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Abstract

The literature has amply shown that primary and secondary school students have
difficulties in understanding rational number size. Many of these difficulties are
explained by the natural number bias or the use of other incorrect reasoning such as
gap thinking. However, in many studies, these types of reasoning have been inferred
from comparing students’ accuracies in multiple-choice items. Evidence that sup-
ports that these incorrect ways of reasoning are indeed underlying is scarce. In the
present work, we carried out interviews with 52 seventh grade students. The objec-
tive was to validate the existence of students’ incorrect ways of thinking about frac-
tion size that were previously inferred from patterns of correct and incorrect answers
to multiple-choice items, by looking at students’ verbalizations, and examine
whether these ways of thinking are resistant to change. Students’ verbalizations sup-
port the existence of the different incorrect ways of thinking inferred from previous
studies in fraction size. Furthermore, the high levels of confidence in their incorrect
reasoning and the fact that they were reluctant to change their answer when they
were confronted with other reasoning suggest that these ways of thinking may be
resistant to change.

Keywords Gap thinking - Natural number bias - Interviews - Rational number -
Reverse bias

Introduction

The rational number concept is one of the major mathematical ideas that children
have to master during their pre-secondary school years, since it is the basis for the
more advanced mathematical understanding of calculus and algebra (Behr et al.,
1983). However, rational numbers have been considered as one of the most diffi-
cult topics in elementary and middle school mathematics to teach and learn (Behr
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et al., 1984; Smith, 1995). One reason students have difficulties understanding in
rational numbers is their inappropriate application of the properties of natural num-
bers (Moss, 2005; Ni & Zhou, 2005; Smith et al., 2005; Van Hoof et al., 2015).
This phenomenon has been named natural number bias (NNB) (Van Dooren et al.,
2015). As they begin to learn about rational numbers, especially fractions, students
have the “temptation to deal with fractions in the same manner as with natural num-
bers” (Streefland, 1991, p. 70), leading them to numerous errors and misconceptions
that can persist over the years (Vamvakoussi et al., 2012).

Research has hitherto repeatedly found evidence of the interference of natural
numbers in students’ thinking by comparing students’ levels of accuracy in rational
number tasks that were compatible with natural number knowledge and their lev-
els of accuracy in tasks where this knowledge was incompatible (Nunes & Bry-
ant, 2008; Stafylidou & Vosniadou, 2004). For instance, primary school students
accurately determine that 0.67 is larger than 0.5 (the larger decimal number has the
longer natural number after the decimal point), but they have difficulties in deter-
mining that 0.7 is larger than 0.35 (the larger number has the shorter natural number
after the decimal point) (Moss, 2005).

Studies addressing the natural number bias phenomenon have considered three
main domains in which rational numbers differ from natural numbers: operations
with rational numbers, the density of the rational number line, and rational number
size (Gomez & Dartnell, 2019; Obersteiner et al., 2020; Van Hoof et al., 2015). Fur-
thermore, the different ways in which rational numbers can be represented (fractions
and decimal numbers) have been considered to represent an additional difficulty in
these domains (DeWolf & Vosniadou, 2011). The current study focuses specifically
on the domain of rational number size. In the following section, we review the litera-
ture in this domain, presenting the main findings regarding natural number interfer-
ence, as well as other possible reasons that could explain students’ errors in under-
standing rational number size, particularly in fractions.

Theoretical and Empirical Background

Natural Number Bias Phenomenon in the Domain of Rational Number Size:
Fractions

Determining fraction size implies a holistic understanding of a fraction, which
involves access to its size as a single entity. In this way, it implies recognizing
that the size depends on the multiplicative relationship between its numerator and
denominator (Moss, 2005; Ni & Zhou, 2005; Smith et al., 2005). However, many
students fail to recognize fractions as numbers that have a magnitude of their own
and tend to interpret the symbol a/b as two independent natural numbers separated
by a slash (Stafylidou & Vosniadou, 2004). Therefore, they misunderstand fractions
considering them as a pair of numbers (Meert et al., 2010). A common misconcep-
tion is that a fraction’s numerical value increases when its numerator, denominator,
or both increase (e.g. 5/9 is larger than 2/3 because 5 is larger than 2 and 9 larger
than 3) (Behr et al., 1984; Pearn & Stephens, 2004).
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Studies over the last decade have tested this possible interference by conduct-
ing studies focused on comparing performance on congruent and incongruent frac-
tion comparison items. Congruent items are items compatible with natural number
knowledge, so the largest fraction has the largest numerator and denominator (3/5
vs. 8/9), and incongruent items are items that are incompatible with natural number
knowledge, i.e. the largest fraction has the smallest numerator and denominator (2/3
vs. 4/9). Results have shown that primary and secondary school students, and even
undergraduates, accurately solve congruent items, but have more difficulties in solv-
ing incongruent ones (DeWolf & Vosniadou, 2011; Gonzalez-Forte et al., 2020b;
Meert et al., 2010).

