linear maps in ordered tensor product
spaces. As was shown in Prop. [3.7] every pair of linear functions F : Y — X and
G :V — Y define a unique linear map F QG : U XKV — X ® ) for vector spaces U,
V, X and Y. If now the vector spaces are ordered, we can consider the positivity of
F® G if F and G are positive, i.e. F(Uy) C Xy and G(Vy) C V4.

With the minimal tensor product we find that if w = Z i ui@V; € (UBminV)+,
then

(FRG)(w) =Y M\jF(u) ® G(v)) € (X @min V)4,

i,J
so that the tensor product of positive maps is always positive on the minimal tensor
product. Similarly (F*® G*)(X* @min V*)+) C (U* @min V*)4 as it follows from the
positivity of F and G that F*(X}) C U} and F* (Vi) C V7.
With the maximal tensor product we can prove the same, namely if w =) . u; ®
€ (U @max V)4, then for all f € X and g € Vi we have that

(f@g)(FoG)(w) = Z(f ® ¢)(F(u;) ® G(vy)) (3.13)
- Z FF(u:))g(G(w) (3.14)
= ZF )(ui)G*(g)(vi) (3.15)
= Z(F*(f) ® G*(9)) (i @ vy (3.16)
= (}*(f) ® G*(9))(w) =0 (3.17)

so that indeed (F @ G)(U @max V)+) C (X Q@max V)+-
This concludes our introduction to the mathematical framework needed in formu-
lating convex operational theories. In next chapter we use the tools of this chapter

to construct the operational class of convex theories.



Chapter 11
Convex operational theories

The key features behind convex operational theories are present in its naming: the
operational approach focuses on specifying the mathematical structures that are
needed to describe a physical experiment theoretically and lies on the statistical
analysis of the experiment, and in such experiments the mixing of states leads us to
convex state spaces.

In any physical experiment some properties of some physical system are being
observed. Thus, prior to being observed, the physical system has gone through some
preparation procedures that have prepared the system in a state that contains infor-
mation about the systems properties. The system is then taken and a measurement
is applied leading to the registration of some measurement outcome that is then
affiliated to some property of the system. Hence, the state of the system and the
measurement outcomes have to be linked, and furthermore, they have to be linked
in a probabilistic way so that a probability of registering a specific outcome when
the system is in a particular state can be determined.

Furthermore, if the outputs of two preparation devices give the same outcome
probabilities for all measurements, we have no way of telling them apart. In this
way the preparation devices form equivalence classes so that the state of the system
is actually an equivalence class of the preparation devices. This reflects the fact
that the state may be prepared in different ways. Similarly we may consider two
measurement devices that give the same statistics for all states; once again we may
identify the measurement with an equivalence class of such measurement devices.
Thus, also equivalent measurements may be performed with different set-ups.

In this chapter we consider the operational concepts more closely. The opera-
tional approach described here can be found in [42] 43]. The framework presented

here is fairly standardized and can be found for example in [29] 44-46].

42
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4 States

We will start with the states of a physical system. As was already noted, the states
can be considered as an equivalence class of preparation devices. We can then
consider mixing of these devices so that we come to a clear operational meaning for

convexity.

4.1 Convexity as an operational principle

Consider two preparation procedures that prepare the system in two different states
s1 and s, and suppose we fix the measurement so that the same measurement can
be performed on either of the states. Say that we then alternate the preparation
devices so that the state s; is used in the measurement with probability A and the
state sy is used with the probability 1 — A for some A € [0, 1].

After a set of measurements the outcomes form a probability distribution and
by that point we cannot say which preparation device was actually used in every
single run of the measurement. Thus, because the alternation of states is physically
possible and the measurement outcomes are then known to form a legitimate prob-
ability distribution, the alternation, or mizing, of states is to be considered as a new
preparation device [43]. This combination of preparations is called the mizture of
s1 and sy with weights A and 1 — A respectively. This leads to the notion of (gen-
eralized) convexity and convex structures that were defined and studied in Chapter
I}

As was also observed in Chapter [I| the cancellation property plays a crucial
role in embedding convex structures into vector spaces. In the operational set-up,
we see that this property is satisfied. Indeed, suppose we have two preparation
devices: one that mixes two states ¢ and ¢’ with weights A and 1 — A, and one that
then mixes states o and ¢” with the same weights A\ and 1 — X respectively.

Suppose then that when we make some measurements, we notice that the out-
come probability distributions for both preparation devices are equal, thus the both
devices represent the same state. However, due to the statistical correspondence
between states and measurements, since we know that the same state p was present
in the mixtures with the same weight A, the outcome statistics for ¢’ and ¢” can be
restored. Because the mixed states were equal and we do the same manipulations
for the mixed states statistics, it follows that also the measurement statistics for
o and ¢” must coincide. Since this holds for all measurements, we are forced to

conclude that ¢ = ¢” and the cancellation property is satisfied.
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Hence, in the operational framework Prop. shows that the convex struc-
tures can be identified with convex sets in real vector spaces. In order to simplify
the treatment of the theory, the underlying vector spaces are taken to be finite-
dimensional.

In addition we make two technical assumptions. First, we consider our finite-
dimensional vector space to be equipped with the unique Hausdorft topology of Prop.
[2.17] This assumption is natural in the sense that if we consider a sequence of states
so that the states are getting closer together, i.e. the sequence is converging, the
limit state or the state that the sequence is closing in to must be unique, which is
the case if we have a Hausdorff topology as we saw in Prop. [2.15]

Second, we take the convex set of states to be compact with respect to our
Hausdorff topology. In finite-dimensional setting compactness is equivalent to the
set being closed and bounded [34, Thm. 3.2.8]. The closeness is a natural assumption
in a sense that if we have a sequence of states that converge we require the limit
to be a state as well. If not, we can always extend our set to its closure. The
boundedness of the state space is purely technical assumption.

The compactness then guarantees by the Krein-Milmann Theorem that the
set of extreme points of the state space is enough to characterize the whole state
space since every state can be expressed as a convex combination of extremal states
(also called pure states). We note that the convex deceomposition of a state into
pure states is not unique unless the state space is a simplex. The compactness
assumption is a common one in most of the related works (see for example [9], 47]).

Now we are ready to define the state space of our theory.

Definition 4.1. The state space S C V of a convex operational theory is a compact

convex subset of a finite-dimensional real Hausdorff vector space V.

We will see that state spaces can be expressed as bases for proper cones and thus

linking convex sets and partial orders in vector spaces.

4.2 State space as a compact base for a generating positive

cone

The state space can be neatly connected to the ordered vector spaces that were
studied in the previous chapter. In general there is no canonical way to do this
so we present one which follows the one presented in [29, Appendix B] and [4§].
Also [49] assumes the similar construction. For other types of formulations, see for

example [41), [50].
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Suppose we have a state space S C V in a real vector space V of dimension
d. Consider the linear span of S, span(S), and denote dim(span(S)) = ds. By
Prop. , span(8S) is now isomorphic to R with the natural Hausdorff topology.
Since this isomorphism is continuous (as is required from an isomorphism between
topological spaces) and S is compact, the resulting image S” of S is also compact.
Moreover, the isomorphism preserves convexity so that S’ is also convex. In R% we
now have that either aff(S’) = R or aff(S’) is an affine hyperpland?] in R% [29].
We see that the former is the case exactly when 0 € aff(S’).

Namely, if aff(S’) is an affine hyperplane and we suppose that 0 € aff(S’), then
for the linear function f € R% that defines the hyperplane we have that f(z) = 0
for all € aff(S’). Now if we take any vector y € span(aff(S’)), then as y is some
linear combination of vectors in aff(S’), the linearity of f implies that f(y) = 0.
Thus, y € aff(S’) so that span(aff(S’)) = aff(S’) # R?. This contradicts the fact
that span(S’) = R% so that the zero vector cannot be contained in aff(S’).

Thus, in the case aff(S’) = R we can consider S’ to be embedded into R4+ so
that it is convex isomorphic with the set {(s,1) € R%™!|s € &'} whose affine hull
is an affine hyperplane in R%*! and which spans R%*!. Hence, for both of these
cases we have a vector space A and a compact convex set S* that spans A and is
convex isomorphic to S. Furthermore, aff(S*) is an affine hyperplane in A.

Consider now a subset A, of the vector space A, where
Ay ={asc Ala>0, s € S}

We see that A, is a cone since Aas € A, for all \,a > 0 and s € S*. It is also a

convex cone, since for all o, > 0 such that a4+ 8 # 0 we have that

o 5
a+58+a+ﬁ

as+ ft = ozs+ﬁt—(oz+ﬁ)( t>€A+ (4.1)

for all s,t € SA since SA is convex. If @ = 3 = 0, then as + 8t = 0 € A, for all
s, t € SA.

We show that A, is also a proper cone of A. Since aff(S*) is an affine hyperplane
in A, it does not contain the zero vector as was just observed. Thus, there exists
a linear functional f € A* such that f(s) = a > 0 for all s € SA. If we now take
r € A, N—A,, x # 0, we have that © = Bs for some 8 > 0 and s € SAN -S4,
Thus, —s € 84, so that f(—s) = —a < 0 which is a contradiction. Hence, z = 0 so

2An affine hyperplane in a d-dimenional vector space V is a d — 1-dimensional affine subspace of
V. A subset H C V is a hyperplane if and only if H = {z € V| f(z) = a} for some linear functional
feV*and a € R.
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Figure 6: State space S* as a base for the positive cone A, .

that A, N —A, = {0} and A, is a proper cone. Furthermore, A = A, — A, since
S84 spans A so that A, is generating cone.

It is clear that the set S* is actually a base for A,. Hence, A, is a proper
generating cone in A with a compact base S#. Furthermore, A, is closed by Prop.
and by Prop. we have that there exists a strictly positive functional
u € A* such that

SA={xec A, |u(z)=1}.

By Prop. 2.21] u is an order unit in A?.

In conclusion, if S is a state space of a convex operational theory, there exists a
finite-dimensional vector space A, a closed proper generating cone A, in A and an
order unit u € A* such that S is convex isomorphic with a compact base S* = {z €
Ay |u(z) =1} of Ay (Fig. @ We note that in this case the dual cone A% is also
closed proper generating cone by Prop. and Prop. and Cor. For a
state space S we may thus denote S* if we want to emphasize that we consider the
state space to be a subset of an ordered vector space A by the above construction.

Measuring and manipulating states are not always perfect in the sense that
the measurement device sometimes fails to recognice the states or some part of
the initial ensemble of states may be destroyed in the process. For this reason
we can consider adding an empty outcome so that the predicted probabilities of a

measurement add up to a number less than one. Thus, we can extend our notion of



CONVEX OPERATIONAL THEORIES 47

states by considering the set S4, = {z € Ay |u(z) < 1} whose elements are called
the subnormalized states (Fig. [6]) [21]. For example, if we consider a beam of light
as our state, then a subnormalized state could be the same beam whose intensity
has been decreased. In particular we see that 0 € Sél so that it can be interpreted
as the zero state, i.e., a state whose intensity has been decreased so much that no
measurement or processing device can even read it.

As we have now defined the set of states for our class of theories, we are ready

to move on to measurements. Let us start with the most elementary measurements.

5 Effects

As was noted at the beginning of the previous section, the states and measurements
are linked in a statistical way so that the theory does not predict with certainty
which outcome the measurement results but rather it gives the probability of an

outcome occuring. This basic statistical framework can be found in [42] 43].

5.1 Basic statistical framework

Consider the setting of the beginning of the previous section where we had two
preparation procedures that prepare the system in two different states s; and s
respectively before making some measurement. By construction of the mixture
state, we can make the same measurement on both of these states individually. By
making measurements to these states we get probability distributions describing the
outcome probabilities for both states.

Say we then make a new measurement for a mixed state of s; and sy with
weights A and 1 — ) for some A € [0, 1] so that we get one more outcome probability
distribution. Since the mixing of states is statistical in nature, we cannot know which
state was measured in each single measurement. Hence, the outcome probability
distribution of the measurement of the mixed state must be equal to the mixing of
the probability distributions of the separate measurements of the states.

We call an elementary event corresponding to the outcome of the measurement
an effect. Effect describes the statement that the outcome of the measured physical
observable takes some specific outcome or belongs to a certain subset of outcomes
for some state s € §. Then it is natural for each effect to associate a function
describing the probability of the statement of the effect being true for the state that
was measured. Thus, effects can be presented as functions from the set of states &
to the interval [0, 1].
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Now the convexity preserving property can be further specified. A functional
f S — R on a state space S is called affine if it preserves the convexity of the

states, i.e.
JAs1 4+ (1= A)s2) = Af(s1) + (1 = A)f(s2)
for all s1,s9 € Sand A € [0,1]. We denote the set of affine functionals on S by F(S).

We are now ready to formulate the definition of effect space in convex operational

theories.

Definition 5.1. The effect space £(S) of a convex operational theory with a state
space S consists of affine functionals on S taking values in the unit interval [0, 1],
le.

ES)={eeF(S)|0<e(s) <1 Vse S}

If the system is in a state s € S, then e(s) € [0, 1] is interpreted as the probability
that the effect e € £(S) is observed. The set of affine functionals F(S) form a real
vector space and the effect space form a convex subset of F(S).

There are two effects of particular interest, the zero effect 0o and the unit effect
u defined as

o(s) =0, wu(s)=1

for all states s € S§. Hence, the zero effect corresponds to an event that never
happens whereas the unit effect depicts an event that always happens. In fact, with

these two effects we can give an equivalent definition for the effects on § by
ES)={ec F(S)|o<e<u},

where the partial order is defined so that for two effects e, f € £(S) we denote that
e < f if and only if e(s) < f(s) for all s € S. For each effect e we can also define
a complement effect u — e which corresponds to the event that the event of e does

not happen.

5.2 Effect space as a an intersection of two cones

Let us now consider § in the ordered vector space formalism presented in the previ-
ous section. We saw that there exists a finite-dimensional vector space A, a closed
and generating positive cone A, with a compact base S* and an order unit u in
A’ such that S is convex isomorphic to S = {x € A|u(z) = 1}. We see that the

order unit in A% is exactly the unit effect on S.
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If we instead consider effects on the set of subnormalized states S, it is natural
to assume that if we make an empty measurement, i.e., measurement on the zero
state 0 € S<p, the probability that an outcome is obtained is zero. For affine
functionals this means that the mapping fixes the origin so that the translation part
of an affine mapping is zero so that effects are actually linear functionals. We can
emphasize this point even further.

