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Abstract

We prove that, for almost all » < N'/?/1og®V' N, for any given b; (mod r) with (b, r) =1,
and for almost all by (mod r) with (bs, r) = 1, we have that almost all natural numbers 2n < N
with 2n=b; + b, (mod r) can be written as the sum of two prime numbers 2n = p; + pa,
where p; = b; (mod r) and p» = b, (mod r). This improves the previous result which required
r< Nl/3/ logom Ninstead of r < Nl/z/logo(l) N. We also improve some other results concerning
variations of the problem.

1. Introduction
1.1. Statements of results

In this paper, we study the binary Goldbach conjecture in the case where the summands are restricted
to arithmetic progressions with large moduli. Let N >0 and define

Ep by r(N) :=#{2n < N |2n= b, + b, (mod r), 2n # p; + p, for all primes p; = b; (mod r) }.

Our main result is the following.

THEOREM 1.1 Let A, B>0, N>3 and R < Nl/z/logA N. Then, for all but O(R/logBN) integers
3 <r <R, for any fixed b, (mod r) with (b1, r) = 1 and for all but O(r/log® r) integers by (mod r)
with (by, ) = 1, we have

Ebl,bzyl’(N) = O(N/}’),
provided that A is large enough depending on B.

This improves Bauer’s result [2], which had 1/3 instead of 1/2 and had restriction that r has to
be a prime. When also b, is fixed, Bauer [3] has showed that Ej, 5, ,(N) = o(N/r) holds for almost
all primes r < N7/30—¢ /10g® D N,
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2 J. SALMENSUU

The latest results and the improvements.

Old New Old New Old New Latest

Moduli restricted to primes X - X X X X X
Large exceptional set for moduli X X - - - - X
Small exceptional set for moduli - - X X X X

Mean value over b, X X - - X X -
Exponent 1/3 12 5/48 524 524 5/12 7/30

We will also prove the following theorem, where the exceptional set is very small.

THEOREM 1.2 Let € >0 and N > 3. There exists D >0 such that, for all but O(log® N) primes r <
N°/24=<_ for any fixed by, by (mod r) with (by, r) = (by, r) = 1, we have

Ebl,bz,r(N) - O(N/r)'

This improves Bauer’s result [1], which had 5/48 instead of 5/24. [2, Theorem 2] has 5/24, but
the minor arc calculations appear to be incorrect. Using the minor arcs calculations from [4] one can
recover [2, Theorem 2] in the following form:

THEOREM A. Let B, ¢ > 0 and N > 3. There exists D > 0 such that, for all but 0(logD N) primes 3 <
r < N°/?4=<_for any fixed b, (mod r) with (b, 7) = 1 and for all but O(r/log® r) integers b, (mod r)
with (b, r) = 1, we have

Ep, b,,r(N) = o(N/r).
We improve this result in the following theorem.

THEOREM 1.3 Let B, ¢ > 0 and N > 3. There exists D > 0 such that, for all but 0(10gD N) primes 3 <
r < N*/'2=¢ for any fixed by (mod r) with (b, r) = 1 and for all but O(r/log® r) integers by (mod r)
with (by, ) = 1, we have

Eb],bz,r(N> = O(N/r>‘

Assuming Generalized Riemann hypothesis (GRH), we can completely dispose of the exceptional
sets for the moduli from Theorems 1.1, 1.2 and 1.3 and replace the exponent 5/24 in Theorem 1.2
with 1/4.

REMARK. Using the methods of this paper it is possible to prove similar results for the ternary Gold-
bach problem. For example, we can prove the following: Let A, B >0, N>3 and R < N'/?/ log" N.
Then, for all but O(R/log” N) integers 3 < r < R, for any fixed by, by (mod r) with (b;by,r) = 1,
for all but O(r/log®r) integers b3 (mod r) with (b3, r) = 1 and for all n < N with n = b, + b, +
b3 (mod r), we can write

n=py+p2+ps

where py, ps, p3 are primes with p; = b; (mod r).
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1.2. Notation
Denote divisor function by 7(n) := 3, 1, Euler’s totient function by
¢n):= Y 1
t<n

(tn)=1

and von Mangoldt function by

1 if n = pk,
An) = ogp ifn p
0 otherwise.

Set

t
E;(x) ::r%em?h:(r%i)il‘ z;: A(n)—@ +1 (1.1

n=h (mod d)

We use abbreviations e(x) := ¢*™* and ¢,(n) := e(n/q).

Letf:R— Candg:R— R,. We write f= O(g),f < g if there exists a constant C >0 such that
|f(x)| < Cg(x) for all values of x in the domain of f. If the implied constant C depends on some
constant € we use notations O, <. We also write f = o(g) if

The notation n ~ N means N < n < 2N. For a € R denote ||a|| = min,ez | — n].

1.3. Outline

In this section, we present our main ideas used to prove the theorems.
For r,h € N let

be the singular series for Goldbach’s problem in arithmetic progressions.
Our aim is to prove the following three theorems.