Contradictory Results in Fraction Comparison Tasks: Students’ Various Incorrect
Ways of Thinking

In previous research, high accuracy in congruent items and low performance in
incongruent ones has typically been interpreted as pointing towards an over-reli-
ance on natural number knowledge. However, some studies have produced opposite
results. Research has found that some primary school students are more accurate in
solving incongruent items than congruent ones (Gémez & Dartnell, 2019; Gonzélez-
Forte et al., 2020a; Resnick et al., 2019; Rinne et al., 2017). Similar results have
been obtained with undergraduates (Barraza et al., 2017; DeWolf & Vosniadou,
2015; Obersteiner et al., 2020). These results suggest the existence of other incorrect
reasoning strategies which are not based on a straightforward application of natural
number knowledge.

Resnick et al. (2019) considered that since the largest fraction has the smallest
numerator and denominator, students might think that smaller digits produce larger
magnitudes. A similar explanation is students’ reasoning based on comparing the
denominator of each fraction and considering that the smallest the denominator, the
largest the fraction (Fazio et al., 2016; Stafylidou & Vosniadou, 2004). This rea-
soning, hereon called reverse bias, implies that smaller denominators indicate that
pieces are larger; therefore, “2/3 is larger than 3/5 because 3 pieces are larger than
5 pieces” (Pearn & Stephens, 2004, p. 434). Thus, students who use this reason-
ing seem to recognize that larger numbers in the denominator can lead to smaller
fractions, but they do not fully understand the relationship between numerator
and denominator (Rinne et al., 2017). This reasoning has been attributed mostly
to undergraduates and adults when they solve complex fraction comparison items
(Barraza et al., 2017; DeWolf & Vosniadou, 2015; Gémez & Dartnell, 2015; Ober-
steiner et al., 2020), that is, fractions composed of two digits and without common
numerators or denominators.

Furthermore, the use of gap thinking (Pearn & Stephens, 2004) when students
solve fraction comparison items can also explain that some studies observe a
higher accuracy in incongruent items than in congruent ones (Gémez et al., 2017,
Gonzalez-Forte et al., 2020b). Gap thinking is based on comparing the (absolute)
difference between numerator and denominator in both fractions, interpreting
this difference as the number of parts missing to complete the whole. Therefore,
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students consider that “a fraction is larger if the difference between the numera-
tor and the denominator is smaller” (e.g. 2/3 is larger than 7/9 “because from 2 to
3 there is a gap of one and from 7 to 9 there is a gap of two”). In the same way,
students can consider that both fractions are equal if the difference is equal (e.g.
2/3 and 3/4 are equivalent) (Clarke & Roche, 2009). This kind of incorrect think-
ing evidences a tendency to reason in additive rather than in multiplicative terms
(Clarke & Roche, 2009; Moss, 2005). In this sense, Mitchell and Horne (2010)
consider that this reasoning based on the gap is due to the “influence of part-
whole counting and shading activities rather than activities framed in partition-
ing, unit forming and equivalence actions” (p. 417).

These previous studies with primary and secondary school students have sug-
gested the existence of a reverse bias and of gap thinking, in addition to natu-
ral number bias thinking (Behr et al., 1984; Clarke & Roche, 2009; Mitchell &
Horne, 2010; Pearn & Stephens, 2004; Smith, 1995). However, the studies were
not explicitly focused on documenting these ways of thinking.

As far as we know, there is only one study that explicitly focused on these ways
of thinking (Gémez & Dartnell, 2019) with 5th, 6th, and 7th grade students. In
this study, profiles were identified from students’ performances in a test with con-
gruent and incongruent fraction comparison items with common components and
without common components. Results showed the existence of six distinct pro-
files. Besides the subgroup of students who achieved high accuracy in all types
of items, results showed the existence of a subgroup of students who correctly
answered congruent items but incorrectly the incongruent ones, and another sub-
group who answered congruent items better compared to incongruent items in
fractions with common components. This finding led them to conclude that stu-
dents within both profile groups were biased by their natural number ordering
knowledge. Furthermore, they identified a subgroup of students who answered
incongruent items correctly and the congruent ones incorrectly. This finding led
them to conclude that these students were reasoning in a way that is opposite to
the natural number bias, i.e. what we called reverse bias. Finally, in addition to
the subgroup of students who obtained low percentages of accuracy in all items,
the results showed a subgroup of students who accurately answered all the items,
except the congruent ones without common components. This profile raised ques-
tions about the possible use of gap thinking in this kind of items, i.e. where gap
thinking leads to the incorrect answer. However, because the item set was not
specifically designed to elicit gap thinking, their results may suggest the use of
gap thinking by the students but could not prove unequivocally this.

The latter study takes a first step in explaining the previously obtained results
where congruent items obtained lower accuracy rates compared to incongruent
ones. However, its conclusions were based on indirect evidence, as inferences
were made based on comparing accuracies in specific kinds of items. Stud-
ies focused on examining students’ verbalizations that support these inferences
are needed (Gomez & Dartnell, 2019; Gonzalez-Forte et al., 2020a; Obersteiner
et al., 2020) in order to validate students’ ways of thinking when students deter-
mine rational number size. Nevertheless, as far as we know, no such studies exist.
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Furthermore, it is interesting to validate not only students’ ways of thinking
through their verbalizations but also the level of confidence that students have in
their ways of thinking. This will be clarified in the next section.