We will show that every effect e has an extension to a linear functional € on
A [43, Prop. 2.30]. We will do this in parts. First we set é(0) = 0 as was just
discussed. For each e € £(S*4) we can define ¢ : A, — R

é(r) = u(z)e(z/u(x))

for all z € A, \ {0}. Since S is a base for A, and since the order unit is a linear

functional, we have that for each x € A,
é(x) = Ae(s),
where x = \s for some unique A € R and s € S#. Using Eq. (4.1]), we see that

é(ax + Py) = aé(z) + Be(y)

for all z,y € A, and «, 8 > 0.

Since A, is a generating cone, we can further define (and rename) é : 4 — R by

for all x =t —u € A, where t,u € A,. It is simple enough to check that now,

indeed,
é(ax + By) = aé(x) + Beé(y)

for all ,y € A and «, 3 € R so that é € A*. Since span(S*) = A, the extension
¢ € A* for each e € £(S4) is unique.

In A* we have the dual ordering induced by the positive cone A,.. We see
now that for each e € £(S*4) we have that é > 0 since é(x) = Me(s) > 0 for
all x € A, where A > 0 is the unique positive real number and s € S# is the
unique state such that x = As. On the other hand we see that ¢ < u since now
é(x) = Xe(s) < A = u(x) for all x € A,. Hence, the set of the extended effects
constitutes of the linear extensions & € A* of each effect e € £(SH).

We saw that effects can be extended to linear functionals on A. What remains

to see if there are other elements of A* that are effects when restricted to SA. In



CONVEX OPERATIONAL THEORIES 50

o

Figure 7: Effect space £(S%) as an intersection of the cones A% and u — A%.

addition to being linear, the extended effects ¢ lie between the zero functional o and
order unit u. Let us take a linear functional g € A* such that o < g < u. When
restricted to S, we see that gisA € £(S?) so that we can extend it to gis4. By the
uniqueness of the linear extension we have that g = gjga. Thus, all linear functionals
on A that are bounded by o and u are given by the extensions of effects. Hence, we
can consider the extended effects in stead of the effects themselves since the two set
coincide on the state space.

Thus, the above discussion has led as to conclude that the effect space form a
convex subset of the dual space of the vector space A of the state space SA, or more

formally

E(SY) ={ec A |o<e<u}.

Thus, in fact £(S*) can be represented as an intersection of two cones (Fig. [7)) ,

namely
E(84) = AL n (u—AY).

Next we use the effects to form a measurement of an observable.

6 Observables

6.1 Measurements on states

In the previous section we associated effects with elementary events or questions
that we can ask about the values of the measurement outcomes. Let us now take a

state and consider that we have a collection of such effects so that the probabilities
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of observing these effects sum up to one. This means that some effect from this
collection is always observed.

Thus, the collection of effects form a complete description of the possible values
of the measurement of some physical quantity; an observable. We can therefore as-
sociate observables with a collection of effects such that for any state the probability
that some effect is observed is one. Note that if our probabilities do not sum up
to one, we can always complete the collection with a complement of the sum of the
other effects: this guarantees that the normalization then holds.

We note that when the outcome set is finite, the observable is determined by as
many effects as there are possible outcomes since an effect can be assigned for each
of these outcomes. In order to simplify the treatment, we only consider observables
with a finite outcome set. The treatment of observables with continuous sets of out-
comes is neglected. More formal description of observables is given by the following

definition.

Definition 6.1. Let S be a state space of a convex operational theory. An observable
with a finite number of outcomes is a mapping A : x — A, from a finite outcome
set Q2 to £(S) such that ) _,A,(s) =1 for all s € S. The set of observables on S
with outcome set 2 is denoted by O(S, ) and all observables on S by O(S).

If e € £(S) is any effect, then we can form a binary observable E with outcome
set Q = {4, —} by defining E; = e and E_. = u—e. An observable T on an outcome
set () is said to be trivial if the outcome probabilities are state-independent for each
outcome, i.e., T,(s) = T,(s') for all s,s" € S for each x € Q. It follows that T is then
of the form T, = p,u for all x € Q, where p : x +— p, is a probability distribution
on . The set of trivial observables on S are then denoted by 7(S,€2) and T(S).

6.2 Mixtures and post-processings of observables

An useful feature of observable is that similarly as the states, the observables can
be mixed too [43]. If we have two observables A and B with outcome sets € and A
respectively, for each A € [0, 1] we can define an observable C with an outcome set
I'=QUA by

C.=XA.+(1-)NB, (6.1)
for all z € T, where A, = o0 if z ¢ Q and B, = o if z ¢ A. We say that C is then a
mixture of A and B. By this extension of outcome sets we can always assume that

the outcome sets of the mixture is the same as those of the observables that are

mixed.
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As trivial observables are state-independent, they give no information about the
state that is measured. Thus, if we mix a trivial observable T with a non-trivial
observable A, the measurement statistics that is acquired by measuring the mixed
observable is somewhat " fuzzier” than the one we would have obtained by measuring
just A. Hence, we can interpret trivial observable as noise in the measurement.

Another way to form new observables from known ones is to process their mea-
surement outcomes. This is called the coarse-graining of observables [43]. A tran-
sition map v : @ — A between outcome spaces €2 and A can be represented as a
right stochastic matrix. The elements (Vyy)zeq, yea of v satisty 0 < v,, < 1 and
Zy Vzy = 1. Each matrix element v,, represents a probability for the transition
x — y occurring.

Examples of such maps include the relabeling of the measurement outcomes [17].
For any function f : Q2 — A between outcome spaces €2 and A we can define the

matrix elements of the transition map v/ induced by f as

; L if f(z) =y,
o

0, otherwise.

A particular example of such relabeling is the copying of measurement outcomes.

Namely, if we define a relabeling function ¢ : 2 —  x €2 for some outcome set €2 by

c(x) = (z,z) for all z € Q, then the transition v¢ takes any element = to (z,z).
With the stochastic matrix v and an observable A with an outcome set €2 we can

form a new observable v o A with outcome set A by defining

(voh)y=> vmA. (6.2)
z€eQ
for all y € A. Tt is straightforward to check that this indeed defines an observable.
We note that this way of forming new observables defines a preorder in the set of
observable O(S) [43] so that we can make the following definition.

Definition 6.2. We say that an observable B € O(S,A) is a post-processing of an
observable A € O(S, Q) if there exists a right stochastic matrix v : @ — A such that
B=voA.

Just as in the case of mixing observables with trivial observables, we can some-

times interpret post-processings of an observable as noisy versions of the observable.
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7 Operations

Instead of measuring states, we can consider processing or transforming them. The
general ideas for state transformations that are used here can be found in |21} 43].
As state preparators only produces states as outputs and measurements take states
as inputs producing classical outputs, a general state transformation takes a state
as an input producing state as an output. Thus, state transformations can be con-
sidered as mappings from some state space to another. A physical example of such
a transformation is an optical fiber. These transformations are called operations.

We note that not every mapping 7 : § — S’ from a state space S to a state
space 8’ can be a transformation. Namely, by the probabilistic nature of mixing, the
transformed state of a mixture of states must equal to the mixture of transformed
states. That is, the operation map must preserve convexity, i.e. it must be affine.

Let us consider operations in the ordered vector space framework. Thus, for a
state space S we have the set of subnormalized states Sél. It may happen that
a state transformation is not perfect so that it destroys some part of the system
one way or another. Then we may consider the output state to be subnormalized.
In the optical fiber example, a light beam passing through the fiber usually has a
decrease in its intensity so that it can be considered as a subnormalized state. As
we may continue to do some other transformations on the output state, our most
general operations take subnormalized states also as an input.

Hence, for an operation 7 : 84, — S, we have that up(7(s)) < ua(s) for all
s € 82, It follows that 7(04) = 05 € SZ; for the zero state 04 € SZ;. As in
the case of effects, we can then uniquely extend the operation into a linear function
from A to B. As a state space can be expressed as a base for the positive cone, the
operation must map positive elements to positive elements, i.e. it must be a positive

function. Thus, we have arrived for the following definition.

Definition 7.1. Let S* and S® be two state spaces. A linear mapping 7 : A — B
is called an operation if 7(A,) C By and up(7(x)) < ua(x) for all x € A;. Fur-

thermore, 7 is a channel if the previous inequality is an equality which is equivalent
with 7(84) C S5.

For operation 7 we interpret ug(7(s)) as a probability of the transmission of the
state s during an operation 7. Channels thus correspond to perfect transformations
so that if we take a (normalized) state as an input we get a (normalized) state as
an output. In many cases we assume our transformations to be perfect so that we

mainly consider channels instead of general operations.
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As was the case with states and measurement, also channels can be mixed.
Namely, if 7 : A — B and y : A — B are channels on a state space S#, then
AT(5)+(1=X)x(s) € SP so that the mixture A7+ (1—\)y is a channel on S#. Another
way to form new channels is the concatenation of channels, that is, for the channels
7:A— Bandv:B — YV we may define the composite mapping vor7: A — C and
we see that it is indeed a channel because (v o 7)(S%4) = v(7(S%4)) C v(SB) C SC.

We will consider some properties of operations that are presented in [2I]. As
an operation is a linear mapping, we can define its dual so that for an operation

7: A — B we can define 7* : B* — A* as

7(9)(x) = g(7(x)) (7.1)

for all g € B* and x € A. We see that 7* is also linear.

By using the dual map, we see that each operation determines an effect e, € A*
by
e (x) = 71" (up)(x) = (up o 7)(x) (7.2)

for all x € A. Clearly e, € A* is linear. For all x = as € A, we have that
er(x) = up(T(x)) = aup(7(s)) < aua(s) = ua(x),
and since both 7 and up are positive,
e, (x) = un(7(x)) = aup(r(s)) = 0 = o(x)

so that indeed o < e, < uy. Thus, e, is an effect on SA.

Thus, each operation determines a unique effect. On the other hand we see that
an effect can be determined by multiple operations. Indeed, if we take e € £(S*)
and a fixed s € 8%, we can define a mapping 7, : A — B by

for all z € A. Now 75 is linear since e is linear, and up(75(s")) = e(s") < ua(s’) for

all s € A,. We see that now 7, determines e since
7s (up) () = up(7s(2)) = e(x)up(s) = e(x)

for all x € A. Thus, 7, defines the same effect for all s € S5.
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8 Composite systems

Until now we have only considered operational concepts such as transformations
and measurements on single systems. In order to truly characterize a theory, a way
to form compound systems is needed. This is because sometimes a physical system
may be composed into parts so that the total system is actually sum of its parts.
This is the case when we consider systems interacting with each other.

One of the most important examples is that of an open system in contact with
its environment. In order to see the effects of an environment on a system, we
must consider the system and the environment as a compound system with some
interaction between them. By ignoring the environmental degrees of freedom we can
see the effects on the system.

The material presented here is mostly based on [51], 52].

8.1 Physical composites

Let us consider two state spaces S* C A and S® C B of systems A and B in
ordered vector spaces A and B respectively. We are interested in the joint sys-

S48 in some vector space AB. Since we want our

tem A + B with a state space
compound system to have a legitimate state space, we require that there exists
a closed, generating positive cone AB, and an order unit usp € AB* such that
S4B = {5 € AB, |uap(s) = 1} is a compact base for AB,. Now the question is
how the local state spaces Sy and S and their respective vector spaces A and B
are related to the composite state space S8 and its vector space AB.

By the dualities A = A* and B = B** we can consider states acting on effects
rather than effects acting on states. Thus, we may identify every state s € A with
an element § € A** such that 5(a) = a(s) for all a € A* and 5(ua) = 1, and similarly
for states in B and AB. From now on we use this identification wherever it seems
convenient without explicit remarks.

We start our investigation of the composite system by assuming that for each pair
of effects in £(S4) x £(SP) there exists a product effect in £(S48), i.e., there exists
a function 7 : £(S4) x E(SB) — £(S4P) so that for each (e, f) € E(SA) x E(SP)
we have that 7(e, f) € £(S4P). This is a requirement that measurements can be
performed locally. Similarly we want to be able to prepare our states independently
so that for each pair of (s,t) € SA x SB there exists a state sy5 € SA5.

SAB

Some natural assumptions about the state space can now be made:

i) for each state s € S4P the composition s’ = so7 : £(S4) x £(SP) — R defines
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a joint probability s(m(e, f)) for each pair of effects (e, f) € £(Sa) x E(Sp); if
sap € SAB is a state that is prepared locally from s € S and t € SB, then

the compatibility of local preparations and local measurements is assumed to
hold so that sap(7(e, f)) = s(e)t(f) for all (e, f) € £(SH) x £(SP),

ii) the non-signalling principle holds for the joint probabilities, i.e. the marginal
probability distribution for the outcomes of a measurement on one of the
systems is not affected by the measurement performed on the other system;
this leads to well-defined marginal and conditional states and we assume that
the conditional states defined for each subsystem belong to the respective state

spaces, and

iii) the joint probabilities respect the local tomography principle [13], i.e. the joint
state s € S8 is determined by the joint probabilities on all pairs of effects
(e, f) € E(Sa) x E(Sp).

8.2 Tensor product of local state spaces

We show that under the assumptions presented above, the vector space AB is iso-
morphic to A ® B. This is achieved equivalently by showing that AB* & A* ® B*.
We first give the mathematical formulations for the above assumptions.

The local tomography principle in iii) states that if

8/1(6, f) = 8/2(67 f)a

for all (e, f) € £(Sa) x E(Sp) for some s;,5, € SAP, then we have that s; = s,.

Similarly the non-signalling condition in ii) can be expressed as a requirement that

for each state s € SAB
Z s'(e,By) = Z s'(e, By)

yEA y'eN’

and
S S AL = S (AL
e z’' eV

holds for all effects e € £(SA) and f € £(SP) and all observables A € O(S4, ),
A € O(84,8Y), Be O(Sp,A) and B' € O(Sp, A’) with some outcome sets 2, ', A
and A’ respectively.