THEOREM 1.4 Let A>0. Let R>0 and N > 3 be such that R < (RN)'/%/10g** N. Then

N’R?
logB N

max Z Z‘ Z A(rny +b1)A(rny + by) — qj,,)zgr(m"‘bl +by)n| <5

bi:(b1,r)=1
<R 1 ( 1 r) by (mod r)nSN ny,ny
(b=~ tEmAm

for any B >0, provided that A is large enough depending on B.
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4 J. SALMENSUU

THEOREM 1.5 Let €, B> 0 and N > 3. There exists D = D(B) > 0 such that, for all but O(log” N)
primes rwith r < (rN)>/?*=¢, we have

2

2
max Z‘ Z A(rny +b1)A(rny + by) — WG,(rn +b1+by)n| Lp, @V'

b] bz (blbz r) 1 L
n=n;+ny

THEOREM 1.6 Let ¢, B> 0 and N > 3. There exists D = D(B) > 0 such that, for all but O(log” N)
primes r with r < (rN)S/lz_e, we have

2 N?r
max A(rny+b)A(rma + b ——6,(rm+bi +by)n| <pe —5—.
s S S| E o) s |
(modrn<N 1,712
(bzr) n=nj-+ny

REMARK. In Theorems 1.4, 1.5 and 1.6, the integers we represent as a sum of two primes are of size
rn, 0 it is natural to write the conditions for the size of moduli in form R < (RN)? instead of R < N?.
Theorems 1.1, 1.2 and 1.3 follow respectively from Theorems 1.4, 1.5 and 1.6. (Note that the
contribution of the prime powers in the sums is negligible.)
We use the circle method to prove these theorems. The major improvement to the previous results
comes from the way we arrange the circle method. Let

Sp,r(H, @) ZA m+b)e(an), S, ,(H a):= Z A(n)e(an)
= nEbn(SmI(J)d r)

and M = rN+ b; + b,. In the previous papers, the circle method has been applied in the following
way:

1
Z A(n)A(np) = / Sy, (M, )8, (M, at)e(—aM)dox.
M=n+n; 0

H;Ebi (mod r,)

We apply the circle method inside the arithmetic progression (M = by + b, (mod r)):
1
S A(mi+bi)A(rm + b) = / S+ (N, )8, (N, a)e( —aN)da
0

Using the circle method inside the arithmetic progression leads to easier exponential sums. We
demonstrate this by comparing Type I estimates in both cases.

Leta €[0,1] and a,q € Nbe such that 1 <a < ¢, (a,q) = 1 and |a —a/q| < g 2. Let N,M > 1.
Let a, be a complex sequence such that |a,| < 1. Write X := NM.
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Using the standard methods to evaluate type I sums corresponding to S, one can show
(see for example [5, Section 4]) that

X
E ame(anm) K ———, (1.2)
pe Nl rlog X
nm=b (mod r)

provided that rlog" X < ¢ < X/(rlogA/ X)and M < X/(r* log"’ X) for some A’ > 0 depending on A.
Similarly, for type I sum corresponding to S, we see that

X
Z ame,(anm) < @, (13)

n~N,m~M
nm=b (mod r)

provided that logA/ X<g< X/(rlog“‘/X) and M < X/(rlog‘\/X) for some A’ > 0 depending on A.
We can see that (1.3) holds for a much wider range than (1.2).
For A, N > 1 define

mA,N = U mA,N(Q: a),

q<log"N
1<a<q

(a,q)=1
where
Man(ga):={aec[0,1]||a—a/q <N 'log"N}.
Also define my :=my v := [0, 1]\ M4 5. We call M4 y major arcs and m, y minor arcs. We split

/ Sp.r (N, @)Sp,. (N, a)e(—aN)da :/ Sp.r(N, @)Sp, (N, a)e(—aN)da
0 m

AN

+/ Sp.r(N, @)Sp, (N, a)e(—aN)da.
man

In Section 3 we give an asymptotic formula for the major arc contribution. We analyse the minor
arc contribution in Section 4. Since the error term, coming from the minor arc and major arc analysis,
in some cases depends on E,(x) defined in (1.1), we will give some estimates for E,;(x) in Section 5.
We prove Theorems 1.4, 1.5 and 1.6 in Section 6.

2. Auxiliary lemmas

In this section, we present some auxiliary lemmas, which we use later.

LEMMA 2.1 Let o € R and Ny, N, € N with Ny < N,. Then

Z e(an) < min(N, — Ny, [laf|7").
Ny <n<N;

Proof. See for example [7, Lemma 4.7]. O
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6 J. SALMENSUU

LEMMA 2.2 Let o € [0,1] and a,q € N be such that 1 <a < q, (a,q) =1 and |a —a/q| < ¢~ For
any X, Y > 1, we have

Z min(Y,

1<m<X

XY
am|| ™" < (? —|—X+q) log2¢X.

Proof. Trivially

XY
> min(, floml| 7)< 3 min (2,
min(Y, [|am||7") < min { —

1<m<X 1<m<X

amH*l)

and the claim follows from a standard estimate (see for example [7, Lemma 4.10]). O

LEMMA 2.3 (Vaughan’s identity) For any y > 1, n >y, we have

A(m) =Y ulb)logs = 3 pB)AC) + Y pB)AC).

bln beln beln
b<y b,c<y b,c>y
Proof. See for example [6, Proposition 13.4]. 0

3. Major arcs

In this section, our aim is to prove that

/ Sp.r(n, @)Sp, (0, @)e(—an)da =~ P 3 S, (m+ by +by)n.
Man (,25(7‘)

We use the standard circle method machinery to do so.

3.1. Generating function

In this subsection, we prove an approximation lemma for the generating function

Spr(N, ) = ZA(rn +b)e(an).

n<N
First, we prove the following rational exponential sum estimate.