Assessing Students’ Confidence

Written mathematics assessments generally focus on the procedural competence,
but an important issue linked to this competence is the student’s confidence in the
answers that they give (Kyriacou, 2005). The confidence of response index (CRI)
has its origin in the social sciences, where it is used particularly in surveys and
where a respondent is requested to provide the degree of certainty he has in his own
ability to select and utilize well-established knowledge or concepts to arrive at an
answer (Hasan et al., 1999; Webb et al., 1994).

Regardless of whether the answer is correct or not, a low confidence indicates a
guess which, in turn, implies a lack of knowledge. However, a high confidence and
an incorrect answer points to a misplaced confidence in the subject matter knowl-
edge, either misjudging his own ability or a sign of the existence of misconceptions
(Engelbrecht et al., 2005; Hasan et al., 1999). While a lack of knowledge can be
improved with instruction and subsequent learning, misconceptions — which tend
to go along with higher levels of confidence — are believed to hamper the appro-
priate integration of new knowledge or skills (Hasan et al., 1999; Merenluoto &
Lehtinen, 2002; Vamvakoussi & Vosniadou, 2004).

Previous studies have examined students’ confidence by asking them to indicate
how sure they were about the correctness of their answers (De Bock et al., 2002;
Foster, 2016; Lundeberg et al., 1994). De Bock et al. (2002) carried out individ-
ual semi-standardized interviews aimed at analyzing the thinking process underly-
ing secondary school students’ improper linear reasoning and how this process is
affected by their mathematical conceptions, beliefs, and habits. The student was
asked to indicate how sure he was about the correctness of his answer, by choosing
position on a five-point scale (from “certainly wrong” to “certainly correct”). When
a student did not indicate “certainly correct,” the interviewer asked why he was not
absolutely sure. Then, the student was confronted with an alternative solution given
by a group of fictitious peers. The student was asked which answer he preferred: the
initial answer or the alternative that emerged in the peer group. After the student
made his decision, the interviewer asked for a justification. If the student did not
react spontaneously, the interviewer asked if the argumentation of the peer did (not)
raise doubts about his initial answer. Results from De Bock et al.’s (2002) study
showed that the great self-confidence observed in most students seemed to indicate
that for them, the procedure employed was self-evident and any other answer would
not even deserve consideration. Students’ reasoning (even being incorrect) was
perceived as correct without a need for any further justification, and students were
reluctant to question the correctness of it when confronted with conflicting evidence.

Measuring students’ level of confidence regarding the correctness of their own
reasoning and asking for the reason of their (in)confidence, paying special attention
to those who use incorrect reasoning, can allow us to know if they are overconfident
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with their way of thinking while being incorrect (thus pointing at the presence of
incorrect knowledge, i.e. a misconception) or they are simply not sure about the cor-
rectness of their answers (thus pointing to a lack of knowledge). As it is mentioned
previously, a lack of knowledge can be improved with instruction and subsequent
learning; however, when students have certain misconceptions, these are believed to
hamper the appropriate integration of new knowledge or skills. This incorrect prior
knowledge can be resistant to change (as it is related to higher confidence levels) and
may require a different kind of instruction.

Furthermore, presenting students with other alternative reasoning might addition-
ally show if they are reluctant to question the correctness of their own way of rea-
soning and, thus, to what extent these ways of reasoning are stable and resistant to
change. Previous research has pointed out that people are often unaware of incorrect
answers and that they are usually overconfident regarding their knowledge (De Bock
et al., 2002; Lichtenstein & Fishhoff, 1981).

The Present Study: Objective and Research Questions

This study is part of a larger study carried out on 1262 primary and secondary
school students, which focused on students’ various ways of thinking when solv-
ing fraction and decimal number comparison items. These students individually
answered a multiple-choice (pencil) test with 31 fraction and decimal comparison
items, where they had to circle the largest number; if they thought that both numbers
were equally large, they had to circle both (Gonzalez-Forte et al., 2020a).

Fraction items were carefully designed to examine responses based on the natu-
ral number bias, gap thinking, or reverse bias. In this way, there were congruent
items (compatible with a reasoning based on natural number knowledge, such as 5/8
vs. 2/7), incongruent items (incompatible with a reasoning based on natural num-
ber knowledge, such as 2/3 vs. 3/7), items where a reasoning based on gap thinking
leads to the correct answer (e.g. 3/7 vs. 7/9), and items where gap thinking leads
to an incorrect answer (e.g. 5/9 vs. 1/3). The congruent and incongruent items also
allowed us to examine the presence of reverse bias reasoning, since this reasoning
allows to solve incongruent items correctly and congruent ones incorrectly.