The non-signalling condition implies that we can define marginal states s4 :
E(SY) — R and sp : £(S®) — R by

sale) =Y s'(e.B,), sa(f)= 5 (A f)

Y Yy
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for all e € £(S4) and f € £(SP) so that they are indeed well-defined since they are
independent of the measurements performed on the other system. Furthermore, for
each e € £(S4) and f € £(S®) we can define conditional states sy : £(S*) — R
and sp|. : £(SP) = R by

s'(e, f')

sa(e)

WSS
sajf(e’) = ) Ble(f')

for all ¢ € £(SA) and f’ € £(SP). The conditional states thus gives conditional
probabilities for measurements when some measurement is performed on the other
system.

We assume that these conditional states are indeed states so that for each s €
S48 we have that ss; € S4 and sp. € S® for all e € £(S4) and f € £(SP). The
state conditions s4¢(us) = 1 and sg(up) = 1 then imply that ss(e) = s'(e,up)
and sp(f) = s'(ua, f) for all effects e and f.

For each s € SA8 and e € £(54) we define § : £(SA) — RES?) such that

s(e)(f) = s'(e, f)

for all e € £(SA) and f € £(SP). We then notice that sg. = 5(€)/sa(e) so that
from the assumption sp|. € SP it follows that §(e) € B** for each e € £(S4). We can
define the dual map $* of § so that §*(f)(e) = s(e)(f). We note that then for each
f € E(SP) we have that §*(f) = sp(f)sajs. From the conditional state assumption
say € 84 it similarly follows that §*(f) € A** for each f € £(SF).

Hence, 3(e) is linear on &£(S?) for each e € £(S*) and §*(f) is linear on &(S*)
for each f € £(SP) whenever the linear combination of effects is defined, i.e. it

remains an effect on the respective effect space. This means that

s’ (Z Otﬁuf) = Z%’S/(ei,f), s’ (G,Z@jfj) = Zﬁjsl(ea i),
i i J J

for all e, 37, cue; € E(S?) and f,3°, B;f; € £(SP). Thus, s is a bilinear form on
E(SH) x £(SP). However, since £(S*4) and £(SP) span A* and B* respectively, the
bilinear form s’ can be uniquely extended to a bilinear form on whole A* x B*. We
denote this extension again by s’. For each state s € S8 the composition s’ thus
uniquely extends to a bilinear form on A* x B*. Since this holds for all states s,
which are elements of AB**, it follows that 7 (or its extension) is bilinear on A* x B*.

Let us then consider the space A* @ B*. Since m € L(A*, B*; AB*), by Prop.
there exists a unique linear function h : A* ® B* — AB* such that # = ho T,

where 7 is the canonical mapping of A* ® B*. Thus, instead of 7(a, b) we may write



CONVEX OPERATIONAL THEORIES 58

h(a®Db) for all a € A* and b € B*. The dual map h* of h is defined by h*(z) = zoh
for all z € AB**. It remains to show that h is the required isomorphism by showing
the injectivity of h and h*.

In order to prove the injectivity of h we note that since elements of the form
e®f € A*®B*, where e € £(S4) and f € £(SB), span A*®B* it suffices to consider
only these product effects. Suppose h(e ® f) = 0 for some e ® f € A* ® B*, where e
and f are effects on the respective spaces. Then for all pairs of states (s,t) € SAxSP
there exists a state syp € S*P such that 0 = sap(h(e ® f)) = s(e)t(f). Since this
holds for all s, it follows that e ® f = 0 and so h is injective.

So far we have not used the local tomography principle. We see that now the
local tomography principle is equivalent with the injectivity of h*, or equivalently,
the surjectivity of h. Suppose s; o h = h*(s;) = h*(sg) = s9 0 h for some states

51,59 € S4B, Then we have the following chain of equivalences and implications:

h(s1) = h'(s2)
& s1(h(a®b)) = sy(h(a®b)) Va®be A" ® B*
si(m(a,b)) = sa(m(a,b)) V(a,b) € A" x B*
) (mr(

o(mle, f)) Ve, f) € E(SH) x £(SP)

I
®

where the last implication follows from the local tomography principle. Since AB,
is generating and the states form a base for the positive cone, h* is injective on all
of AB. Hence, h is a linear bijection so that A* @ B* = AB* from which it follows
that we can consider our composite state space S48 as a subset of A ® B.

We can now identify (e, f) € E(S*P) for each pair (e, f) € E(SA) x £(SP)
with e ® f € A* ® B*. Then also uy ® up corresponds to the order unit usp €
AB*. Similarly a state S € S*8 corresponding to a pair (s,t) € SA x S8 of
independently prepared states can be identified with a product state s®t € AR B
so that (e ® f)(s®t) = e(s)f(t).

What remains in order to characterize the state space is to find the positive cone
AB, for AB. The requirements now are that each product state s ® t belongs to
AB; and each product effect e ® f belongs to the dual cone AB7;. We note that this
is then just requiring that AB, is a proper tensor cone so that A ® B is an ordered
tensor product of A and B. However, as we saw in Chapter [I} this kind of positive
cone is highly non-unique. Thus, the state space S8 is not completely determined
by the local state spaces S* and S5.

What we also saw in Chapter [[] was that there are two limiting cases for the
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positive cone AB,, namely the minimal and the maximal tensor cones. Thus, we

can define the mazimal state space S* @max SE by

S Dumax S = {5 € (A Omax B)+ | (ua @ up)(s) = 1}
and the minimal state space S @min SE by

SA Qumin SP = {5 € (A @min B)4 | (ua @ up)(s) = 1}.

Since every positive tensor cone lies between the maximal and minimal cones, every
joint state space S8 of SA and SP lies between the maximal and minimal state
spaces.

We note that every element s € (A ®uin B)4 can be expressed as
s=Y ma; @b =Y afips! @ sf

where j1; > 0, a; = a;st € A, and b; = ;5P € B, for some a;, 5; > 0, s7* € S and
325 € 8B for all 5. If we denote \; = p;q;3; for all 7 then the normalization condition
(ua ®@up)(s) =1 becomes > . \; = 1 so that

S Omin S = {Z&s?@sﬂ Sh=1,stest sPest W}.

This then agrees the minimal requirement that the joint state space should include
all convex combinations of product states.
We can also express S* @max SP explicitly as
SA Opax S® = {s€ AR B|(us@up)(s) =1,
(a®b)(s) >0 Vaec AL, be B}

The maximal state space is the largest set of states that respect the non-signalling

condition. Finally we can define our state space for a composite system.

Definition 8.1. Let S and S8 be state spaces of systems A and B with ordered
vector spaces A and B respectively. If C, is any proper tensor cone in A® B satisfying
Cin C C; C Crpax then

SA@ 8P = {seC|(us®@up)(s) =1}

is a composite state space of system A + B.
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Thus, state space of a composite system A + B is any ordered tensor product
lying between the minimal and maximal tensor products and normalized by the
order unit u4 ® ug. We also note that from the dualities and it follows
that for the maximal state space then effect space is minimal and similarly for the
minimal state space the effect space is maximal.

Since the convex combinations of product states are always contained in any

composite, we make the following definition.

Definition 8.2. For a composite state space S* ® S of two state spaces S# and
SB we say that a state s € SA® S8 is separable if it is in S* @min SP and entangled

otherwise.

We further emphasize that for minimal state space there are entangled effects
whereas for maximal state space all effects are separable. Any composite state space

strictly between them has both entangled effects and states.

9 Applications

We can now consider some specific state spaces within convex operational theories.
We can apply our framework to identify the operational concepts defined in the
other sections of this chapter on these state spaces and see some special properties

of these theories.

9.1 Quantum theory

The most important application of convex operational theories is the quantum the-
ory. In this section we will see how quantum theory fits in the framework of con-
vex theories. For the basic results in quantum theory that are presented here, see
[42, 143, [53]. For quantum theory in the convex operational theories, see [29] 44]

Let H be a finite-dimensional Hilbert space and denote by £(#) the set of linear
operators A : H — H and by Ls(H) the set of selfadjoint operators in L(H). We say
that an operator A € L(H) is positive iff ()| Ay) > 0 for all ©» € H, and the set
of positive operators is denoted by £, (H). It follows that every positive operator
is necessarily selfadjoint so that £, (H) C L,(H). We define the trace norm ||-||, on
L(H) by

[A[l; = tr | Al

for all A € L(H), where |A| = VA*A € L(H) denotes the absolute value of A.
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The set of states S(#H) in finite-dimensional quantum theory is given by the set
of positive trace-one linear operators on H. Since all positive operators are also

selfadjoint, we can further consider density matrices as a subset of L,(#H), so that
S(H)={ee Li(H)[0>0, tro] =1}.

Selfadjoint operators on H form a real finite-dimensional vector space as every
real linear combination of selfadjoint operators is selfadjoint. As the trace norm
induces a Hausdorff topology, Ls(#) is a real Hausdorff topological vector space.

Clearly now S(H) is convex: all positive linear combinations of positive operators
are positive and since trace is a linear functional, the trace of a mixture of states
is one. S(H) is also bounded since |0 — o], < 2 for all 9,0 € S(H). The set
L (H) is closed in Ls(H), and since trace is a continuous function, the set of unit
trace operators tr—!({1}) is also closed so that S(H) = L, (H) Ntr~!({1}) is closed.
Hence, S(H) is a compact convex subset of L£(#H) and therefore is a suitable state
space in the framework of convex operational theories.

We see that £, (H) forms a convex cone. Furthermore, it is quite clearly a proper
cone. Therefore £,(H) induces a partial order in L,(H) making it an ordered
vector space. Since the trace is a strictly positive functional on £, (#H) \ {0} we
have by Prop. that S(H) is a base for £, (H). Every selfadjoint operator
A € L(H) can be written as a difference of two positive operators A, = 1(|A| + A)
and A_ = 1(JA| + A) as A = A, — A_ so that £, (H) actually generates L,(H).
The trace is now an order unit in £,(H)*.

Hence, for finite-dimensional quantum theory we have finite-dimensional real
Hausdorff ordered vector space A = L(H), a closed generating positive cone A, =
L(H) and an order unit v = tr € L (H)* such that the state space S(H) is a
compact base for £ (H).

The effect space £(H) now reads as

EMH)={ee€ Li(H)"|o<e<tr}.

The duality between £(H) and its (complex) dual space is given by an isomorphism
A fa, where fa(B) = tr[AB] for all B € L(H). It follows that for each e € L(H)*
there exists a unique F € L(H) such that e(B) = tr [E'B] for all B € L,(H). Since
e(B) € R for all B € L,(H) we have that E € L,(H).

We see that e > o is equivalent with the condition that tr [EB] > 0 for all
B € L£,(H). Using the spectral decomposition for A we see that e > o if and only
if £ > O. Similarly e < tr if and only if £ < I, where [ is the identity operator on
H.
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Conversely, if E' € L,(H) satisfies the previous operator inequalities, we see that
tr[E-] s ) € E(H). Hence, we can identify our effects with positive unit bounded

selfadjoint operators, i.e.,
EH)={F e L(H)|O<ELI}.

The effect operators form a convex set in L;(H) with the set of projection operators
P(H) ={P € L,(H)| P? = P} as its set of extremal points. The complement of an
effect £ € E(H) isnow [ — E € E(H).

It is evident from the previous that now observable A with a finite outcome set
Q= {x1,...,2,} is just a collection of effect operators A(x;) € E(H), i =1,...,n,
such that " | A(z;) = I. Any trivial observable T on § now consists of operators
p(z;)1I, where p: Q — [0, 1] is any probability distribution on 2.

Observables with finite outcomes are just a special instance of observables and in
quantum theory general observables can be described by so called positive operator-
valued measures (POVMs). A POVM is a mapping A : ¥ — E(H) from a o-
algebra of an outcome set Q to the set of effects such that A()) = 0, A(Q) =1 and
A(U; X;) = >, A(X;) for any sequence of disjoints sets {X;}; C . We note that in
the case of a finite {2 the definition of a POVM A reduces to our previous definition
of observables with finite number of outcomes.

Let S(H) and S(H') be two state spaces with Hilbert spaces H and H’'. State
transformations in quantum theory are described by quantum channels, i.e., com-
pletely positive trace-preserving (CPTP) linear maps ® : L(H) — L(H'). Similarly
we can define quantum operations as completely positive trace-non-increasing linear
maps. Quantum channels (operations) are clearly channels (operations) also by our
definition since completely positive maps are always positive.

We see that in quantum theory we have require the channels to be completely
positive whereas in convex operational theories we did not consider this. The reason
why channels are required to be completely positive lies on the structure of composite
systems: if we pair a state of a system S with another state of an ancillary system
A and consider the channel on the compound system S + A such that the channel
acts on the system S with identity channel acting on the ancillary system A, we still
require the mapping to remain positive since all we did was introduce an ancillary
system that did not even interact with the original system. It turns out that not
all positive maps remain positive in this scenario so that a more stronger notion of
positivity is needed, namely complete positivity.

However, in the framework of convex operational theories, in general one tends

not to use the notion of complete positivity. Namely, in quantum theory the com-
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plete positivity is defined so that the positivity of the channel on the compound
system is required to hold for all dimensions of the ancillary Hilbert space. In con-
vex operational theory this kind of dependency on the size of the ancillary system
is however not readily formulated.

Consider quantum systems A and B with a state spaces S(H4) and S(Hp)
respectively. The state space of the composite system A + B is then build around
the vector space Ha ® Hp with an inner product defined on the product elements
by

(Va®@vploa®ep) =(valea)(Vsles),

which can then be extended to the whole space by linearity. Thus, in the finite-
dimensional case, the inner product space H ® Hp is also a Hilbert space so that
we take the composite state space to be S(Ha ® Hp).

We see that the composite state space of two quantum systems is neither maximal
nor minimal. Indeed, it is easy to check that all separable states in Ls(H )R Ls(Hp)
are included in S(H 4 ® Hp) but on the other hand we have entangled states as well.
An example of a positive trace-one operator on HoQ@Hpg, d = dim(H 4) < dim(Hp),

is the maximally entangled state |1, ) (1, |, where

d
1
Yi=—x=) ¢l @y}
Vi

for an orthonormal basis {¢#}; for H 4 and an orthonormal subset {p?}; of Hp. Sim-
ilarly we have that all entangled states in S(H 4 ®Hp) are included in (L4(H ) @max
Ls(Hp))+ but we also have operators in the latter set that are positive only on all
separable effects (such "states” are called entanglement witnesses) so that they are

not positive in L;(H 4 ® Hp). Thus, in quantum theory we have that
SLS(HA) Prnin SCS(HB) C S(HA ®HB) C SES(HA) Prmax SES(HB)’

where the inclusions are strict.