LEmMA 3.1 Let a, b, q,r € N be such that (a,q) = (b,r) = 1. Then

rq

Yo ewlah) = 1 n—ip(q)ey(abg”™).

h=1
h=b (mod r)

(hg)=1
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THE GOLDBACH CONJECTURE WITH SUMMANDS IN ARITHMETIC PROGRESSIONS 7

Proof. Since (b, r) = 1, we have for d|q that the congruence system

x=b (mod r)
x=0 (mod d)

is soluble only if (d, 7) = 1 in which case x = bd?(") is the unique solution (mod dr). Hence

rq rq

Z erg(ah) = Z erq(ah) Z u(d)
h=1 h=1 d|(h,q)
h=b (mod r) h=b (mod r)
(hg)=1
rq
= D) Y enlan)
dlg h=1
(dr)=1 h=b (mod r)
h=0 (mod d)
rq
= Y)Y enlan)
dlq h=1
(dr)=1 h=bd®" (mod rd)
= Z wu(d) Z e,q(a(bd¢(r) +jrd))
dlq i<q/d
(dr)=1
= Y idenlabd®) 3 eyrala)
dlq j<aq/d
(dr)=1
The last sum is non-zero only for d = g and the claim follows. ]

We are now ready to prove the following approximation lemma for the generating function.

LEMMA 3.2 Leta,q e Nwith1 <a<gand(a,q)=1. Leta € [0,1], f:=a—a/qand N,b,r e N
be such that (b,r) = 1. Then

ergla d(r) _ r
1ign=14(q) (b((rql;(q 1) S e(Bn) + 0 ({1 + BN Ey (N +)).
n<N

Sb,r(M a) =
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8 J. SALMENSUU

Proof. Recalling the definition (1.1) and rearranging we see that

See(talq) = > Aneyla(n—b))
n<rt+b
n=b (mod r)
= ey(—ab) Z A(n)eq(an)
n<rt+b
n=b (mod r)

rq

= ey(—ab) Y eylan) > An)+0(q)
h=1 n<rt+b
h=b (mod r) n=h (mod rq)
(hg)=1

= en(-ab) 3 enlan)( g+ OB +h) +0lg)

h=1
h=b (mod r)

(hg)=1
rq

= ey(ab) S ery(ah) + OqE(rt+b)).

o(rq) =
h=b (mod r)
(hg)=1
Using Lemma 3.1 we now have
; rt
Sb,r(t’ 61/6]) = l(q,r):lﬂ(Q)erq(ab(qd)( ) — 1))W + O(QE"I(”+ b))

Thus

U(t) =Sy, (t,a/q) —

g1 (@)erg(ablg??) = 1)r
(q.r) 1M\q)€rq q
E 1 < gE,,(rt+b).
¢(rq) —~ aEr{rt+b)

By partial summation it follows that

Lgn=11(q)er(ab(g®” —1))r
Spr(N, o) — e(Bn)
’ ¢(rq) Xg;v
- eryla 0 —1))r
_ r;V(A(m‘Fb)gq(a”) o 1(‘1#)—1:“(Q) ¢((rql;(q 1)) )e(ﬂn)

N
—  U(N)e(BN) — /1 U(t)2riBe(Br)dt

<K qEw(rN+Db) +gE(rN+ b)N|B|.
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THE GOLDBACH CONJECTURE WITH SUMMANDS IN ARITHMETIC PROGRESSIONS 9

If qglogAN and o € Myn(q,a), then the error term in the previous lemma is
O(E,(rN+b)1log* N).

3.2. Main term
We are now ready to prove the following proposition.

PRrOPOSITION 3.3 Let A,N > 0. Let r, by, by, H € N be such that by, by <r, (r,by) = (r,by) =1 and
H <N. Then

r2
—WG,(rH+ b +b2)H‘

Hr+by+by)
< Y
log? N

‘ / Sbl,r(jv! a)Shz,r(N, Oé)e(*OlH)da
Man

(TN +r) log N,
g<log"N

for any B > 0, provided that A is large enough depending on B.

Proof. By Lemma 3.2

/ Spy,+(N, @)Sp, (N, o)e(—aH)do
E)ﬁAN

eq(—aH)

ra(abi () = 1) u(q)erg(aba (g™ — 1))r
= Z Z w(q)er .
q<]0gAN 1<a<q (b(rq) ¢(rq)
(=1 (aq)=
log}\’:N s
X/ ety (Ze(ﬁn)) e(—BH)dB
i N
+O( Z El‘q(rN+b1)10g4AN),
g<log" N

The sum in the last equation is called singular series and the integral is called singular integral.
By Lemma 2.1

1/2 , ”
/ (Doetsm) e(=pmap < [ 5728
“~ n<N gty
« N
logAN'
Similarly
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10 J. SALMENSUU

Therefore the singular integral is

log ¥ ) 1/2
/_ gA (Z;ve(ﬁn)) e(~pH)AB = / 1//2(%46@) e(~BH)B+0( gAN)
- H+0(IO;VN)

Note that e,(—aH) = e,,((¢*"") — 1)raH). Hence the singular series equals

Z Z 1(q)erg(abi(g®™ — 1)1 p(q)erg(aba(g? —1))r

o(rd) ) ¢a(~aH)

g<log"N 1<u<q
(¢.r)=1 (a.q)=

_ 5> qu e (q¢(r)_1(b1+b2+rH))

g<lo: gAN q l<a<q
(qr) 1 (a.q)=

”(q) (rH + by + by),
<10g N q

(gr)=1

where ¢, is the Ramanujan sum. We know (see for example [6, (3.3)]) that

B q ?(q)
@) =) stariaa)y

‘We see that

2
g%ch(h) = Z Z qu Blgk)E T (n)

g>log" N k|h qk>logAN
(g.r)=1 (kr)=1(q",h/k)=1
(¢'.:n=1
u (q'k)
« Yy e
ki g k> lgAN
(q h/k) 1
p(k u q)
< 250 ) > 4 )
klh ’k>1og"N
(q h/k)=1
w(k 1
< ( ) Z q/3/2
k| ¢ >log" N/k
h
< T(B),
log” N
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for any B> 0, provided that A is large enough depending on B. By Euler’s product formula we have