Using a TwoStep Cluster Analysis, six student profiles were inferred (Gonzalez-
Forte et al., 2020a): students who answered all (or almost all) the items correctly
(All correct); students who incorrectly solved all the incongruent items both in frac-
tions and decimal numbers, and correctly solved the congruent ones (Full NNB);
students who correctly solved the congruent fraction items and incorrectly solved
the incongruent ones, but correctly solved the congruent and incongruent deci-
mal items (Fraction NNB); students who had difficulties only in the items where
gap thinking leads to the incorrect answer (Gap thinker); students who incorrectly
solved the congruent fraction items and correctly solved the incongruent ones, but
correctly solved both congruent and incongruent decimals items (Reverse bias); and
students who solved the items without any identifiable pattern (Remainder). Based
on these profiles, we can implicitly infer the reasoning used by students, but we do
not obtain any direct evidence of their way of reasoning.
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The objective of the present study was to validate the existence of the different
incorrect ways of thinking about fraction size inferred from the profiles obtained
in the previous study (using a multiple-choice test) (Gonzélez-Forte et al., 2020a)
and as suggested by previous studies in the field. This validation is done by con-
ducting interviews with a specific selection of students who also participated in the
previous study. These students were chosen based on the information of the previous
study, in which the different profiles of learners as mentioned above were found.
This allowed us to examine students’ verbalizations in each student profile when
confronted with similar items. This can also allow us to provide explanations for
the previously conflicting results found with regard to the congruency effect. Fur-
thermore, we were interested in examining if students’ ways of thinking are resistant
to change. To measure it, during the interview, (i) we examined students’ level of
confidence in their ways of thinking since high confidence levels are associated with
the presence of certain misconceptions — resistant to change — and low confidence
levels are associated with students’ lack of knowledge — open to change — and (ii)
we confronted students with other kinds of alternative reasoning that might allow
us to know whether they are either prepared to change their answer or not, and thus
whether they are reluctant to question the correctness of their reasoning (for a simi-
lar approach, see the study of De Bock et al., 2002).

The research questions formulated were:

e Can the incorrect ways of thinking about fraction size that were indirectly
inferred from written responses in the previous study (profiles inferred from the
multiple-choice test) be validated by means of the verbalizations of the students
(interviews)?

e Are these ways of thinking resistant to change, as shown by their confidence lev-
els and their preparedness to consider alternative reasoning?

Method
Participants

The participants of this study are a subsample 52 students out of the larger group of
1262 Spanish students who also participated in the previous study (Gonzalez-Forte
et al.,, 2020a). These students (36 were boys) in 7th grade (12- and 13-year-olds)
belonged to the different profiles obtained: 15 students from the All correct profile,
14 students from the Gap thinker profile, 15 students from the NNB profile (Fraction
NNB and Full NNB profiles), and 8 students from the Reverse bias profile. We chose
7th grade students since this was the grade that had sufficient numbers of partici-
pants in each profile in the study by Gonzalez-Forte et al. (2020a). Schools belonged
to different cities and students were from mixed socio-economic backgrounds. The
instrument to collect that in the present study were interviews that were conducted
3 months after participating in the previous study where we inferred students’ pro-
files (multiple-choice test).
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Instrument and Procedure

The interviews consisted of two parts. In part 1, the 52 students were shown four
of their own answers in the multiple-choice test and were asked to explain how
they had found the largest fraction. If they considered that they had incorrectly
chosen the largest fraction in the multiple-choice test, they could change their
answer during the interview, and then justify their reasoning. Items used in the
interview were 2/3 vs. 7/9; 4/7 vs. 1/3; 4/5 vs. 5/8; and 2/3 vs. 3/7. Items 2/3
vs. 7/9 and 4/7 vs. 1/3 are compatible with a reasoning based on natural number
knowledge, and incompatible with a reasoning based on gap thinking or reverse
bias. In contrast, items 4/5 vs. 5/8 and 2/3 vs. 3/7 are compatible with a rea-
soning based on gap thinking or reverse bias, and incompatible with a reasoning
based on natural number knowledge. Table 1 summarizes the characteristics of
the items used in part 1 of the interview (C indicates compatible with the reason-
ing and I incompatible).

Furthermore, in part 1, in order to know the students’ level of confidence
regarding their own reasoning, each student had to say how much confidence he/
she had in his/her answer. Therefore, they had to pick an option from the fol-
lowing scale: (1) I have serious doubts, (2) I have some doubts, (3) Almost sure,
and (4) Absolutely sure. If students did not choose “Absolutely sure,” they had to
explain their reasons.

In part 2, students had to read three fictional students’ answers to two fraction
comparison items with the same format as the test. Items were 1/3 vs. 5/8, which
is compatible with a reasoning based on natural number knowledge, and incom-
patible with a reasoning based on gap thinking or reverse bias thinking; and the
item 4/7 vs. 3/4, which is compatible with a reasoning based on gap thinking or
reverse bias, and incompatible with a reasoning based on natural number knowl-
edge. In each item, the three fictional students’ answers were: a student’s answer
that used a reasoning based on natural number knowledge, a student’s answer that
used a reasoning based on gap thinking, and a student’s answer that used a rea-
soning based on reverse bias (Table 2). Students had to indicate whether they
agreed or disagreed with each of the students’ answers and had to explain their
reasoning.