9.2 Quantum theory of processes

The power of the general framework of convex operational theories can be seen
when considering quantum channels. We will see that instead of quantum states,
we can take the system of interest to be the set of quantum channels and we can
consider the properties of the channels in this framework similarly to any other

theory. For the state space consisting of quantum channels, we call the operational
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theory as quantum theory of processess. Here we will only focus on states, effects
and observables of quantum theory of processes. The material presented here is
found in [16], 54, [55].

For a fixed basis of H4 there exists an isomorphism between linear maps & :
L(Ha) = L(Hp) and operators on L(Hp @ Ha) given by

£ e = (£ @ TA)(T,),

where Zy4 is the identity channel on £(H4) and W, is the unnormalized maximally
entangled state in S(Ha), ¥, = d|tp ) (¢y|. This well known result is called the
Choi-Jamiolkowksi isomorphism (see [56] for proof) and the operator ®¢ as the Choi
operator of £.

It is known that the linear map & is completely positive if and only if the Choi
operator of & is positive [56]. Furthermore, £ is trace-preserving if and only if
trp [Pe] = I4 [16]. Thus, if £ is a quantum channel, this means that for the cor-
responding Choi operator ¢ we have that é@g € S(Hp ® Ha). As any mixture
of quantum channels is a channel, the set of channels form a convex subset of
S(Hp ® Ha). This motivates us to consider channels as our systems of interest
so that we can consider channels as states in the framework of convex operational
theories.

Let us denote the set of quantum channels from £(H ) to L(Hp) by C(Ha, Hp).
Thus, we consider the state space S = C(Ha, Hp). How about effects and observ-
ables? We will first construct a reasonable measurement set-up for channels inside
quantum theory and then consider how it is related to the observables in convex
operational theories.

Consider an unknown quantum channel €& € C(H,Hp). The measurement M
of the channel can be composed of three steps: preparing a test state in a test
system that is composed of the input system of the channel and an ancilla, applying
the channel on the input system and an identity channel on the ancillary system,
and measuring the transformed test state by an observable. Thus, the measurement
is specified by the Hilbert space Hane, the test state ¥ € S(Ha ® Hane) and the
observable M € O(S(Hp @ Hanc), 2) with some outcome set 2.

With this set-up M for the channel £, the probability p, (€, {¥,M}) that when
measuring M we get outcome = € ) when the test system is in the state U can be
expressed as

Pe(E, {0, M}) = 11 [(€ © Ton) (1)M,].

We can define a CP linear map Z4 ® Ry, where Ry : L(H ) — L(Hanc), such that
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T4 ® Ry takes W, to ¥ so that by considering the dual map we have that
Pe(M,E) = tr [(€ @ Zu) (V4 )(Zp ® Ry)(Mg)] = tr [PeM,],

where we have defined the operators M, = (Zp ® RY,)(M,) on Hp @ Ha. These
operators are called channel effects and they form a process positive operator mea-
sure (PPOVM). The PPOVM elements are seen to be positive and they satisfy a
normalization ) M, = Ip ® pa, where 94 € S(Ha). It has been shown [54] that
every collection of operators satisfying those properties forms a valid PPOVM with
some ancillary system, test state and POVM.

Similarly to POVMs, we note that the measurement M can be expressed as a
mapping M : x — M, the set of outcomes to the PPOVM elements. Furthermore,
each M, can be expressed as an affine mapping € — p,(€,{¥,M}) € [0, 1]. Thus,
the PPOVM elements are effects in the framework of convex operational theories.

However, unlike in the standard quantum theory, the affine maps do not have a
one-to-one correspondence with the PPOVM elements as two PPOVMs M and R
are equivalent if and only if for all outcomes = we have that M, —R, = [g® A, for
some A, € L(H,) such that tr [A,] = 0 [57]. Nevertheless, all admissible mappings
E — p,(€) from channels to probabilities can be implemented by some PPOVM so
that all effects have some corresponding PPOVM element for some PPOVM.

9.3 Polytope theories

A class of state spaces are formed when there are only finite number of pure states.

This is the case if and only if the state space is a polytope.
Definition 9.1. A state space S is called a polytope state space if S is a polytope.

As a particular instance of polytope state spaces we consider the polygon state

spaces.

Definition 9.2. A state space S is called a polygon state space if S is isomorphic

to a regular polygon in R2.

We consider polygon state spaces parameterized (almost) as in [58] so that they
are embedded in R? and lying on the z = 1 plane. A polygon state space S, with n
number of vertices is then given by the convex hull of pure states

<2kw
rp coS [ ——

n
6= | 1 sin (%_w . kel, (9.1)
n
1
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Figure 8: Square state space and its effect space.

where we have denoted r,, = sec (%) and I, ={1,...,n} C N.

The polygons are two-dimensional so that the effects can be represented by
linear functionals on R3. If we define e(s) = e - s as the Euclidean dot product we
see that the effects are elements in R3. Hence, we can express each e € £(S,) as
e=(a,i- a)T € R3, where @ = (ay, a,).

In the case when n is even, the effect space £(S,,) is given by a convex hull of

the non-trivial extremal effects

2% — 1
1 n
=3 | sin ((% — 1)7T> . kel, (9.2)
n
1

together with the unit effect u = (0,0,1)T and the zero effect o = (0,0,0)T. We
note that the convex hull of the non-trivial effects also forms a regular n-polygon in
the z = % plane. Fig. represents the the case when n = 4 so that the state space
Sp = 8, is the square state space.

On the other hand, when n is odd, we define

o (2k — 1)m
1 n
=17, sin(—(%;l)ﬁ) - kel (93
1

and see that the set of extremal effects is then {o, u, f1,..., fu,u—f1,...,u—f,}. In
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this case we note that the the non-trivial extremal effects are not on a single plane
any more.

In both cases the observables are then naturally composed of effects that sum
to the unit effect w. Similarly operations, channels and composite systems can be
constructed in polygon theories accordingly. Here we will only focus on states and
effects. We only note that with some composites (for example the maximal state
space of two square spaces) we can form so called PR-boxes [59] where states possess
correlations stronger than any entangled quantum states.

Let us consider the even polygons more closely. For that, let us define E,, : R? —

R by
2k 2k
E, (@) = max [rn (cos (—W) a, + sin <—7T) ay)] ) (9.4)
kel, n n

and S, : R? — R (as a rescaling and rotated version of E,) by
2k — ) 2k — 1)
Sy () = max [cos (%)rw + sin (%)ry} : (9.5)

When n is even so that the state space is symmetric, it is straightforward to check
that E, and S, define norms on R?. We call them the effect space norm and state
space norm respectively.

If we consider the effect condition 0 < e(s;) < 1 on the extremal states {si }xer,,
we see that e = (c?, % — oz)T is an effect if and only if

E4m+ﬁﬂg%. (9.6)

Now non-trivial extremal effects have o = 0 so that E,(d) < 3 gives a regular
polygon in the z = % plane.

By the duality of states and effects we can instead consider states acting on
effects. Thus, we see that the condition for a vector s = (7,1) € R3, where 7 =
(rz,ry) € R?, to be a state is 0 < s-¢e, < 1 for all k € I,. With the state space

norm we see that s = (7, 1) is a state if and only if
S (7) < 1. (9.7)

We see that the state norm induces the polygon state space as its unit ball. In the
odd polygon case we note that S,, does similarly determine the state space as its

unit ball, but in this case S, is not a norm as is it is not homogeneous.

9.4 Classical theories

Let us consider classical theories where the state of the system is identified with

a point in phase space, that is, a multidimensional space where each degree of
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freedom of the system is represented by an axis in the space [60]. Then the state
of the system is specified by the coordinates of the state space. For example in
classical mechanics, the state of an object moving through 3-dimensional space can
be specified by knowing its position and momentum which then correspond to a
point in the phase space R? x R3.

Considering the phase space as the set of states works fine for simple systems
where the phase space coordinates are easily determined. However, if we have a
more complex system, for example we have a large number of systems, it is in
general impossible to determine the exact coordinates of the phase space for the
system. In this case one only considers the statistical ensemble of states and focuses
on the statistical properties of the system. Then all we can do is to give a probability
that the state is some part of the phase space. Hence, the notion of states must be
extended to include all probability distributions on the phase space [60].

For simplicity, we consider the case when the phase space is finite. Let us con-
sider the set of probability distributions on some finite phase space 2. Without loss
of generality we take 2 = {1,...,n} so that we can express each probability distri-
bution p on Q as a vector p'= (p1,...,p,)T € R"*, where p; := p(i) foralli =1,...,n
[43]. Now p; € [0,1] for all i = 1,...,n and > p; = 1. With this identification,
it is straightforward to check that the set of probability distributions is a compact
convex subset of R™ so that we may consider it as a state space, denoted by S¢, for
a convex operational theory.

Let {€;}" , denote the standard basis for R" so that ¢€; is the ith column of the

identity matrix on R". We then have that

p= Zpigi-
i=1

Clearly now every basis element €; corresponds to a probability distribution

6i(j) = .
0, otherwise,
that is called the Dirac measure on i € 2.
The Dirac measures form the set of extremal elements of S¢. As the correspond-
ing vectors {€;}"; form a basis for R”, the decomposition of a probability measure
p into extremal elements is unique so that by Prop. the state space S¢ is

necessarily a simplex. Hence we make the following definition.

Definition 9.3. A state space S¢ is called classical if S¢ is a simplex.
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The effects on a classical state space S can be identified with vectors f =
(fi,--, fu)t € R™ where f; € [0,1] for all i = 1,...,n so that the probability of
measuring f when the system is in the state 7 is flp) = fp= Yoy fipi. The
effect space has 2" extremal effects of the form (% + %, ce % + %)T € R" [43]. An
observable on S¢ is composed of effect vectors {f;}; such that D fi=0,..., )¢
R™.

Channels on S¢ are exactly the right stochastic matrices v : 2 — A from a phase
space Q = {1,...,n} to another phase space A = {1,...,m} that were considered

in post-processings of observables. For a state p we have that v : p'— p’, where

n
/ _
p; = VijDi
i=1

for all j =1,...,m. Indeed, p} € [0,1] for all j =1,...,m and

m

ZP} = ZZW;‘M = Zpi =1
i=1

j=1 i=1 j=1

Thus, v is a channel. As linear maps between R™ and R™ are just matrices, the only
maps preserving the normalization of states are the stochastic matrices.

It has been shown that a state space S is simplex if and only if the maximal and
the minimal state spaces coincide when S is composed with any other state space
[41]. Thus, when we consider a composite system of classical state spaces, the joint
state space is always fixed. Furthermore we see that if the maximal and minimal
state spaces of the composite system coincide, then one of the subsystems must be

classical.



Chapter 111

Non-classical features of quantum

theory

Quantum theory is known to hold features that we do not experience in classical
theories. We saw for example that the composite systems of classical state spaces
do not contain any entangled states since the tensor product of the composite state
space was fixed to be the minimal one. Classical theories are said to be local whereas
quantum theory is a nonlocal theory. This is because with the minimal composite
state space, the outcome probability distributions of local measurements on the
composite system are not correlated whereas in quantum theory the correlations
can be even experimentally verified [61].

However, in Chapter [[I] we saw that we can construct theories that are neither
classical nor quantum but that nevertheless contain entangled states as well: for any
state space we can fix the tensor product to be the maximal one, then the composite
system always contains entangled states. Thus, entanglement is not strictly quantum
feature but in fact in fact generic amongst the non-classical theories. In fact, we
can construct theories that are even more nonlocal than quantum theory [62]; an
example of which is the PR-box that was briefly mentioned in the previous chapter.

In the present chapter we will focus on some of the non-classical features of
quantum theory. In particular we will consider a few task-type features where we
ask if some operational task can be completed in convex operational theories and if it
can, then we wish to see in which type of theories. Such tasks include cloning [9, 63],
distinguishability of states [64, 65], broadcasting [9, [63] and joint measurability (or
compatibility) of observables [17), 50, [66] and they have been extensively studied in
quantum theory [11), 67H7T].

We will fill formulate the tasks in the framework of convex operational theories

70
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and study see which theories these tasks can be completed in. We find that the tasks
presented here are actually all classical in the sense that in non-classical theories
we can formulate a no-go theorem for each of these tasks. Hence, no-cloning, no-
broadcasting and incompatibility are generic features of all non-classical theories.
Furthermore we will see how closely these task are connected.

As a part of the task of joint measurability of observables, original research on
conditions of compatibility in convex operational theories is presented [I7]. We will
introduce the notion of noise content of an observable to see how much intrinsic
noise is present in the observable and use it to formulate an inequality that serves as
a sufficient criteria for compatibility. We see that the criteria takes different shapes
in different theories.

Other tasks that are not considered here contain for example teleportation [10]
and steering |47, [72]. Although these tasks can be accomplished in quantum theory,
they can be shown to be non-generic in the convex operational theories such that
there exists even non-classical theories where these tasks cannot be accomplished.
In the present work we will limit ourselves outside of these tasks.

We start our investigation on the tasks of cloning and distinguishability of states.

10 Cloning

Consider a process where one takes a state of a state space S and makes two identical
copies of it. This process is called cloning of the state and the physical device
realising this process is the cloning device. If we consider the state to be unknown,
then the cloning device must be applicable for any state so that it clones every state
of §. In this case we say that the device is a universal cloning device and that S
admits universal cloning. Instead of universal cloning we may also consider cloning
devices that clone some particular subset S of S. In this case we say that the cloning
device clones S. As a particular instance we may consider the cloning of pure states
of § resulting in universal cloning of the pure states. We follow the works done in
[9, [65]

In the framework of convex operational theories processing of states is handled
with operations. After the cloning we end up with two clones of the state so that
the output state space of the operation is to be considered the composite state space
S®S with some tensor product. As the operation then transforms states into states,

the operation is actually a channel. Hence we arrive at the following definition.