— ulg)? 1 R
q; Slayr ™= gl (1 = 1)2) gl (1+ = 1)) = &,(h).
(g.r)=1 phh Dl

Z pa)” Co(FH + by + by) = &,(rH + by + by) + O(7(rH + by + by) log 2 N).

g<log"N (q)
(gr)=1
O
4. Minor arcs
In this section, we aim to give satisfactory estimates for
max > Y / Sp.r (N, B)Sp, (N, ﬂ)e(fﬁn)dﬁ‘ @.1)
bii(bir)=1 n<Nb; (mod r) ” ™AN
(hz r) 1
and for
Sp.r (N, B)Spor(N, as| 42
by,by: r?gﬁr Z ‘/ AN b ﬁ) b ( 6> 611) ﬂ ( )

Let a« €[0,1] and a,¢g € N be such that 1 <a <gq, (a,q) =1 and |a —a/q| < g~2. We assume
this notation for the rest of the section. The key of giving sufficient estimates for (4.1) and (4.2) is to
study when

Z A(n)e,(an) = 0(}7(). 4.3)

n<X
n=b (mod r)

In order to analyse the previous sum, we will use Vaughan’s identity for A(n) and split the sum into
type I and type II sums, which we will analyse in standard manners.

4.1. Minor arcs with by-average

In this subsection, we give an upper bound for (4.1). First, we introduce some auxiliary lemmas,
starting with estimates for type I and type II sums.

LEmMMA 4.1 (Type I estimate) Let M, N, X,A > 1 with MN < X. Let b,r € N with (r,b) = 1. Let a,

be a complex sequence such that |a,| < 1. Assume that longzX <q4< 5 A+2x and M < ﬁ
Then
S aner(omn) < — 4.4)
rlogAX

mn<X
m~M,n~N
mn=>b (mod r)

220z Jagquisoa( 60 U0 Jasn myin] 1o Ausiaaiun Aq 66£9/59/g009eeY/y1ewb/ca01L 0L /10p/aonle-soueApe/yrewlb/woo dno-oiwapeose//:sdiy woll pepeojumod



12 J. SALMENSUU

and

X
g anlog(n)e,(amn) €« ———.
<X rlogAX
m~M,n~N
mn=>b (mod r)

Proof. Using Lemmas 2.1 and 2.2 we see that

Z ame,(amn) < Z ) Z er(amn))

mn<X ne
m~M,n~N (m,r)=1 n<X/m
mn=>b (mod r) n=bm (mod r)

< Z lrélélér Z e(akm)‘

m~M —1 rkta~N
(mr)=1 (@n) rk+a<X/m

N
< Z min (7 am|\_1>

m~M

MN
< (r—q + M + g)log2gM,

which is O(=%), provided that

rlogh X
X X
log "' X<g< ——andM < ————.
rlogAHX rlogAHX
Using partial summation we see that
Z anlog(n)e,(amn) = log2N Z ame,(amn)
mn<X mn<X
m~M,n~N m~M,n~N
mn=>b (mod r) mn=b (mod r)
2N dt
- / Z ame,(amn)—
N t
mn<X
m~M,N<n<t

mn=b (mod r)

< logNmax ‘ Z ame,(amn)|.

h~N
mn<X
m~M,N<n<h
mn=b (mod r)

The remaining sum can be treated similarly as (4.4). g

LEmMMA 4.2 (Type II estimate) Let M,N,X,A > 1 with MN < X. Let r ¢ N. Let a,, b, be com-
plex sequences such that |ay|, |b,| < 1. Assume that logAHX <g< and logAHX <M<

D G
rloght1x

>
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m Then

b ’ X
Z ’ Z am ne,(amn)‘ <<@.

b (mod r) mn<X
(b,r)=1 m~M,n~N
mn=>b (mod r)

Proof. Using the Cauchy—Schwarz inequality and rearranging we see that

Z ‘ Z ambne,(amn) ’2

b (mod r) mn<X
(br)=1 mr~M,n~N
mn=b (mod r)

<MY Y| N e
b (mod r) m~M n~N
(br)=1 (mr)=1 n<X/m
n=bm (mod r)
<MY S| Y beom)|
m~M c(mo n~N
(m,r)=1 (e.r)= n<X/m
n=c (mod r)
<MY Y Y Y bbeedom(n—n)
m~M¢c (mod r) n~N nNN
(C n=1 nSX/m ol <X/m
n=c (mod r) =’ (mod r)
<MYy X | X alenta-n)

n~N n ~N m~M
(mr)=1p=p" (mod r) m<min(X/nX/n")

Using Lemmas 2.1 and 2.2 we have

w o X | X et

n~N n' ~
(nr)_ln—n (mod r) m<mm(X/nX/n)

<«uy ¥ min( (n—n’)/r||7l)

n~N nNN

(nr)=1p=n" (mod r)
R e

nvN |k|<2N/r
(nr)=1

< MZ Z min(M

n~N 1<k<2N/r
(n,r)=1
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14 J. SALMENSUU
MN N R
< MN(— +2 4 q) log2gN + M?N,
rq r
which is O(=% o X) provided that

X
: and logAHXgMg

rlogAJr X

10gA+1X§ g <

rlog" X’
O

Using Vaughan’s identity (Lemma 2.3) and Lemmas 4.1 and 4.2, we now can prove the following
crucial lemma.