The interviews were carried out individually and were videotaped, after prior
consent of their parents. There was no time limitation and students were provided
with pieces of paper in case they needed them to perform operations, annotations,
or drawings. Generally, the duration of each interview was between 10 and 15 min.

Table 1 Items used in part 1 and their characteristics

Reasoning based on 2/3 vs. 719 4/7 vs. 1/3 4/5 vs. 5/8 2/3 vs. 3/7
Natural number bias C C I I
Gap thinking I 1 C C
Reverse bias I I C C
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Table 2 Fictional students’ answers as shown in part 2

Item Answer

1/3 vs. 5/8 Pere (Gap thinking): It’s 1/3 because from I to 3 there is a difference of 2 and from 5 to 8
there is a difference of 3, so in 1/3 the difference between the numerator and the denomi-
nator is smaller

Marta (Natural number bias): It’s 5/8 because 5 is larger than 1 and 8 is larger than 3

Andrés (Reverse bias): It’s 1/3 because 3 is smaller than 8, and if the denominator is
smaller the fraction is larger
4/7 vs. 3/4 Maria (Gap thinking): It’s 3/4 because from 3 to 4 there is a difference of 1 and from 4 to 7
there is a difference of 3, so in 3/4 the difference between the numerator and the denomi-
nator is smaller
Roberto (Natural number bias): t’s 4/7 because 4 is larger than 3 and 7 is larger than 4

Alicia (Reverse bias): It’s 3/4 because 4 is smaller than 7, and if the denominator is smaller
the fraction is larger

Analysis

The analysis was carried out in two phases. First, students’ verbalizations in both
parts of the interview were analyzed to determine if they used a reasoning based
on natural number ordering, gap thinking, or reverse bias thinking. This analy-
sis allowed us to identify students’ different ways of thinking when comparing
fractions and, therefore, provide evidence to support the conclusions that were
indirectly inferred from the information gathered by the multiple-choice test (pro-
files) and in previous studies in the field. Data from this analysis answer the first
research question.

Second, to answer our second research question, whether these ways of think-
ing are resistant to change, we analyzed the confidence levels from students given
in the part 1 of the interview. With the scores obtained in the confidence scale
[1-4], the average scores were calculated for each profile (calculating percentages
over 10). Furthermore, we analyzed how the students considered the alternative
reasoning when they were confronted in the part 2 of the interview.

Results
In this section, we first discuss the different ways of thinking about fraction size

identified exemplifying them with students’ verbalizations. Second, we focus on
the question whether these ways of thinking are resistant to change.

Different Ways of Thinking Identified

We present the results in this section considering student’s thinking by profile (15
students belonged to All correct profile, 14 students to the Gap thinker profile, 15
students to the NNB profile (Fraction NNB and Full NNB profiles), and 8 students
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to the Reverse bias profile). During the interview, most students within each pro-
file used the reasoning inferred from their answers in the preceding multiple-
choice test. Therefore, our results validate the existence of the different incorrect
ways of thinking about fraction size inferred from the profiles obtained in the
previous study. Below, we detail each profile and give an example of a student’s
reasoning for the various items presented, as well as his or her reactions to the
fictitious students’ answers.

Thirteen out of the 15 students of the All correct profile used a correct reasoning
in part 1 and did not choose any of the fictional students’ answers presented in part
2. Tables 3 and 4 present examples of verbalizations given by one of these students
(P154) in both parts. We can observe in both tables that this student did indeed fol-
low a correct type of reasoning. In the first two items, the two fractions’ exact values
are compared (by creating fractions with the same denominator), while in the last
two, half is used as a benchmark, which is a useful and correct strategy for these
items. In response to the fictitious answers of other students, student P154 was able
to put in words why each fictitious student showed incorrect reasoning.

Eleven out of the 15 students of the NNB profile used a reasoning based on the
natural number ordering in the interview to determine the magnitude of fractions
in part 1 and they chose Marta and Roberto’s answers in part 2. They always con-
sidered the fraction with a larger numerator and denominator to be the largest frac-
tion. Tables 5 and 6 exemplarily show the verbalizations given by one of these stu-
dents (P027) in both parts. Both tables illustrate how this student indeed followed
a reasoning based on natural number knowledge. In the four items in part 1, the
student verbalized that the largest fraction was the fraction with the larger numera-
tor and denominator which led him/her to the correct answer in the first and third
items, but to the incorrect answer in the second and fourth items. In response to the
fictitious answers of other students, this student understood that the other fictitious
answers were incorrect, but could not see this for the answer based on natural num-
ber knowledge.