Definition 10.1. A finite set of states S = {s;}"_; C S in a state space S is called
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clonable if there exists a channel 7: A — A ® A such that 7(s;) = s; ® s; for all
j=1,...,n. If §is clonable by 7, then we say that 7 clones S.

Thus if a channel 7 clones S*, the state space admits universal cloning. We
will see that cloning is closely connected to another operational task, namely distin-

guishability of states.

10.1 Distinguishability of states

Consider we have a set of states such that the states that the set is composed of are
known to us. As a task we can ask if we have any means of telling them apart. Since
states are observed by making measurements, the task is to find a measurement such
that the outcome of the measurement tells with certainty which state was measured.

This task is known as distinguishability of states.

Definition 10.2. A finite set of states S = {s;}7_; C §* in a state space S is
called (jointly) distinguishable if there exists an observable A € O(S#,) with an
outcome set 2 = {1,...,n} such that A;(s;) = 0;; for all s; € S. Then A is called
distinguishing for S.

Let us start the examination of distinguishability with the classical case. For
classical state spaces we see that all the pure states of the state space can be distin-
guished [29 Prop. 3.31].

Proposition 10.3. Let S* be a state space with dim(A) = n. There are n jointly
distinguishable states {s1, ..., s,} C S* if and only if S* is a simplex with ext(SA) =

{81, 8n}

Proof. We recall from Chapter that by our construction of the state space, S* lies
in a n-dimensional ordered vector space A such that aff(S*) is an affine hyperplane
in A with 0 ¢ aff(S4).

Let first S# be a (n — 1)-simplex with extremal states ext(S) = {s1,...,8,}. It
follows that ext(S) must be linearly independent set since otherwise we could use
them to form an affine decomposition for the zero vector so that 0 € aff(S) which
would be a contradiction. Thus, ext(S) forms a basis for A. By construction, the
dual basis {e;}I; C A* of ext(S) satisfies

ei(s;) = dij.

For all i = 1,...,n we have that e; > o. This follows from e;(z) = a); > 0, where

r = as € A, is the unique base decomposition of x so that & > 0 and s € S such
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that s = >, \;s; is a unique convex decomposition of s into pure states. Similarly

e; < u since now e;(z) = al; < a = u(z). Furthermore we have that

n

Zei(s) = Z )\jei(sj> = Z)\z =1

i=1 ij=1

so that the dual basis actually forms a distinguishing observable for ext(S).
Suppose then that there exists an observable A that distinguishes the set S of n

states S = {s],...,s,}. We note that the set S is linearly independent. Otherwise

there would exist some j € {1,...,n} such that s’ could be expressed as a linear

combination of other states in S as

5=
2
so that by the distinguishibility of A
L=Ai(sh) =D ail(s) =0
7
which would be a contradiction.

Thus, S forms a basis for A so that each state s € S# can be expressed uniquely

/
5= g ViS;-
i=1

Now from the normalization ) ; A;(s) = 1it follows that  _;v; = 1 and the positivity

as

and distinguishability of A implies that 0 < A;(s) = v, for all j = 1,...,n. Hence,
every element of S# has a unique convex decomposition into elements of S. It
remains to show that actually S = ext(S4).

From the previous observation we have that S# = conv(S) so that ext(S4) C S.
Since A = span(S#) = span(ext(S#)), the set of extremal states ext(S%#) must
contain at least m-elements. But since S only contains n elements we have that
S = ext(SH). O

Since measurement outcomes form probability distributions for each state, the
distinguishability of states can be examined from these probabilities. In particu-
lar, the closeness of probability distributions can be determined by the means of

(classical) probability theory. We consider one of these measures more closely.

Definition 10.4. The fidelity of two states s; and s, in a state space S is defined

as

F(sy,s9) = inf VAL(s1)Az(S2). (10.1)

ACO(S) &=
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The expression of which the infimum is taken from is called the Bhattacharyya
coefficient of two probability distributions and it measures the overlap, or relative
closeness, of the distributions. The fidelity is then defined by taking the optimal
measurement that most distinguishes s; and s,.

We see that the fidelity satisfies some important general properties [65].

Proposition 10.5. Let S and S’ be two state spaces and s1,s2 € S. The following
properties hold for the fidelity:

i) 0 < F(s1,8) <1,

i1) F(s1,82) =1 if and only if s; = sa,
ii1) F(s1,s2) =0 if and only the states s; and sy are distinguishable,
i) F(1(s1),7(s2)) > F(s1,s2) for all channels 7: S — &,

v) F (D0, Nisi, D i Nish) =D A/ NiAF (54, 8%) for all convex combinations of states

77171

{si}i, {s}}: C S, and

vi) F(s1,82)F(s),55) > F(s1 ® s},82® s,) for all states s1,s9 €S and 5,5, € S’
and all composites S @ S'.

Proof. The parts i) and i) are clear: there always exists a measurement that gives
different probabilities for different states so that when we consider the Bhattacharyya
coefficient as an inner product of two vectors in R™ (n is the number of outcomes of
the optimal observable) with entries as the square roots of the respective probabili-
ties, the properties follow. See [65] for 7).

iv) Let 7: S — & be a channel. Let € > 0. Then for any two states si, s € S
there exists the optimal observable A’ € O(S’,Q2) with an outcome set €2 such that

F(7(s1),7(s2)) +6 2 Y /AL (T(51)) AL (7(s2))

z€eN

However, we see that the mapping A : = +— A,, where A, := Al o7, defines an
observable on §. The observable A might not be optimal for the fidelity of s; and

S5 so that we have

F(r(s1).7(s2) +€ > > V/Au(51)As(52) > F(s1, 52).

e

Since ¢ was arbitrary, this proves the claim.
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v) For any n € N, take any two sets of states {s;}I,,{si}".; C S. Let s =

Yo Aisiand 8" = ). Nsi be any two convex combinations of these states respectively.

7771

For ¢ > 0 and s and s’ we take the optimal measurement A € O(S, ) so that
Fos)+e 2 3 VADAD)
_ Z\/Z AZ-AASZ-)\/Z NAL(s)
D22 VANVAsi)A(S)
2 i \}WF(% $i)s

v

where on the third line we have used the Cauchy-Schwarz inequality for vectors
(MAZ(S1), .- o, AnAL(8n)) and (N AL(S)), ..., ALAL(s),)) in R™. Since € was arbitrary,
this proves the claim.

vi) For any € > 0, let A € O(S) and A’ € O(S’) be the optimal measurement

for s1, s and s, s, respectively so that

F(Sl, 82) +ée Z Z \/ A$(81>A$(82)

F(sy,sh) 422 ) (/AL (s1)AL(s5).

Now the mapping B : x2’ — B,,s, where B, := A, ® A/, is an observable in S ® &’

and

for any tensor product. Then

(F(s1,52) +)(F(sy,85) +¢) =2 [Z vAx(Sl)Ax(Sz)] [Z \/A;I(SQ)A;I(S’Q)]
= Z \/Bm/(sl X Sll)Bmﬁ/<82 X 5,2)

> F(s1®8],8 ®sy).

Since ¢ was arbitrary, this proves the claim.

10.2 No-cloning theorems

The fidelity can now be used to show the connection of distinguishability and clon-

ability of any two states [65].
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Proposition 10.6. Two distinct states s, # s in a state space S* are clonable if

and only if they are distinguishable.

Proof. Suppose that s; and s, are jointly distinguishable so that there exists an
observable A such that A;(s;) = d;; for 4,7 = 1,2. Then a channel 7: A - A® A
defined by

T(z) = A1(x)s1 ® 51+ Ag(x)s2 ® s9

for all x € A clones s; and ss.
For the other direction we suppose that s; and s, are clonable by some channel
7: A— A® A. From the properties iv) and vi) of Prop. it follows that

F(Sh S2) < F(T/(Sl), T’(Sz)) = F(81 X 51,82 @ 82) < F(Sh 52)2

which is only possible when either F(s;,s2) = 0 or F(s1,s2) = 1. But these are
exactly the cases when s; and s, are either distinguishable or equal. Since s; and

s9 were distinct, they cannot be equal so that they must be distinguishable. O

It turns out that in any theory with at least two distinct states there exists
a pair of states that are not distinguishable. Namely, if S is a state space with
two distinguishable states s;1,so € S, then for a fixed 0 < A < 1 there is a state
s = As1 + (1 — A\)sg such that s # s; 5. By property v) of Prop. we have that

F(s1,8) > AF(s1,81) + (1 = A\)F(s1,82) =A>0

so that s; and s are not distinguishable. This observation leads to the impossibility

of universal cloning in any non-trivial theory.

Theorem 10.7 (No universal cloning). In any convex operational theory there is

no universal cloning machine that would clone any unknown state.

Proof. As was noted above, any non-trivial state space has an indistinguishable pair.
By Prop. this pair is not clonable by the same cloning device. O]

The previous no-cloning theorem contains classical theories as well. However,
the difference between classical and non-classical theories can be seen when we try
to clone just the pure states, i.e. we consider the universal cloning of pure states.

As we observed, classical state spaces are characterized by the fact that all pure
states can be distinguished. Thus, if S = {s,...,s,} C ext(S) is any set of pure

states in a classical state space S¢, then there exists an observable A with an outcome
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set Q = {1,...,n} such that A;(s;) = d;; for all 4,5 = 1,...,n. Then, just in the
proof of Prop. [10.6], we can define a channel 7 : S¢ — S¢ ® S¢ by

T(s) = Z Ai(s)s; ® s; (10.2)

which then clones all states in S. Hence, classical theories admit universal cloning
of pure states.

The key point now is that classical theories are actually the only ones with
universal cloning of pure states. This is based on the generalization on Prop. [10.6
which states the following [63].

Proposition 10.8. Fvery finite set of states is clonable if and only if it is distin-
quishable.

We note that the sufficiency of distinguishability for cloning follows from the
cloning machine ({10.2]).

Thus, if there is a universal cloning machine for pure states on a state space
S, then any finite set S = {s1,...,s,} of pure state can be distinguished by some
observable B. Then for any two convex compositions of the states of S that equal the
same state, i.e. for any convex coefficients {\;}; and {y;}; such that s :== )", \;s; =

> wisi € S, it follows that
Ai = Bi(s) = 1

forall i =1,...,n, so that the convex decomposition of s is unique. Since by Prop.
this is the case only for state spaces that are simplices and hence classical.
Hence, the universal cloning of pure states cannot be achieved in any non-classical

theory so that we conclude with the following theorem.

Theorem 10.9 (No universal cloning of pure states). Universal cloning of pure

states is only possible in classical theories.

As a remark we note that Prop. [10.6]is not enough to prove the previous theorem
namely because it only deals with pairwise distinguishability. In fact, if we have a
state space S which admits universal cloning of pure states, then all that Prop.
gives us is that all pairs of pure states are distinguishable. Pairwise distinguishability
does not however guarantee that all of them are jointly distinguishable.

Consider a particular example of square state space Sp. We have four extremal

points s, S, S3, 84 € Sp such that s; + s3 = s9 + s4. We can now define observables
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E and F with outcome set {+, —} by

Ei(s1) =Ei(s2) =E_(s3) =E_(54) =0, E_(s1) =E_(s2) =Ey(s3) =E;(s4) =1
F_(s1) =Fy(s2) =Fi(s3) =F _(s4) =0, Fy(s1)=F_(s2) =F _(s3) =Fy(s4) =1

We see that E distinguishes all pairs {s1, s3}, {s1, 4}, {52, 53} and {s2, s4} and simi-
larly F all pairs {s1, s2}, {51, 83}, {54, $2} and {s4, s3}. Thus, all pairs of pure states
are distinguishable but since the state space is non-classical, not all pure state are
jointly distinguishable. Hence, Prop. is truly needed.

11 Broadcasting

As a generalization of cloning, we may weaken the cloning condition such that
instead of requiring a channel to transform a state into a product state with itself,
we demand the both reduced states of the transformed state to match the original
state. This task as known as broadcasting of states and the channel a broadcasting
device. Similar way to cloning, we can consider universal broadcasting or universal
broadcasting of pure states as tasks to broadcast all states or just the pure states
with the same device respectively. We see that the results of the previous section
give us a no-go theorem for broadcasting as well. The material presented here follows
[9, [63].

11.1 No universal broadcasting

In order to make a rigorous definition of broadcasting let us consider reduced states
more closely.

Let S# and S® be state spaces in ordered vector spaces A and B respectively.
On the vector space A ® B we can define partial units Mg : A® B — A and
My: AR B — B by

a(Mp(z)) = (e @up)(z), b(Ma(r)) = (ua ® b)(x)

forallz € A® B, a € A* and b € B*, where u4 and up are order units in A* and
B* respectively. We note that the partial units M4 p are channels. We recall that

the reduced states s4 p of a state s € S4 ® SP are defined as

e(sa) = (e®@up)(s), [(sB) = (ua® [)(s)

for all e € £(SA) and f € £(SP). Hence, we see that s4 = Mp(s) and sp = M4(s)
for all states s € S ® SP.
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With state spaces S#, S8 and S€ in vector spaces A, B and C respectively, we
define for any linear map 7 : C — A ® B the marginal mappings as 74 = Mpo 7 and
78 = M o7. In the case that 7 is a channel we see that 74 : C - Aand 73 : C — B

are channels as well.

Definition 11.1. A finite set of states S = {s;}"_; C S in a state space S is called
broadcastable if there exists a channel 7 : A — A® A such that 74(s;) = 75(s;) = s;

for all j =1,...,n. We then say that 7 broadcasts S.

We see that cloning is a stronger form of broadcasting, that is, if a set of states is
clonable then it is also broadcastable. Indeed, suppose that there is a channel 7 that
clones a set of states S = {s;}}_,. Then 74(s;) = 75(s;) = s; forall j =1,...,n s0
that 7 broadcasts S.

We will see that the impossibility of universal broadcasting in non-classical the-
ories actually follows from the no-cloning theorems [63]. The key role in this obser-

vation plays the following proposition [41].

Proposition 11.2. Let S* ® S® be a composite state space of SA and S® and
s € SA® SB. If either marginal sy € S* or sg € SP of s is a pure state in the

respective state space, then s = s4 ® spg.