LEMMA 4.3 LetA,B>1,re Nandlog" X < g < < oy Assume that r < Xl/z/logAXandA is large
enough depending on B. Then

Z ’ Z A(n)e,(ozn)2<< XB

b(modr)  n<X rlog” X
(b,r)=1 n=b (mod r)

Proof. By Vaughan’s identity (Lemma 2.3) and the Cauchy—Schwarz inequality we get that, for any
y=>1,

Z ‘ Z A(n)er(cm)‘2

b (mod r) n<X
(b,r)=1 n=b (mod r)

< Z ‘ Z p(m)log(n)e,(cmn)

b (mod r) mn<X
(b,r)=1 mn=b (mod r)
m<y
2
SX S ()t
b (mod r) mn<X ki=m
(br)=1 mn=b (mod r) KkI<y
m<y*
2
+ D ‘ > ulm (ZA )eramn‘
b (mod r) mn<X k|n
(b,r)=1 mn=b (mod r) >y
m>y

< (logX)* Z Z‘ Z (u(m)1m§y>log(n)er(amn)

b (mod r) 212/ <x mn<X
(br)=1 9icy m~2',n~2
" mn=b (mod r)

+(logX)? Z Z ' Z Ly<y (Z,u )e, amn)

b (mod r) 21/ <x mn<X kl=m
(br)=1 2i<y?  m~2' 02 ki<y
- mn=>b (mod r)

220z Jagquisoa( 60 U0 Jasn myin] 1o Ausiaaiun Aq 66£9/59/g009eeY/y1ewb/ca01L 0L /10p/aonle-soueApe/yrewlb/woo dno-oiwapeose//:sdiy woll pepeojumod



THE GOLDBACH CONJECTURE WITH SUMMANDS IN ARITHMETIC PROGRESSIONS 15

logX Z Z ’ Z (u(m "’>V)(ZA )er amn

212/<x b (mod r) mn<X
22>y/2 (br)=1 m~2',n~2 k>¥
mn=>b (mod r)

‘ 2

Let y = X'/>. Note that Emn (h) =logn. Hence we can deal the first sum and the second sum

with Lemma 4.1. Since X'/? < l’g‘A <~ either 2' or 2 in the third sum belongs to the interval
[log" X, X/(rlog” X)] and so we can deal the third sum with Lemma 4.2. O

Using Lemma 4.3 we can now give a sufficient upper bound for (4.1).

PROPOSITION 4.4 Let A > 1. Let N, r € N be such that r < (Nr)'/? /1og* N. Then

N%r

max_ > ‘/ Spor(N, B)Sp, (N, B)e(— Bn)da‘ <=5
by:(by,r) "N by (mod r) My og" N
(b2,r)=
for any D >0, provided that A is large enough depending on D.
Proof. Fix any b; (mod r) with (b, r) = 1. Let

sz (ﬁ) = IBEmA,NSbl:r(N’ ﬁ)sz,V(M 6)

and

Ton(n / Io, (B )dp.

Using the Cauchy—Schwarz inequality and Parseval’s identity we get that

(X X [ sttt ie,iat pe-pnyas])

n<Nb, (mod r)
(bz,r):l

2
< WY Y| St S)e( s
n<Nb, (mod r) maN
(bz,r):l
= N Y Y @)l
by (mod r)n<N
(bz,r):]
< N [ 10N APl N, 5) P

by (mod r) Y AN
(bz,r)II

Let v € my 5. By Dirichlet’s theorem (See for example [7, Theorem 4.1]) there exist a, g € N with
g<N/log'N=:T,1<a<gqand (aq) =1 such that |y —a/q| < (¢T)~' < g~2. Since v € myy,
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16 J. SALMENSUU

we have that g > logA N. Hence by Lemma 4.3 it follows that

2

rN
Y Se V)P <e N
by (mod r) 0g

(bz,r):1

for any C >0, provided that A is large enough depending on C. We also see that

1
/ |Sp,.+(N, B)|%dp = ZA(M +b;)? < Nlog®N.
0

n<N

Therefore
Ne ST [ 10N BRI N, )
by (mod ) MAN
(b2.r)
1
< Nemx S (S WP [ ISi.N.9)Fas
YEMY N 0
by (mod r)
(b2,r)=1
< N*P?
logc_zN .
By choosing C large enough the claim follows. O

4.2. Minor arcs without by-average

In this subsection, we give an upper bound for (4.2). First, we introduce some auxiliary lemmas.

LeEmmaA 4.5 (Alternative Type II estimate) Let M,N,X,A > 1 with MN <X. Let b,r € N with
(r,b)=1. Let ay,b, be complex sequences such that |ay| |b,| < 1. Assume that log" Tl x <

q/(gr) < mog%lx and rlog® ™' X <M < rlogA%'X Then

s

g ambyey(amn) < %.
X rlog"/“ X
m~M,n~N
mn=>b (mod r)
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THE GOLDBACH CONJECTURE WITH SUMMANDS IN ARITHMETIC PROGRESSIONS 17

Proof. First we see that

Z apbnery(amn) = Z Z Aybnerg(amn)

mn<X i,j (mod r) mn<X
m~M,n~N ij=b (mod r) m~M,n~N
mn=>b (mod r) m=i (mod r)
n=j (mod r)

< rmax’ g apmbnery(amn)|.
i,
J mn<X
m~M,n~N
m=i (mod r)
n=j (mod r)

We argue quite similarly as in the proof of Lemma 4.2. Using Cauchy—Schwarz inequality,
Lemmas 2.1 and 2.2 we see that

2
‘ Z ambne,q(amn)‘

mn<X
m~M,n~N
m=i (mod r)
n=j (mod r)
M 2
< —
< Z ‘ Z bne,q(amn)’
m~M n~N
m=i (mod r)  n<X/m
n=j (mod r)
M _
=T X T X thvelenr)

m~M n~N n '~N
m=i (mod r) n<X/m n <X/m

n=j (mod r) p=p/ (mod r)

< > Z Y enlamin—n)|

w7 (00 ) (vt ) m<min(X X/
m=i (mod r)

<<¥ S > min(M/rlatn—n) /gl ")

n~N n' ~N
n=j (mod r) n=p’ (mod r)

<2 )
|k|<2N/r

MN / MN N ¢ ) M’N

— — log2Ng + ——,

7 (Faftgn 7t ) R S

. . x? .
which is O(m), provided that

X
+1 +1
IOgA )(<q/(qy 21 gA“FI andrlogA XSMS @
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18 J. SALMENSUU
LEMMA 4.6 Let A,B,C >0 and b,r € N with (r,b) = 1. Let € R be such that |5] < X~ 'rlog® X.