Nine out of the 14 students of the Gap thinker profile used a reasoning based
on gap thinking in part 1 and chose Pere and Maria’s answers in part 2. Thus,
they always considered the fraction with the smallest difference between numera-
tor and denominator as the largest fraction. Tables 7 and 8 exemplarily show the

Table 3 Answers of student P154 within the All correct profile in part 1

Item Reasoning

2/3 vs. 719 7/9 is larger because if we multiplied the numerator and denominator of
2/3 by 3, both fractions will have the same denominator: 6/9 and 7/9.
Therefore, 7/9 is larger

4/5 vs. 5/8 4/5 is larger because if I multiply the numerator and denominator of 4/5
by 8, it will be 32/40, and the numerator and denominator of 5/8 by 5,
it will be 25/40. Therefore, 4/5 is larger than 5/8

4/7 vs. 1/3 4/7 is larger because it is larger than a half, and 1/3 is less than a half
2/3 vs. 3/7 2/3 is larger because 3/7 is less than a half, and 2/3 is larger than a half
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Table 5 Answers of student

P027 within the NNB profile in

part 1 2/3 vs. 719 The two numbers of the fraction always guide me,
that is, I look for the largest numbers. In this case,
7 and 9 are larger than 2 and 3, so 7/9 is larger

4/5 vs. 5/8 5/8 is larger since 5 and 8 are larger than 4 and 5

Item Reasoning

4/7 vs. 1/3 4/7 is larger because 4 and 7 are larger than 1
and 3. I look at the two numbers, numerator and
denominator, and I compare them

2/3 vs. 3/7 3/7 is larger because 3 and 7 are larger than 2 and 3

verbalizations of one of these students (PO14) in both parts. One can observe in
both tables how this student indeed followed a reasoning based on gap thinking.
In the four items of part 1, the student verbalized the difference between numerator
and denominator, which led him/her to the correct answer in the second and fourth
items, but to the incorrect answer in the first and third items. In response to the
fictitious answers of other students, this student understood that the other fictitious
answers were incorrect, but could not see this for the gap thinking answer.

Six out of the 8 students of the Reverse bias profile showed a reverse bias thinking
in part 1 and chose Andrés and Alicia’s answers in part 2. They always considered
the fraction with the smallest denominator to be the largest fraction. Tables 9 and 10
exemplarily show the verbalizations given by one of these students (P131) in both
parts. In both tables, we can observe how this student indeed followed a reasoning
based on reverse bias. In the four items of part 1, the student could put in words that
the larger fraction is the fraction with the smallest denominator, which led him/her
to the correct answer in the second and the fourth items, but to the incorrect answer
in the first and third items. In response to the fictitious answers of other students,
this student understood that the other fictitious answers were incorrect but could not
see this for the answer based on a reverse bias thinking.

Regarding students who did not use the reasoning that we inferred from the pre-
ceding multiple-choice test (profile) during the interview, 5 out of the 13 students
in the first part of the interview still gave answers in the same way as the reasoning
inferred from the profile, but in the second part, when they saw various other ways
of reasoning, they changed their own way of reasoning. The remaining eight stu-
dents answered both parts of the interview with a reasoning that was different from
that inferred of their profile.

Are These Ways of Thinking Resistant to Change?

Table 11 shows the mean confidence percentages in each item and profile of stu-
dents who reasoned in the interview in the same way as the reasoning inferred from
the multiple-choice test (profile).

Students within the All correct profile were more confident about their reason-
ing than students in the other profiles. However, the percentages of Gap thinker,
NNB, and Reverse bias profiles also showed a high level of student confidence (an
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Table7 Answers of student PO14 within the Gap thinker profile in part 1

Item Reasoning

2/3vs. 719 2/3 is larger because in 2/3 there is a difference of 1 and in 7/9 there is a difference of 2

4/5 vs. 518  4/5 is larger because in 4/5 there is a difference of 1 and in 5/8 there is a difference of 3.
Therefore, the difference is smaller

4/7 vs. 1/3 173 is larger because in 1/3 there is a difference of 2, and in 4/7 there is a difference of 3

2/3 vs.3/7  2/3 is larger because in 3/7 there is a difference of 4 and in 2/3 there is a difference of 1. So
the difference is smaller

Table 8 Answers of student PO14 within the Gap thinker profile in part 2

Item Answer Reasoning

1/3vs.5/8 Pere  Pere This one is correct. The smaller the difference, the larger the fraction
Marta This would be incorrect
Andrés  This would be incorrect

4/7 vs. 3/4 Maria Maria This one is correct to me. The fraction that has the smallest difference is
the largest

Roberto  This is incorrect to me

Alicia This is incorrect. It is possible for the largest fraction to have the largest
denominator

Table 9 Answers of student P131 within the Reverse bias profile in part 1

Item Reasoning

2/3vs.7/9  2/3 is larger than 7/9 because there are less pieces (he/she observed the 3 in the denomina-
tor of 2/3) but the pieces are larger

4/5 vs. 5/8  4/5 is larger. I know because I always look at the denominator, since there are fewer pieces,
the pieces must be larger

4/7 vs. 1/3  1/3 is larger because there are larger pieces than in 4/7. I rely on the size of the parts. The
fraction has to have the biggest piece, and not the biggest number of pieces

2/3vs.3/7 2/3 is larger because the pieces are larger. In 3/7, there are more pieces, but they are
smaller

approximate mean of 80%). Students’ high level of confidence in their ways of
thinking indicates that they believe the reasoning they used is totally correct, even
in situations where it leads to an incorrect answer. Therefore, it points to a mis-
placed confidence in the subject matter knowledge and may be a sign of the exist-
ence of misconceptions (that are believed to be resistant to change).