Proof. Without loss of generality, we may suppose that s, is a pure state in S*.

From the definition of the conditional states it follows that

s(e® f) = sale)spe(f) = sp(f)sas(e)

for all e ® f € £(S4) ® E(SB). If we consider any observable B € O(SF, Q) with

some outcome set (g, we have that

S4 = Z s(By)sa, -
yeQp
But this is just s4 represented as a convex combination of the states sqp, with
weights sp(B,). Since s, is pure, either sp(B,) = 0 or s45, = 54 for each y € Qp.
Since the observable B was chosen arbitrarily, we have that for either case then
s(e® f) = sale)sp(f) for all e ® f € £(SA) ® E(SP). Tt follows from the duality
(A* ® B*)* 2 A® B that s must be of the form s = s4 ® sg. O

Now we can prove the no-broadcasting theorem for non-classical state spaces.
Suppose we have a universal broadcasting device 7 for pure states on a state space

S. Thus, 74(s) = 75(s) = s for all pure states s € S. Since s is pure and 74(s)
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and 7p(s) are just the reduced states of the state 7(s), it follows from the previous
proposition that 7(s) = s ® s. Thus, 7 is actually a universal cloning of pure states
on § from which it follows that S is a classical state space. Hence we have the

following.

Theorem 11.3 (No universal broadcasting of pure states). Universal broadcasting

of pure states is only possible in classical theories.

As the pure states cannot be broadcast in any non-classical theory, the the-
ory cannot admit universal broadcasting either. However, for some sets of states
there might be some device that broadcasts the set. We will look further into the

properties of such sets of states next.

11.2 The set of broadcastable states

We see that already Prop. [10.§] tells us something about the sets of states that can
be broadcast. Namely, let us consider a set S = {s;}; of jointly distinguishable
states in a state space §. Then by the proposition, the set S can also be cloned so
that if we take the convex hull conv(S) of S in S, we can broadcast every element
of conv(S) simply by cloning its pure states that are now included in the set S. We
can even use the cloning device in and as was noted, any cloning device is
also a broadcasting device.

Furthermore, if we consider a channel 7 and some convex subset of states S’,
we see that if 7 broadcasts the extremal points of S’, then 7 broadcasts whole
S’. Indeed, let ext(S") = {s},...,s,}. If now 7 broadcasts ext(S’) then for every
s =y . As; €S we have that

TA(8) =74 (Z Ais ’) Z NiTa(S: Z Nist = s,
i=1
and similarly 75(s) = s.

To conclude, for a convex hull of any set of distinguishable states there always
exists a broadcasting device. Also for a fixed broadcasting device, the set of states
it broadcasts is a convex subset of the states. In order to say more about the sets of
broadcastable states, we have to look more closely into properties of convex subsets
of convex sets. The work presented here is adapted from [9, [63].

Let K C S be a convex subset of a convex set S. We say that a linear mapping
P : S8 — §is a compression of S onto K if P(S) = K and P(P(s)) = P(s) for

all s € §. Then we can also consider P as a surjective mapping P : § — K.
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This means that if & € K, then there exists s € S such that P(s) = k so that
P(k) = P(P(s)) = P(s) = k.

We can now prove the following lemma.

Lemma 11.4. For any linear map R : S — S there exists a compression of S onto
the fixed points of R.

Proof. Let us define a sequence of functions (P,),, from S to itself where
P, —rlim
n(s) = lim —~ 2 (s)

for all s € S. Since S is compact, the sequence (P,), converges to some limit
function P : § — S. If s € S is a fixed point of R, i.e. R(s) = s, then clearly
P(s) = s. Thus, the fixed points of R are included in the range of P. For the

converse we have that if P(s") = s for some s,s" € S, then

n

1 |
_ / S E - i+1/ /1
R(s) = R(P(s)) = 7}1_)1210 - El R™(s") (11.1)
::mljmgqm%@+mhww) (11.2)
n—o0 11 £ n—oo N n—oo N, '
= P(¢)=s (11.3)

so that s is a fixed point of R. Thus, the range of P is exactly the fixed points of R.
Moreover, P(s') is a fixed point of R so that P(P(s')) = P(s') for any s € §. [

Let now both S and K be compact. If we consider S = S* as a state space in
the ordered vector space formalism in a vector space A, we may form a state space
KCB that lies in some ordered vector space B such that K is isomorphic with KZ by
some isomorphism ¢ : ¥ — K. Since KB spans B we can extend ¢ into an injection
from B — A.

For any compression P : S — S we can define a linear function P’ = (1o P :
S4 — KP such that P'(S4) = KB and P'(«(P'(s))) = P'(s) for all s € S4. Since
S spans A, this can be uniquely extended to a linear function from A to B. We
call this extension again a compression and denote it again by P.

For this extension we still have that P(S4) = KF, and now furthermore P(A,) =
B, and P(.(P(x))) = P(z) for all x € A. Moreover, if k € K C 84, then «(P(k)) =
k, and if ¥’ € KB, then P(.(k')) = k. We note that P is a surjection since for any
y = ak; — Bky € B, where ki, ky € KB, we have that P(s;) = k; and P(sy) = ks for
some 51,59 € S 50 that if we denote x = as; — 85y € A, then P(x) = .
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For P, we can also consider the dual map P* : B* — A* defined by P*(g) =
g o P. Since P is surjective, the dual map P* is injective. If x € A with a base

decomposition x = as; — o, we have that
P*(ug)(z) = up(P(x)) = aug(P(s1)) — Pup(P(s2)) = o — beta = u(x).

Thus, P*(up) = ua. Since P(Ay) = B, for the linear map PP : AR A — BB
we have that (P® P)((A®maxA) 1) C (B®max B)4. Furthermore, if s € SA®pax S7,
then

(up@up)(P® P)(s) = (P*®P")(up®@ugp)(s) = (P (up) ® P*(up))(s)
= (ua®ua)(s) =1

so that (P ® P)(SA @max S?*) C KB @pax K.

Now we are ready to prove the main result of this section [63].

Theorem 11.5. A set of states is broadcastable if and only if it lies in a simplex

generated by jointly distinguishable states.

Proof. As was already shown, a convex hull of jointly distinguishable states is always
broadcastable. For the other direction we consider any channel 7: A — A® A and
denote by C C S* the set of states broadcast by 7 on a state space S*A.

Let us define an isomorphism © : A® A - AR Aby O(z ®y) =y ® z for all
rRy e A A We also see that ©*(f ® g) = g® f for all f®g e A*® A*. For 7,
we can then define 7/ := (1 +©o7): A — A® A If now s € C, then

f(®or)als)) = (ua® [)(O(7(s))) = O (ua ® f)(7(s))
= (f@ua)(r(s)) = f(ra(s)) = [(5)

for all f € A*, which implies that 7/(s) = 5(7a(s) + (© 0 7) (s)) = s. Similarly we
have that 75(s) = s for all s € C so that 7" broadcasts every state in C. Thus, if we
denote by K the set of states broadcast by 7/, then C C K. As was noted earlier,
both C and K are convex subsets of SA. We will show that K is generated by some
set of jointly distinguishable states in S*.

Let us consider the marginal map 7 : A — A. Clearly, if s € K, then s is a

fixed point of 7). Conversely, if ' is a fixed point of 7/, then

1 1 1
75(s") = 5(75(s") + (B 0 T)5(s)) = 5(75(s") +7a(s") = 5(75(s") + )
from which it follows that 75(s’) = s’. Thus, s’ € K and K is exactly the set of fixed
points of 74 (or similarly 75). We note that the same does not hold for C and the

fixed points of 74, since if s is a fixed point of 74, we might not have 75(s) = s.
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By Lemma there exists a compression P : S* — K so that we can consider
it as a compression P : A — B onto an ordered vector space B such that K = 5.

We define a linear map x : B — B ®uax B by

X(y) = (P& P)(7'(u(y)))

for all y € B. Since 7’ is a channel, by the properties of P ® P, we have that y is a
channel. We see that y broadcasts ICB: if k € KB, then

fxa(k)) = (f @up)(x(u(k))) (11.4)
= (f®@up)(P @ P)(T'(1(k))) (11.5)
= (P"@ P)(f@up)(7'(u(k))) (11.6)
= (P"(f) ® ua)(7'(e(K))) (11.7)
= P (N)(7a(uk) = P*(f)(u(F)) (11.8)
= J(P((k)) = f(k) (11.9)

for all f € B*. Thus, xa(k) = k for all k£ € KB and similarly we can show that then
also xp(k) = k.

Hence, y is a universal broadcasting machine on XZ. In particular, y broadcasts
all the pure states of KB so that from Prop. we then have that y clones all
the pure states. By Prop. [10.§ it then follows that the pure states are jointly
distinguishable so that KB is a simplex. It follows that «(KF) = K C 84 is a
simplex.

For the extremal states ext(K?) = {k/,..., k" } we have an observable A’ on K
such that Aj(k};) = d;;. Define a mapping A : {1,...,n} — A" by i — A; where
A; := P*(Al). Since A’ is an observable on K8 and P(S4) = KB, we have that
A, >oforalli=1,...,n and

D Ails) = Pr(As) =Y AP(s)) =1

i=1 i=1 =1

for all s € S* so that A is an observable on S*. If we denote k; = ¢(k}), then
Ai(kj) = Ai(P(u(K)))) = Ay(K)) = 0.

Hence, K is the simplex generated by a jointly distinguishable states {k;}; and the
set of states C broadcast by 7 is a subset of K. O]

In quantum theory the previous theorem gets the following form.
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Theorem 11.6. If a set of quantum states is broadcastable then the states commute

with each other.

Proof. Consider a state space S(H) = {0 € Ls(H)|o > 0, tr[g] = 1} for some
Hilbert space H. Let C be a set of states broadcast by a quantum channel & :
L(H) = L(H®H). By Thm. [11.5] C is contained in a simplex K of distinguishable
states.

Take now two states g, 0 € K. Since they are distinguishable, there exists an
effect operator £ € £(H) such that tr[Fo] = 1 and tr [F¢] = 0. Consider now the

spectral decompositions of p and ¢/, i.e.
o=> Nluwil ¢ = nle el
i J

for some rank-one projectors |1;)(v;| and |p;)(p;|, weights A;, ; € (0,1) for all 4, j

Now the condition tr [Eg] = 1 becomes

Z/\z‘<¢z'|E1/)i> =1

which is only satisfied if (1;| E1;) = 1 for all i. Thus, E has an eigenvalue 1 for
all the eigenvectors ¢); € H. Similarly the condition tr [E¢'] = 0 is equivalent with
lp;)(Ep;| =0 for all j so that p; € H belongs to the eigenspace of £ corresponding
to the eigenvalue 0. Since the eigenvectors corresponding to different eigenvalues are
orthogonal, we have that o’ = ¢'¢0 = 0. Thus, in particular the states in C commute
with each other. O]

12 Joint measurability

Consider an operational task, where for two observables A and B we try make a
measurement such that the full measurement outcome statistic of both of these
observables can be extracted from this measurement. If this kind of measurement
exists, we call this measurement a joint measurement for A and B and say that they
are jointly measurable or compatible. It is convenient to require that the method
of extraction is that we get the measurement statistics of A and B as marginal
distributions of the outcome probability distribution of the joint measurement. Also,
the task of joint measurability can be extended to cover joint measurements of

multiple observables. Thus, we arrive at the following definition.
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Definition 12.1. Observables AM .. A= and Al with outcome sets Qy, ..., Q1

and €2, respectively are compatible if there exists an observable G with outcome set

Qy x --- x €, such that for all i = 1,...,m we have that
G = A" 12.1
(1) ..gp(m) (%) ( : )
=1 20)eq;
JF#1

for each outcome x(i) € ;. The observable G is then called the joint observable of
observables A ... A»=1 and A(™_ If a joint observable does not exist, then the

observables are called incompatible.

Let us start with a classical state space S¢ with extremal states ext(S) =
{s1,...,8,}. Does there exist incompatible observables on S¢? The answer is ex-
pectedly no [50]. Consider any m observables A, ... A1) and A(™) on Si with
outcome sets €2y,...,€, 1 and €, respectively. As S¢ is classical, by Prop.
there exists an observable C that distinguishes all the pure states of S¢. By Prop.
m any s € Sc has a unique convex decomposition s = ). A;s; into pure states so
that

Ci(s) =\

for all = 1,...,n. As the convex decomposition is unique, in order to determine
any observable it is enough to determine the values of the effects on the extremal

points. Now we can form a joint observable G for {A®}; by

1 m
Gay(s) = D Culs) AL (s0) -+ AL () (12.2)
i=1
for all all states s € S and outcomes 29 € Q; for all i = 1,...,m. It is easy to see
that we get observables AM ... A(»=1 and A(™ as marginals of G. Thus we have

proved the following.
Proposition 12.2. All observables on a classical state space are compatible.

Joint measurability can also be formulated in another way [I7]. Consider the
measurement of a joint observable. The measurement outcomes are then classical
symbols and thus can be processed by the means of classical transformations or
channels. As the measurement statistics contains all the information about the
measurement of the original observables, it should be expected that by applying
different classical transformations on the obtained outcomes would lead back to the
original observables. In another words, we would expect that the observables would

be post-processings of the joint observable.
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We can now actually show that for a collection of observables the existence of a
joint observables is equivalent to the fact that they are post-processings of a single
observable [17].

Proposition 12.3. Observables AV, ... A=Y and A are compatible if and only
if there exists an observable C and classical channels vV, ... v and ™ such
that AW =D o C foralli=1,...,m.

Proof. Let us first assume that the observables AV, ... A1) and A with out-
come sets (2, ...,€,,_1 and €2, are compatible. Thus, there exists a joint observable
G with an outcome set 2 = Q; x --- x €),,,. Let us consider projection functions
s Q0 — Qy for all k=1,...,m such that

for all # = (z™M,...,2(™) € Q. We can then form a class of classical channels

v Q — Qp by
0, otherwise.

By post-processing the joint observable G with the channels v*) we see that

(WM 0 G =D 10Gr =D D" Guarum = Al (12.3)

FeQ g;ll€ (e
Hence, A®) = p(®) 6 G for all k = 1,...,m so that each A®) is a post-processing of
G.