Assume that r < X'/? /log" X, log* X < q/(q, ) < X/(*log" X) and A is large enough depending on
B and C. Then

Z A(n)e,((g —1-5)71) < rloich'

n<X
n=b (mod r)

Proof. Using partial summation, we see that

Z A(n)e.y(an)e.(fn) = e.(BX) Z A(n)e,y(an)

n<X n<X
n=b (mod r) n=b (mod r)
X .
2
_ / mif Z A(n)ey(an)e.(St)dt
1 r n<t

n=b (mod r)

log® X ‘ A(n)e,o(an).
< log max ; (n)eyqy(an)
n=b (mod r)

By Vaughan’s identity (Lemma 2.3)

Z A(n)eqy(an)

n<t
n=b (mod r)

= Z p(m)log(n)e.,(amn) + Z ( Z pu(k )erq amn)

mn<t mn<t kl=m
mn=b (mod r) mn=>b (mod r) kISy
m<y m<y?
+ g ( E Ak )e,q amn)
mn<t
mn=>b (mod r) k>y
m>y

= Z Z (,u(m) 1,,19) log(n)e,,(amn)

2i<r mn<t
i<y m~2n~2
" mn=b (mod r)

+ Z Z Ly<y (Z w(k )e,q amn)

20<y mn<t ki=m
2yt m~2innd ki<y
mn=>b (mod r)

+ Z Z (u(m m>y)(ZA )erq amn).

2 <y mn<t k|n
22>y/2 me2 e k>y
mn=>b (mod r)
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THE GOLDBACH CONJECTURE WITH SUMMANDS IN ARITHMETIC PROGRESSIONS 19

Let y = rlog’ X. By assumption we have y?> < X/(rlog" X). Note that ZhlnA(h) =logn. Hence
we can deal the first sum and the second sum with Lemma 4.1. We deal the third sum with
Lemma 4.5. O

Since we have requirement g/ (g, r) < X/(r*log**! X) in Lemma 4.5, estimate (4.3) does not hold
for entire minor arcs. Therefore we need the following lemma, which follows from the proof of
[4, Theorem 2] (Particularly, the condition |o — @’ /¢'| < 1/q’ comes from [4, Lemma 2.1]).

LEMMA 4.7 Let X > 1,0’ €[0,1]and d’,q' € N be such that |a —d'/q'| < 1/q'. Let b, r € N be such
that (b,r) = 1. Write ' := o' —d'/q’. Then

Z A(n)e(a’n)

n<X
n=b (mod r)

<<(10gX)0(])7'([’ D]/Z(Q[éh);/ (q er/Z\/m-i- q ") ]/2X4/5

where

We rewrite the previous lemma in the following more suitable form.

LEMMA 4.8 Let X > 1. Let b, r € N be such that (b, r) = (q,r) = 1. Write 8 := o — a/q and assume
that |B| < 1/q. Then

> Alm)e,(an)

n<X
n=b (mod r)

1/2
< (logX)O(l)T(qr)qq—r (qu1/2 1+ |BIX/r+ (qr)'2X*5 + ) +grlogX.

X
V1+BIX/r

Proof. Set g =qr/(a,r), d =a/(a,r) and o/ = a/r. The claim now follows from Lemma 4.7 as
q/h=4q, g r]=qrand 5" =p5/r. O

Using the previous lemmas we now prove the following important lemma.

LEMMA 4.9 Let €>0, A,C>0, X>1 and o € myy, x/,. Let b,r € N with (b,r) = 1. Assume that
r< X3¢ Then

X
Z A(n)e,(an) <. (r)c + max rE,(X)log"X,
nx rlog=X g<rlogx

n=b (mod r) (rg)#1

A

220z Jagquisoa( 60 U0 Jasn myin] 1o Ausiaaiun Aq 66£9/59/g009eeY/y1ewb/ca01L 0L /10p/aonle-soueApe/yrewlb/woo dno-oiwapeose//:sdiy woll pepeojumod



20 J. SALMENSUU
provided that A is large enough depending on C.

Proof. By Dirichlet’s theorem there exist g < X/(r*log* X), 1 < a < g such that (a,¢) = 1 and |a —
2
a/q| < %. Write 3 := a —a/q. Let B>0 to be chosen later. We split into the following cases

I: ¢ <log"Xand |3| < %.
. A _ rlog® X
I: g>1log"X, (q,r)=1and |3] < ==,
II: ¢ > rlog*X.
B
IV: g <rlog*X, (¢, r)=1and |3 > "X,
V: g <rlog*Xand (r,q) # 1.

Case I: By definition we have oo € M, x/,, provided that B<A. So this case cannot actually
occur.

Case II: Follows from Lemma 4.6, provided that A is large enough depending on B and C.

Case III: Follows from Lemma 4.6, provided that A is large enough depending on C.