Furthermore, the fact that in the part 2 of the interview we confronted students
with other alternative reasoning allowed us to know whether students changed their
answer, or whether they were reluctant to question the correctness of their reason-
ing, thus, showing a reasoning more resistant to change. In the previous section, it
has been shown that 11 out of the 15 students of the NNB profile chose Marta and
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Table 10 Answers of student P131 within the Reverse bias profile in part 2

Item Answer Reasoning

1/3 vs.5/8 Andrés Pere [ think this answer is incorrect, I agree with Andrés’ one
Marta It is not right to me

Andrés  This is what I have done. I think this one is correct. The strategy that 1
choose is this one

4/7 vs. 3/4  Alicia  Maria I am not sure whether this explanation is correct. I choose Alicia’s
answer

Roberto It is incorrect. I believe that if the denominator is smaller, the fraction
must be larger, because the pieces are larger

Alicia I believe it is correct. This student has answered like me

Table 11 Mean confidence

; . 2/3vs.7/9 4/5vs.5/8 4/7vs. 1/3  2/3vs.3/7
percentages in each item and

profile All correct 943 94.3 100 98.0
Gap thinker ~ 86.0 83.3 80.5 83.3
NNB 79.6 773 81.8 773
Reverse bias  75.0 75.0 75.0 79.3

Roberto’s answers based on the natural number ordering in part 2; 9 out of the 14
students of the Gap thinker profile chose Pere and Maria’s answers based on gap
thinking in part 2; and 6 out of the 8 students of the Reverse bias profile chose
Andrés and Alicia’s answers based on a reverse bias thinking in part 2. These results
show that the majority of students did not change their incorrect way of thinking
when they were confronted with other alternative reasoning; therefore for them, the
way of thinking used was self-evident and any other answer would not deserve con-
sideration. These students were reluctant to question the correctness of their reason-
ing showing resistance to change.

Discussion and Conclusions

Research on the understanding of fraction size has widely considered the natural
number bias as a major source of learners’ mistakes in fraction comparison tasks,
not only in primary and secondary school students (Gonzélez-Forte et al., 2020b;
Meert et al., 2010) but also in undergraduates (DeWolf & Vosniadou, 2011). How-
ever, recent studies have also found evidence of other incorrect strategies, such as
reverse bias or gap thinking (DeWolf & Vosniadou, 2015; Gémez & Dartnell, 2019;
Obersteiner et al., 2020; Rinne et al., 2017). Nevertheless, these studies indirectly
inferred these kinds of reasoning based on profiles of correct and incorrect answers
to series of multiple-choice items. Until now, there were no studies that explicitly
validated these students’ reasoning by examining students’ verbalizations by means
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of interviews. Next to this, as far as we know, this is the first study that investigated
whether these ways of reasoning are resistant to change.

Students’ verbalizations in both parts of the interview have confirmed the exist-
ence of different incorrect ways of thinking about fraction size supporting the
results obtained from the multiple-choice test study (profiles inferred) (Gonzalez-
Forte et al., 2020a) and from other studies in the research field (Barraza et al., 2017,
Goémez & Dartnell, 2019; Obersteiner et al., 2020; Resnick et al., 2019). Some
students used a reasoning based on natural number ordering “a fraction is larger if
numerator and denominator are larger” (Behr et al., 1984; Pearn & Stephens, 2004).
Others used a reasoning based on gap thinking “a fraction is larger if the difference
between the numerator and the denominator is smaller” (Pearn & Stephens, 2004;
Stafylidou & Vosniadou, 2004). And still other students used a reverse bias thinking
“a fraction is larger if the denominator is smaller” (Fazio et al., 2016; Rinne et al.,
2017; Stafylidou & Vosniadou, 2004). In sum, some students used other incorrect
ways of thinking different than natural number—based reasoning when compar-
ing fractions, such as gap thinking and reverse bias thinking, which can explain
the conflicting results obtained in previous studies with regard to the congruency
effect: while many studies found higher accuracy rates in congruent items compared
to incongruent items (DeWolf & Vosniadou, 2011; Gonzélez-Forte et al., 2020b;
Meert et al., 2010), other studies found high accuracies in incongruent items and
low accuracies in congruent ones (DeWolf & Vosniadou, 2015; Gémez & Dartnell,
2019; Obersteiner et al., 2020; Rinne et al., 2017).

Our results also show that reverse bias thinking and gap thinking are present in
secondary school when students solve simple fraction comparison items (proper
fractions with a one-digit numerator and denominator), which had been previously
attributed mostly to undergraduates and adults when solving complex fractions
(DeWolf & Vosniadou, 2015; Gémez & Dartnell, 2015; Obersteiner et al., 2020).