Suppose then that each A®) is a post-processing of some observable C. Thus,
there exists classical channels p®, ..., u(™=Y and (™ such that

A = ;)6 C (12.4)
forall i =1,...,m. We denote
Gl1)...qm) = Z H V;i)(j)cy (12.5)
y J=1

for all z\9) € Q;,5=1,...,m. It is straightforward to check that G is an observable,

and that .
AS&) = Z Z Glt)...gm)- (12.6)
j:1 Z(j)GQj
J#i

Thus, G’ is a joint observable for AN, .. Am=D and A(™). O
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As a specific type of observables we have the observable with only two outcomes,
namely the binary observables. For binary observables we see that the compatibility

requirement reduces to a set of functional inequalities that must be satisfied.

Compatibility of binary observables

Let us consider two binary observables A and B on a state space S*. Suppose that

they are compatible so that there exists a joint observable G such that

G, +G,. = Ay (12.7)
G.+G _ = u—A, (12.8)
G .+G., = By (12.9)
G- +G__ = u—B,. (12.10)

If we denote g = G, ., a = A, and b = B, then express the effects G, as

G- = a—g (12.12)

G, = b—g (12.13)

G_. = u—a—-b+g. (12.14)

From the positivity of the effects G4 it follows that the inequalities

g > o (12.15)

a > g (12.16)

b > g (12.17)

u+g > a+b (12.18)

are satisfied.

On the other hand suppose that the inequalities (12.15)—(12.18]) are satisfied for
some g € A*. Then we can define a joint observable G according to (12.11))— (12.14))

so that the inequalities guarantee that the elements Gy are valid effects and form
an observable.

Hence we have proved the following [47].

Proposition 12.4. Two binary observables A and B on S* are compatible if and

only if there exists a functional g € A* satisfying the inequalities (12.15])—(12.18]).

We will show next that in any non-classical theory there exists an incompatible

pair of binary observables.
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12.1 Existence of incompatibility in non-classical theories

Indeed, it was shown in [50] that incompatibility is a generic non-classical feature.
The results, that we follow also here, relies heavily on the properties of faces of
convex sets. In particular, we consider two specific type of faces, the exposed faces

and the maximal faces.

Definition 12.5. A subset C C K of a convex set K is called an exposed face
of K if there exists an affine function f € F(K) such that C = {z € K| f(z) =

maxyex f(y)}. If C is a singleton set, then C is called an exposed point.

Definition 12.6. A proper face F C K of a compact convex set K is called a
mazimal face of IC if for every x € KL\ F we have that conv(F U {z}) Nint(K) # 0.

Since the convex set in Def. is compact, every affine functional truly attains
its maximum value so that it is valid to define the exposed face as we did. We
also see that every exposed face actually is a face. Namely, if x € C C K for some
exposed face C defined by some affine functional f, then if x = Ay + (1 — \)z for
some y,z € I, 0 < A < 1, then

max f(2') = f(x) = Af(y) + (1 = A)f(z) < Af(y) + (1 = A) max f(a)
so that max, f(2') < f(y) < max, f(2') from which it follows that y € C and
similarly for z. Thus, C is a face.

Since every face with only one point is an extremal point, every exposed point
is an extremal point. Furhtermore, the set of exposed points is dense in ext(KC) [26],
Thm. 18.6]. It is also worth noting that every face of a closed set is closed [26],
Cor. 18.1.1]. On the maximal faces we note that we require the maximal faces to be
non-trivial so that C itself is not a maximal face. One can show that every maximal
face is an exposed face [50].

For example in the case of the regular polygons we see that the vertices of the
polygon are both extremal and exposed points whereas the maximal faces are the
edges of the polygon. For compact convex sets we can prove the following result on

maximal faces.

Proposition 12.7. Let x € S* be a pure state of a state space S* and F a mazimal
face such that v ¢ F. If there exists another pure state y € S* such that y ¢ F and

y # x, then there exists a pair of incompatible observables.

Proof. Let S be a state space and x and F as stated in the proposition. Suppose
that there exists an extreme point y € S such that y ¢ F and y # x. Since all
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extremal points are faces and since S is closed, we have that the sets F, {z} and
{y} are closed. Because y ¢ F and y ¢ {z}, there exists an open neighbourhood N
of y such that z ¢ N and N N F = ().

As the set of exposed points is dense in the set of extremal points of S, y can
be expressed as a limit point of a sequence of exposed points so that there exists a
point 3’ of the sequence such that v’ € N. Similarly for x we can find an exposed
point 2’ that is in some open neighbourhood of = such that =’ # ¢’ and = ¢ F.

Denote Q1 = F, Qo = {2/} and Q3 = {¢/}. Since now Q; is an exposed face for
all i = 1,2, 3, by definition there exists affine functionals f/ € F(S) such that for all
i=1,2,3

Qi = {seS|fi(s) = frumi}s (12.19)

!
min,; °

where we have denoted minges f/(s) = If we further denote maxges f/(s) =

1
max,?

for all i, we can define new affine functionals f; € F(S) by

i) = A e (12.20)

max,i min,i
so that minges fi(s) = 0 and maxes fi(s) = 1. Hence, we have affine functionals

fi € F(S) such that

Qi ={s €S| fi(s) =0}, (12.21)
and
max fi(s) =1

for all i =1,2,3.
We consider now S* 22 S in an ordered vector space A. By construction, the
functions f; are effects on S so that we can extend them to linear functionals in

A* (denoted again by f;) such that they are effects on S*. We can construct three
binary observables A1), A® and A®) on 84 such that

AY = A =17, (12.22)
for alli =1,2,3.

Suppose now that all observables are compatible. Specifically then A®) is pair-
wise compatible with both A® and A®) so that there exists functionals gy 3 € A*
such that

gy = o (12.23)
fi = g (12.24)
fi = g (12.25)
utg; > fi+f (12.26)
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for 5 = 2, 3.

It follows from the first three inequalities that g;(z) = 0 for all z € conv (Q; U Q;)
for j = 2,3. Namely, if ¢ € Qy, then 0 = fi(¢1) > g;j(¢1) > 0 and if ¢; € Q;, then
0 = fi(¢;) > gj(¢;) > 0 so that g;j(z) =0 for all z € Q; U Q;. Since g, and g3 are
in particular affine, they vanish also on the convex hulls of Q; U Qs and Q; U Q3
respectively.

Since Q; = F is a maximal face and z’,y’ ¢ F, then
conv (Q; U Q;)Nint(S) # 0, j=2,3. (12.27)

Thus, there exists an interior point z € int(S) such that g2(z) = g3(z) = 0. Since
they are also positive, they must be zero functions g = g3 = 0. From the last

inequality it then follows that
fl+fj§u7 ]:273

This implies that if fi(s) = 1 for some s € S, then f;(s) = 0 for j = 2,3. We
note that there exists at least one such state, since f; reaches its maximal value 1
on SA. Thus,

D#{scSA fils)=1}C Q;, j=2,3.

We remember that Q; = {2’} and Q3 = {3/} are singleton sets so that 2’ = ¢’ which

is a contradiction. O
We still need one technical result on maximal faces that will not be proved here.

Lemma 12.8. For every boundary point x of a compact convexr set K there exists
maximal faces Fy and Fo such that x € Fi, x & F3.

For a complete proof, see [50]. The proof begins by showing that every boundary
point of K is contained in some maximal face of K. Then it is shown that any
boundary point x cannot be included in all maximal faces so that there must exist
some other maximal face that does not contain x.

With the help of the lemma, we can show that the statement of the previous

proposition is always satisfied in any non-classical theory.

Theorem 12.9. There exists an incompatible pair of observables in any non-classical

state space.

Proof. Let SA be a state space that is not a simplex. Thus, there exists an extremal

element x € ext(S%) such that it can be given as an affine combination x = Y, , oy
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of some other pure states y1,...,y, € ext(S4), y; # x for all 4, with coefficients
a; € R, Y.\ = 1 (so that at least one of them is negative as otherwise the
affine combination would be a convex combination). By Lemma there exists a
maximal face F such that = ¢ F. Thus, if we show that y; ¢ F forsomei=1,...,n
the claim follows from Prop. [12.7]

Suppose that y; € F for all i = 1,... n. Since F is a maximal face, there exists
(possibly by rescaling and shifting the values as in the proof of Prop. a positive
functional f € A7 such that

F={se 8" f(s) =0}

Thus, f(y;) =0 for all i = 1,...,n, and since f is affine, it follows that
fle) =Y aif(y:) =0
i=1
so that x € F which is a contradiction. O]

12.2 Incompatibility of channels and no-broadcasting

The existence of incompatibility in non-classical theories actually prohibits universal
broadcasting. To see this, we first consider compatibility of channels. We follow the
approach presented in [73] (see also [74]) and generalize it in the framework of convex
operational theories. For simplicity, we consider the compatibility of two channels.
The compatibility of channels can now be defined with the help of marginal channels

that were introduced at the beginning of the broadcasting section.

Definition 12.10. Let S#, S and S¢ be states spaces in vector spaces A, B and
C. Two channels 7 : C — A and x : C — B are compatible if there exists a channel
v:C — A® B such that

va(c) = (Mp ov)(c) =7(c), 7p(c) = (Maoy)(c)=x(c)
for all ¢ € C. Otherwise they are incompatible.

We see that the compatibility of channels captures the idea behind broadcasting.
Namely, if the identity channel Z on a state space S is compatible with itself, then
the joint channels v : A — A ® A satisfies

va(s) = vp(s) =s (12.28)
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for all s € §. This is nothing but the broadcasting condition so that then ~ is actually
a universal broadcasting device on SA. Hence, the universal no-broadcasting is
equivalent to the incompatibility of identity channels on the state space.

However, we can show that if there exists a pair of incompatible channels on

that state space, then the identity channels are also incompatible [73].

Proposition 12.11. Let T : C — C be the identity channel on a state space S¢. If

T is compatible with itself, then all pairs of channels on S€ are compatible.

Proof. Let 7:C — A and x : C — B be any two channels on S¢. Since the identity
channel is compatible, there exists a channel v : C — C ® C such that

for all x € C. Let us consider the concatenation channel v of 7 ® x and 7, i.e.
v:i=(T®x)ovy:C— A® B. Since both v and 7 ® x are channels, v is a channel.
Now we see that for all f € A* we have

floa(z)) = (foup)((T®x)(v(2)) = (7" @ xX)(f @ up)(y(x))
= Y ("X )(f®up)) (r) =7"(
= 7 (7°(f) ®@uc) (z) = (7" (f) ® uc) (v(z))
= 7(f)(va(@) = 7°(f)(2) = f(r(2))

for all x € C. Thus, v4 = 7 and similarly vg = x. Hence, v is a joint channel for 7

and x so that they are compatible. O

The previous proposition shows that universal no-broadcasting is equivalent to
the existence of an incompatible pair of channels. Thus, in order to have another
proof for the no-broadcasting theorem in all non-classical theories, we need to show
that there always exists an incompatible pair of channels. We show this by relaying
on the results of the previous section which tells us that incompatible observables
exist in any non-classical theories.

But how does the compatibility of channels relate to joint measurability of ob-
servables? Consider an observable A on a state space S with outcomes sets 2. For
Q) we can construct a Hilbert space £2(€2) as the set functions from €2 to the complex

numbers C. Such functions form a Hilbert space with the inner product

(flg)=>_ fl)g(x).

zeN
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Now ¢2(2) has a basis {0, }, cq, where d, is the Dirac measure on z. As € is
finite, £2(Q2) is finite-dimensional. Thus, we use it to construct a quantum state

space as

S(*(Q)) = {e € L(*(Q) [0 >0, tr[o] = 1}.

With the observable A and the state space S(¢£?(Q2)) we can construct a channel
AL A— L) by
=3 Au(a)[8,) (5] (12.29)

2eQ
for all @ € A. For s € S* we have that since the projectors |8,)(d,| are clearly
states in S(£2(2)) and {A,(s)}, is a set of convex coefficients, 7(s) € S(£3(2)) so
that 7” is a channel. Now we can prove the equivalence between the compatibility
of observables and the channels that the observables define [73].

Proposition 12.12. Let A and B be two observables on a state space S* with
outcome sets A and €). The observables A and B are compatible if and only if the

channels ™ and 78 are compatible.

Proof. Let A and B be compatible and denote by G their joint observable such that
> weq Gaoy = Ayand 7\ G,y = B,. We define a channel v : A — L,(2(Q) @*(A))
by

Z Gay(a)|0, ® 8,)(6, ® 6| (12.30)

for all @ € A. Similarly to 1} we see that v is a channel. Now

va(a) = tra v Zcmy )[6,) 5|_ZA = (a)

for all @ € A and similarly vg = 78. Thus, the channels 7* and 78 are compatible.
Let then 7# and 78 be compatible channels and denote by v their joint channel
such that vy = 7 and vp = 78. We define a joint observable G : Q x A — £(S4)

by
Gay(a) = tr[v(a)|de) (0a] © [0y)(dyl] (12.31)
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for alla € A. Now clearly G, > oand ), G;y(s) = 1forall s € SA. Furthermore,

D Gayla) = tr[v(a)(I @ [6,)(0,]
= tr[|dy){(dy[tre [v(a)]]
— (18,6, 0)

= ftr |5y><5y|ZAy’(a)|5y’><5y’|

y'EA
= tr[A,(a)|dy)(d,]]
= A,(a)

for all a € A and similarly ZyEA G,y = B, O
Now we get the no-broadcasting theorem as a simple corollary.

Corollary 12.13 (No-broadcasting). There does not exist a universal broadcasting

machine on any non-classical state space.