Case IV: Using Lemma 4.8 we see that

X4/5+e X
ri/2 " rlog?/? x

ST Aln)er(an) <. (1og? D X)r(r) (X122 4
n<X
n=b (mod r)

) + rzlogA'H X,

which is O(7(r)X/(rlog® X)), provided that B is large enough depending on C and r < X'/3~¢,
Case V: By Lemma 3.2

Z A(n)e,(an) < rE.,(X)log" X.
n<X
n=b (mod r)

Using Lemma 4.9 we can now give sufficient upper bound for (4.2).

PROPOSITION 4.10 Let A > 1 and € > 0. Let N, r € N be such that r < (Nr)'/3~¢. Then

max 3" /m SN, 8)S5, (N, B)el(— B}

bl,bzl(ble,r):ln<

<N
N? 1/2
<. % +N3/2 (r max E.,(rN+ r)) logA/2+2M
10g N q<rlogAN
(rg)#1

for any B > 0, provided that A is large enough depending on B.

Proof. Arguing as in Proposition 4.4.

2
Sy (N, B)Sy. (N, B)e(— dD Mo N Sy (N.A)2
(bl,bz:m’;@—l%‘/w bur (N, B)Spa,r (N, )e(—fn)dB| ) < N'log"N max |Sp,,r(N,7)]

< N*log” N max [Sp, (N, 7)]
YyEMA N
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THE GOLDBACH CONJECTURE WITH SUMMANDS IN ARITHMETIC PROGRESSIONS 21

and the claim follows from Lemma 4.9. O

5. Error term

In this section, we prove two error term estimates. The first one follows from the Bombieri—
Vinogradov theorem.

LEMMA 5.1 Let A,B,N > 0. Let g € N with g < log* N. Let R < (RN)"/2 /1og* "2™* N. Then

RN
logBN'

D IEL ()| <

r<R

Proof. By the Bombieri—Vinogradov theorem (See for example [8, Corollary])

SIEN <Y E RN < Y ERNS Y ERN < - O

B
log” N
r<R r<R r<Rlog" N r<(RN)'/? /1ogPt* N J

For the proof of the second error term estimate we need information about zeros of Dirich-
let L-functions L(s, ) on average over Dirichlet characters modulo r. By [6, Theorem 5.24] and
[6, Theorem 10.4] we have the following density lemma.

LEMMA 5.2 Let 1/2 < a < 1and e>0. Let r € N. There exists D = D(¢) > 0 such that

St ((H)EO0) (0= ) log”(rh)
¥ (mod 1) L(p.1))=0

[fm(p)| <H
Re(p)>a

where

c(@) = min (230/ 3a3— 1)'

Let E>0 and write K := %lj’f}v. Define

Dg:={s€C:Re(s) >1—Kand |Im(s)| <N},
Zg(N) :={h < N| 3s € Dg, primitive x (mod &) : L(s, x) = 0},
Ze(N,Q) == {h <N/Q|3q < Q: hq € Zg(N)}.

LEMMA 5.3 Let E> 0 and Q,N > 1. Then,
1Z5(N, Q)| <. min (N‘, QlogDN),

for any € >0 and for some D > 0 depending on E.
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22 J. SALMENSUU

Proof. First, using [6, Theorem 10.4], we see that

ZWol<Y Y Y Y

h<N/Qq<Qx (mod gh) L(p,x)=0
xprimitive  p€Dg

200> >

q<Qh<Nx (mod h) L(p,x)=0
xprimitive p€Dg

< QlogD N,

for some D >0 depending on E. Similarly, we have

ZNol< Y Y Y Y

h<N/Qq<Q@x (mod gh) L(p,x)=0
X primitive  p€Dg

SICISND O

<N x (mod 1) L(p,x)=0
X primitive pEDg

<maxr(), >, D1

1SN x (mod 1) L(p,x)=0
X primitive pEDg
< N5,
for any €>0. ]

Using Lemma 5.2, we can now prove the second error term estimate.

LEMMA 5.4 Let E,;e > 0. Let X>3 and d < X5/12=¢ be such that, for all h
(For (-function Dg is zero-free region. Hence 1 & Zg(X)). Then

d, we have h & Zg(X)

X7 (d)

EX) < o(d)log® X’

for any B >0, provided that E is large enough depending on B and e.

Proof. First we see that, for (b,d) =1,

I

‘D—ﬁ
(]
x|
=
(]
=

S
X
=

> A = o

n<X x (mod d) n<X
n=b (mod d)

1 _
= S X AW X X)X Ax)

n<X hld x (mod h) n<X
(nd)=1 h#1 xprimitive (nd)=1
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THE GOLDBACH CONJECTURE WITH SUMMANDS IN ARITHMETIC PROGRESSIONS 23

By the prime number theorem " ,<x A(n) = X+ O(Xlog ?X), for any B> 0. It remains to prove
(nd)=1
that

> [ amxm| < bg)fgx

x (mod k) n<X
X primitive

for any B>0 and h|d with h # 1.
Using the explicit formula (see for example [6, Proposition 5.25]) we see that

ZA(n)X(n) = Z %—FO( log X)

n<X L(p,x)=0
[Im(p)|<T
XRe p)
S DED S PR SR (CRE T
2<T L(p.x)= L(p,x)=0
|1m(p)\~2 0<|Im(p)|<1
Re(p)>1/2 Re(p)>1/2

1 Re(p) | X 1.2
< ZE Z xrew +?log X,
2<t  L(px)=0

|7m(p)| <2’
Re(p)>1/2

for any 7'>0. We take T = d' " for 1> 0 to be chosen later. Using Lemma 5.2, we see that, for any
Uu>1,