Furthermore, our results provide information about the resistance to change of
these ways of reasoning. First, mean confidence percentages of the three profiles
that use an incorrect reasoning (Gap thinker, NNB, and Reverse bias) remained high
— approximately 80%. These students had high confidence in their way of think-
ing, even in situations where it leads to an incorrect answer. Students’ high levels
of confidence in their incorrect reasoning can indicate a misconception, which are
believed to hamper the appropriate integration of new knowledge or skills (Hasan
et al., 1999; Merenluoto & Lehtinen, 2002; Vamvakoussi & Vosniadou, 2004). Fur-
thermore, the fact that students are not aware that their thinking is incorrect can lead
them to being overconfident about their knowledge (Lichtenstein & Fishhoff, 1981),
and thus their way of thinking becoming consolidated and difficult to change during
instruction (Fischbein, 1987).

Second, results of the second part of the interview showed that the majority of
students did not change their answer when they saw other ways of reasoning. Thus,
the incorrect ways of thinking are stable and resistant to change, rather than random
errors due to guessing, for instance. As in De Bock et al.’s study (2002), students’
incorrect reasoning was perceived as correct without a need for any further justifica-
tion, students were overconfident in it, and were reluctant to question the correct-
ness of it when confronted with conflicting alternative responses, as they perceived

@ Springer



Incorrect Ways of Thinking About the Size of Fractions

their own answer as logical, self-evident. In other words, students were reluctant to
change their choice of reasoning, using the same kind of reasoning that they had
used both in the test and in the first part of the interview.

Educational Implications and Further Research

Our results have educational implications. In the present study, the different incor-
rect ways of thinking that students use to determine fraction size were identified and
validated. This information might help primary and secondary school teachers to
identify students’ different incorrect ways of thinking about the fraction size. In fact,
identifying incorrect ways of thinking is not an easy task for teachers since, as it
has been shown in previous studies, handbooks typically do not explicitly talk about
incorrect strategies that students may use and can increase natural number—based
reasoning (Van Dooren et al., 2019). In a natural number biased way of think-
ing, students think that numerator and denominator are two independent numbers
that behave as natural numbers, without identifying the multiplicative relationship
between both. In gap thinking, students identify an additive relationship between the
numerator and the denominator. This incorrect way of thinking comes from addi-
tive instead of multiplicative thinking. In fact, previous research has shown students’
difficulties in the transition from the additive to multiplicative thinking (Hart et al.,
1981; Van Dooren et al., 2010). Finally, in the reverse bias thinking, students think
that the larger fraction is the fraction with the smaller denominator since the size of
the parts are bigger. This reasoning is valid for fraction comparison with the same
numerator, but cannot be generalized to other kinds of fraction comparisons. During
the instruction, teachers should emphasize the multiplicative relationship between
the numerator and denominator and use fraction comparison items with different
characteristics (compatible and incompatible with these ways of thinking) to avoid
these incorrect ways of thinking.

Furthermore, our results revealed high levels of confidence in the use of these
incorrect ways of thinking. Therefore, it is unlikely that overconfident students in
their incorrect reasoning would overcome them spontaneously. It is thus important
that teachers are aware of the existence of the profiles found, as well as the individual
differences in the different ways learners of the same age think. Being aware of these
different ways of thinking can help teachers introduce teaching examples that are
incompatible with each incorrect way of thinking found. In other words, they should
put students in situations in which a certain way of thinking is not always applicable,
to avoid students from generalizing the use of this way of thinking. Therefore, our
results provide useful information for developing the primary and secondary school
curriculum. Furthermore, these findings are also useful for designing courses for ini-
tial and in-service teachers’ training.

The present study brings about further lines of research. The existence of other
incorrect ways of thinking that are not based on natural number knowledge raises
questions about when and why these incorrect ways of thinking appear. It is widely
assumed that the natural number bias is due to the interference of students’ prior
knowledge about natural numbers as they work with rational numbers. Thus,
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it mainly occurs at the beginning of the learning process. In addition, our results
regarding the insecurity of students who reason this way (NNB profile) seem to show
that it is a naive way of thinking. However, gap thinking and reverse bias thinking
seem to be acquired during middle school (Gonzélez-Forte et al., 2020a). Future
longitudinal studies could focus on the emergence and development of these types
of thinking.

Further research on gap thinking is also necessary. The present study included
fraction comparison items with a different gap between numerator and denomi-
nator. However, the inclusion of fraction comparison items with the same gap,
where gap thinking leads to the incorrect answer (“both fractions are equal”),
could help to find differences between students who use gap thinking only when
the gap is different and students who use gap thinking in both cases. Furthermore,
the gap thinking strategy is an “additive” way of looking at fractions instead of
a multiplicative one, and therefore comes close to the correct way of thinking
(since it is a relational way of reasoning); but at the same time, it reflects a typical
and resistant error in multiplicative reasoning ( Fernandez et al., 2012; Hart et al.,
1981; Van Dooren et al., 2010). Further research about the origin of this “addi-
tive” reasoning and its transition to multiplicative — and correct — reasoning
could be valuable.
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