Proof. Suppose that there exists a universal broadcasting machine on a non-classical
state space §. As was noted, the existence of a universal broadcasting machine on
a state space S is equivalent to compatibility of the identity channels on S. By
Prop. [12.11] all pairs of channels on § are compatible. In particular, for any two
observables A and B the channels 7% and 78 are compatible. Nevertheless, by Thm.
there exists an incompatible pair of observables on S so that by Prop.
the channels defined by these observables are incompatible. This contradicts the

fact that all channels on § are compatible. O

12.3 Necessary condition for incompatibility of observables

So far we have seen that incompatibility of observables is a generic feature for all
non-classical theories. From the operational perspective that is still not enough since
although we know that some measurements cannot be performed jointly we would
also like to characterize which kind of measurements cannot be performed jointly.
Here we present an inequality that recognizes if a collection of observables is can
be measured jointly. Thus, it serves as a necessary condition for incompatibility
of observables. The material presented here is a result from original research [17]
conducted with the thesis supervisor Teiko Heinosaari and associate professor Sergey

Filippov from Moscow Institute of Physics and Technology.
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Noise content of an observable

We start our investigation by looking at the intrinsic noise, or the noise content of
an observable. Instead of adding noise to the observable we see for the noise that
is already present. We see that then the incompatibility of observables then limits
the amount of noise that a collection of observables can have. We note that this
agrees with the fact that any set of observables can be made compatible if sufficient
amount of noise is added to them [66].

As we saw in Chapter [[I, one way to form new observables from known ones is
to mix them. We can also consider this backwards: we want to express a known
observable as a mixture of some two other observables. This can always be done
(non-trivially) if the observable is not extremal. In particular we want to limit one
of the observables to belong in some subset of observables that we take to represent
noise in our system (most typically the trivial observables). As the mixture is then
not arbitrary, it causes limitations in the weight of the mixture. Hence, we make

the following definition.

Definition 12.14. Let N/ C O(S) be a subset of observables describing the noisy
observables on a state space S. For an observable A € O(S) we define the noise

content of A with respect to N as

w(A;N) =sup{0 <A <1|A= AN+ (1— \)B for some N € N and B € O}.
(12.32)
If N =T, we say that w(A;T) is then just the noise content of A.

We see that we can express the noise content w(A; N') of an observable A €
O(S,Q) as

w(A;N) =sup{0 < A< 1|A, > AN, for all z € Q for some N € N'}.  (12.33)

Namely, if A= AN + (1 — A\)B for some 0 < A <1 as in (12.32)), then A, > AN, for

all outcomes x. Conversely, if A, > AN, for some A for all x € €2, then

A =N+ (1—NA,

where
1

A= T (A —AN)
is an observable.
As trivial observables do not provide any information about the measured state,
they can be thought as noise in the measurement. In fact, in the prototypical case

N =T we have the following explicit form for the noise content w( ;7).
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Figure 9: Joint measurement scheme for two observables A and A®. The joint
measurement consists of random choice between two observables CV) and C? after
which the post-processings are applied separately for the copied outcomes of C(Y)
and C® in order to obtain A and A®),

Proposition 12.15. Let A € O(S,9Q) be an observable on state space S. Then
w(A;T) = cqinfes As(s).

Proof. Denote a, = infyes Ay(s) and a = ) . a,. Let T € O(S,Q2) be any trivial
observable and take some A, 0 < A\ < 1, such that A, > AT, for all z € Q. The
partial order is determined in the set of states so that by taking the infimum over

S and then summing over all the outcomes in {2 we have that

a= inf A,(s) > Ainf T,(s) =\ T.(s) = )\,
meZQSGS (5) % inf T.(s) ; (s")
where s’ € S is any state since T, is state-independent for all x € €. Thus, we have
an upper bound for A so that w(A;T) < a. Now, if a = 0, then w(A;7T) =0 = aq,
and if a # 0, then by defining T by T(s) = a,/a we see that the upper bound is
attained and w(A; T) = a. O

Joint measurement scheme and the incompatibility inequality

Let us consider a joint measurement scheme from which our incompatibility inequal-
ity can be extracted. For that, let us construct another equivalent formulation for
joint measurability.

Let AM ..  A"=1D and Al™ be observables on a state space S with outcome sets
Q1, ..., Q1 and ,,. Instead of considering one observable which the m observables

would be post-processings of, let us consider a collection {C}™ of m observables
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with outcome set A, and m? classical channels k) A 2, such that
AW =" p) o CO) (12.34)
j=1

for all i = 1,...,m for some probability distribution (p;);. Fig. |§| depicts the case
when the joint measurement scheme is applied to two observables A and A®

Clearly, if pr = 1 for some k = 1,...,m, then every A® is a post-processing of
C*¥). Thus, every collection of compatible observables can be written in the form of
(12.34).

On the other hand we see that if the observables can be expressed as in ,
then there exists an observable C which the observables {A®}™ are then post-
processings of. In fact, we can take C to be just the mixture ijlij(j) but now
with an extra outcome indicating which observable CY) was measured so that we
may apply the right classical channel vV according to the mixture. Hence, we

define observable C as

Cyr = piCYP (12.35)
for all outcomes y € A, k € {1,...,m}, and new classical channels v : A x
{1,...,m} = Q; as
V) = viih (12.36)
so that
Z V(D) p;CH) = Zp W) o 9y, = AW (12.37)

for all x € ;. Thus, if a Collectlon of observables can be written in the form of
(12.34]), then they are compatible.
Now we are ready to formulate and prove the incompatibility inequality from

the special case of the joint measurability scheme that was described above.

Theorem 12.16. If AW ... A1 gnd AU™ are m observables such that
> wADT) > m -1, (12.38)
=1

then they are compatible.

Proof. Consider the compatibility condition . Suppose that the classical
channels cannot be chosen arbitrarily, but instead we limit them such that () o
CY = T@ for some trivial observable T® for all j # i. Then the compatibility
condition reduces to

AD = p o CO 4 (1 — p)T® (12.39)
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for all = 1,...,m. Because of this extra limitation, we cannot guarantee that any
set of compatible observables can be written in this form.

However, since we now have that

> wADT)>m -1, (12.40)

=1

we can define a probability distribution (p,); by

p; = 1—wAYT), j=1,..m-1 (12.41)
m—1
P = 1= p; (12.42)
j=1
so that
wAD:;T) > 1 —p, (12.43)
for all © = 1,...,m. It follows then from the definition of the noise content that

each A® can be expressed in the form of ((12.39)). Thus, since this expression is just
a special case of (12.34)), this means that the observables must be compatible. [

The previous theorem can be written in an equivalent form.

Corollary 12.17. If AW ... A"D gnd A are m incompatible observables, then

> wAD Ty <m— 1. (12.44)
=1
We will see that for different state spaces our result takes different kind of forms.
As an application, we consider quantum theory, quantum theory of processes and

polytope theories.

Quantum theory

In finite-dimensional quantum theory we have that & = S(H) for some finite-
dimensional Hilbert space H and that every observable A € (’)(S ,§2) is described
as a collection of effect operators A, € E(H) such that >
theory Cor. takes the following form.

sco Az = I. In quantum

Corollary 12.18. If AW ... A1 and A are m incompatible observables in
quantum theory, then the sum of the minimal eigenvalues of all their effects is smaller

than m — 1.
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Proof. For the observables A® we have that

(4)
. (4) . <¢|Ax(i)¢>
;I€1£ A (s) = min Tolo) (12.45)
for all + = 1,...,m. These are nothing but the smallest eigenvalues of the effect

operators AS()Z.) so that it follows from Prop. [12.15|that the noise content w(A®;T)
of each observable A® is the sum of the minimal eigenvalues of its effect operators.
The claim follows from Cor. 1217 m

Let us consider a particular example. In any convex operational theory, for an
observable A on a state space § with an outcome set €2 of n elements, we can define
the reverse observable A* of A by

1 1
r __ — —
Ay—n_lex—n_l(u A,)

z€)
T#Y

for all y € 2. We see that the reverse observable A" is actually a post-processing
of A. Indeed, if we define a classical channel v* : Q@ — Q by v, = 0 if z = y and
Viy = ﬁ for all x # y, it is clear that v" o A = A",

The operational meaning of the post-processing is that when we measure A and
obtain some outcome x, we roll a fair dice with n — 1 sides each of which correspond
to an outcome y # x and we choose the outcome corresponding to the result of the
rolling of the dice and take that to be the outcome of the new observable AT.

We can now consider the compatibility of the reverse versions of m reqular rank-1
POVMs AW, ... A1 and A i.e. POVMs with AY) = 2P foralli = 1,...,m,
where n is the (same) number of outcomes for each observable, d is the dimension of
the underlying Hilbert space and P are one-dimensional projections on the Hilbert
i),

space. For the reverse versions of A we have that

I ) B U (U2 )
vA0 (P [e) vFn—1  (¢|Y)
1 d _ o | Py
- n—1+n<n—1>%“é3[‘<<lu|w>>
1 d n—d
- n—l_n(n—l):n(n—l)
foralle=1,...,m.

Now Prop. [12.15 gives us that w(A®T T) = Z%‘f for all i = 1,...,m by Cor.
12.18| the reverse observable are compatible if
n—d

n—1

m >m—1 < n>m(d-1)+1.
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We see for example that m reverse regular rank-1 qubit observables (i.e. d = 2)
are compatible for all n > m + 1. Similarly three reverse regular rank-1 qutrit
observables (i.e. m = d = 3) are compatible for all n > 7. However, one can easily
come up with an example of such reverse qutrit observables with n = 3 outcomes that
are incompatible showing that our inequality condition is not trivial. By quantum
examples we can also demonstrate that the inequality condition for incompatibility

is indeed not a sufficient one [17].

Quantum theory of processes

In finite-dimensional quantum theory of transformations we have that S = C(H 4, Hp)
for some Hilbert spaces H . Every observable A € O(S, ) is described as a col-
lection of PPOVM-elements A, € £, (H4 ® Hp) such that Y A, = o® I for
some density operator 90 € S(H4). In quantum theory of processes Cor. takes

the following form.

Corollary 12.19. If AW .. A=Y and A" are m incompatible PPOVMs, then

the sum of the minimal eigenvalues of all their effects is smaller than m — 1.

Proof. Let us consider any observable A € O(S,2) described by PPOVM elements
A,, z € Q, satisfying the normalization > A, = p® I for some density operator p.
We denote by a, the minimal eigenvalue of the PPOVM element A, for each =z € )
and a =) a,.

Let us define a trivial observable T by

T.= 201,
a
It now follows that since
A, >a, l®I>a01, (12.46)
we can define a valid observable A’ by
1
A, = (A —a,0® D). (12.47)
—a
Now clearly
A=aT+(1-a)A, (12.48)
from which it follows that
w(A;T) > a. (12.49)

Hence, if A® ... AC»=D and A(™ are m incompatible PPOVMs, then by Cor. [12.17
the sum of the noise contents of the observables is smaller than m — 1 so that the
claim follows from ([12.49)). O



NON-CLASSICAL FEATURES OF QUANTUM THEORY 101

We note that in the case of PPOVMs the expression for the noise content as a sum
of minimal eigenvalues of the PPOVM-elements no longer holds, but nevertheless it
does give lower bound so that the compatibility condition takes the same form as in
the case of POV Ms.

Polytope theories

In polytope state spaces the state space S is the convex hull of a finite number of
extreme points {sy,...,s,} = ext(S). In polytope state spaces Cor. [12.17| takes the

following form.

Corollary 12.20. If AW .. A™=D gnd A are m incompatible observables on
a polytopic state space S, then the sum of minimal values of all of their effects on

ext(S) is smaller than m — 1.

Proof. We can write every state s € S as a convex combination s = ), \;s; of the

extremal elements in ext(S) with some weights {A;}7_; so that

(1) Z)\ Al o (85) = Z)\ mmA((z) (si) = mlnA (>(sk) (12.50)
for all i = 1,...,m and outcomes z(®. Since this holds for every state, we have
that inf,cs AS&) (s) = miny Aii()i>(sk). The claim follows from Prop. [12.15/ and Cor.
1217 O

In the case of square state space S = conv({si, sq, 3, 54}), where 1, 59, 53, S4
are the extremal states of the state space such that s; + s3 = s 4+ s4, we can find
observables where our inequality actually serves as both necessary and sufficient

condition for incompatibility. Namely, we can define two observables E® and F? on

S[, by
EG(s1) = A%(s2) = o, Ef(s3) = A%(s4) = 1,
Fi(s1) = BY(sa) = B, Fl(s2) =Bl(s3) =1.
We find that w(E*;T) = a and w(F?;T) = 8 so that from Cor. we see

that then E* and F” are compatible if o + 8 > 1. It is easy to give the observables

as mixtures with the maximal noise contents as

E* = aT+(1-a)E
FF' = BT+ (1-pB)F,
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where T is the trivial binary observable with T, = u and T_ = 0, and E = E° and
F = F are the observables from the example after the no-cloning Thm. [10.9]

The sufficiency of the inequality follows from [66], where it was shown that the
observables E and F are in fact maximally incompatible. This means that the noise
that is required to mix with them in order to make their noisy versions compatible
is enough to make any other pair of observables compatible too. More precisely, it
was shown that the observables AE+ (1 —\)T; and puF + (1 — u) Ty are incompatible
for all choices of trivial observables T; and T, if and only if A + p > 1.



Conclusions

We have used the operationally natural assumption of convexity of states to formu-
late a general class of convex operational theories that include both quantum and
classical theory. We have introduced the basic mathematical concepts used in the
construction of these theories and used them to examine the most important proper-
ties of the theories. We have illustrated these properties by applying the framework
to class of important theories. Finally the framework was used to formulate and
examine some of the most important non-classical features of quantum theory in a
general setting and see how they manifest themselves in different theories. Original
research on one of these features, joint measurability, was conducted and we were
able to obtain a non-trivial sufficient condition for joint measurability of observables
as a result of this research.

We note however that the approach presented here is not the only one in the
framework of generalized probabilistic theories that serve as a generalized setting for
quantum theory. There have for example been approaches considering the logical
structures [75] and categories [76] as a starting point to construct similar theories.
One future endeavor would be to try to unite some of these different approaches,
and steps into this direction have already been made (see [77]). Nevertheless, the
approach presented here serves as a relatively simple introduction to recognizing
general features of a physical theory and taking them to a more abstract settings.

We have seen that the convex operational theories serve as a powerful tool to
consider different features of different theories and give us means to compare them.
The power of these theories can be summarised in the fact that with the same frame-
work we can even consider the general aspects of three types of physical theories,
namely quantum theory, quantum theory of processes and classical theories. The
applicability of the framework to quantum theory of process allows us to consider
the general features of the higher-order quantum computation where the standard
quantum information theory is taken to a more abstract level. Future aspects include

surveying this approach more closely.
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