Y Xk

x (mod h) L(p,x)=0
xprimitive |Im(p)|<U
Re(p)>1/2

! Re(p)
S VD DI
x (mod h) — L(p,x)=0

1/2<Re(p)<1—K
[Im(p)|<U

1
<<ElogX max XPt!/loeX Z Z 1

1SpSI-K x(mod k) L(p)=0
[Im(p)|<U
B<Re(p)<A+1/logX

Sl

1 ,
logPtl X 7(dU C+N(1-8) 4 (qu c(ﬁ)(l—ﬂ)),
Selog 1/2g}aa<xl k U ( ) +(dU)
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24 J. SALMENSUU

for any € > 0 and D large enough depending on €'. Let A(8) = max(2 + €, ¢(3)). We can see that

2+4¢€ whenl/2< < 2

2+4¢’
3 14+2¢’
= when = < [3<3/4
NB)={ 7 md 2Py
551 When 3/4<p8< ey
2+€¢ when 2t < B <1

Write d := X? and
G(3) ;:XB%](dU)’\(/B)“_B).

It then suffices to show that

X

G(B) < —5=,
(8) og" X

for any B > 1, whenever 1 < U < T. We have the following cases:

I A(B)(1-5) = 1.
1 A(B)(1—f) < 1.

Case I: In this case G(3) is maximal when U=T = d't". We also have that 8 < éij and so
A(B) =2+ €. Hence

G(B) < X¥Eer —0+0CHmC+N; o x1-n

provided that § < 1/2 and n and €’ are sufficiently small depending on 6.
Case II: In this case G(f) is maximal when U = 1. We also see that A\(5) < 12/5. Since 6 <

l5—2—eandﬁgl—l(,wehave

G(B) SXB‘HQ%Z(I*B) < Xl—%eK,
so the claim follows once E is large enough depending on B and e. g

The following two lemmas are direct consequences of Lemma 5.4.

LEMMA 5.5 Let €>0, AJE>1 and N > 3. Let r be a prime such that r & Zg(N, logAN) and r <
(rN)>/2=¢. Then

max E,,(rN) <. ——
g<log* N q( ) IOgBN

il

for any B >0, provided that E is large enough depending on B and e.
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THE GOLDBACH CONJECTURE WITH SUMMANDS IN ARITHMETIC PROGRESSIONS 25

LEMMA 5.6 Let €>0, A,E > 1 and N > 3. Let r be a prime such that r,r* ¢ Zg(N, logAN) and * <
(rN)>/12=¢_ Then

max E,,(rN) << ——,
g<rlog"N ralr) < rlog? N
rlq

for any B >0, provided that E is large enough depending on B and e.

REMARK. Assuming GRH it is known that E;(x) < y/xlogx for any d < x.

6. Proofs of theorems

In this section, we finish the proofs of Theorems 1.4, 1.5 and 1.6. First, we see that, for all n <N,

2
‘ % A(rn1 —l—bl)A(rnz +b2) — W

n=ni+ny

S, (m+b+ bg)n‘

r2
WGr(m + bl + bz)n‘

‘ / Sp.r(N, @)Sp,. (N, a)e(—an)da —
Man

1
= ‘/ Sp.r(N, @)Sp, (N, a)e(—an)da —
0

IN

qﬁ(rzr)zﬁr(rn +b; + bz)n‘

+ ‘/ Sp.r(N, @)Sp, (N, a)e(—an)da|.
maN

By Proposition 3.3

2
‘ / Sp,,r(N, @)Sp, (N, a)e(—an)da — ——&,(rm + by + bz)n‘
Man ¢(r)
7(nr+by + by)N
<<—+ (rN+7)lo 6.1
logCN Z q g 6.1

q<log"N

for any C >0, provided that A is large enough depending on C. By [9]

o(r)
> r(m+b) < — ~Nlogh, 6.2)

n<N
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forr<Nand 0 < b < rwith (b,r) =1.

Proof of Theorem 1.4. By (6.1), (6.2) and Lemma 5.1

max Z Z / Sp.r(N, @)Sp, (N, @)e(—an)do — gbzzr)26’(m+bl +by)n

(b1, 1
<Rbl (b1,r)= by (mod r) n<N Man
(hzr) 1

NR
< max r(nr+b; +by) + NRlog** N E,(rN+r
IOgCN;RbI,bz (modr);v ( 1+b2) g Z Z 1 )
= = g<log" NT<R

N2R?

L —5-,
log? N

for any B, provided that A is large enough depending on B. The claim now follows from
Proposition 4.4. U

Proof of Theorem 1.5. By (6.1), (6.2) and Lemmas 5.5 and 5.3

2
Sb1.r(N, )8, (N, —an)do — ——=G6, by +b
bl,bzzr(glﬁair)—lKN’/mAN brr (N, @)Sp,. (N, a)e(—an)da s (rn+ by +by)n
N 5A
L %, max + b1 +by) +N(log™ N) max E,,(rN+
IOgCNbl,bz:(blbz,r)zlnz 7(nr+ by + by) + N(log )q<ngAN (TN +71)
NZ
KN
log" N

for all but 0(logD N) primes r and for any B, provided that A is large enough depending on B and D
is large enough depending on A and B.
By Proposition 4.10 we have that

max S| [ S )80 (N B~ )

b],bzi(blbz,r):l

n<N
N? 1/2
<. TB( r) +N3/2 (r max Erq(rN+ ) logA/2+2M
10g N g<rlog® N
(rg)#1

for any B> 0, provided that A is large enough depending on B. The claim follows using Lemmas 5.6
and 5.3 to the second error term. |

Proof of Theorem 1.6. The proof is similar to the proof of Theorem 1.5, but we use Proposition 4.4
instead of Proposition 4.10. O
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