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In this thesis we develop an open quantum system model for a levitating particle
trapped in an optical cavity by external optical tweezers.

First we define optical forces and see how they can be used to trap particles in optical
tweezers. We study Stokes and Anti-Stokes processes and show that blue detuned
optical cavities can be used to cool trapped particles to their quantum ground states.

We derive the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation for
a general open quantum system, and present its quantum state diffusion (QSD)
unravelling into an ensemble of pure states.

Then we derive the GKSL equation for our system, and use the QSD equations
to find differential equations for parameters of an ansatz state. We find the time
dependent norm for the pure states in the QSD ensemble and show how we can use
it to calculate the expectation values for observables in our system.
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Introduction

Optomechanics studies the effects of light-matter interactions on the motion of a
particle. The first mention of this field is from 1619, when Johannes Kepler used
radiation pressure to explain why the tail of a comet always points away from the
sun [1]. The invention of the laser in 1960 made controlling particles with light
easier and led to the development of optical tweezers by Arthur Ashkin in 1970 [2],
a feat that awarded him a joint Nobel Prize in Physics in 2018.

Levitodynamics is the study of dynamics of a nano- or micro-sized particle when
it is trapped and suspended in an electromagnetic field. There are three basic
methods to achieve this: the particle can be trapped by an optical, an electrical,
or a magnetic field [3]. In this thesis we are interested mainly in optical trapping,
which, as the name suggests, uses a coherent optical field, obtained from a laser, to
trap particles.

Levitated particles are extremely sensitive to external forces, and because they
have a relatively high mass, they are ideal to use in force and acceleration sensing,
to detect minute forces like gravity, or rotational forces.

Today optomechanical applications are used in many fields. In biology and bio-
chemistry optical tweezers are used to trap individual viruses and bacteria [4], and
even single DNA-molecules [5].

In physics the possible applications are numeorous, ranging from quantum me-
chanical experiments to gravity research. The LIGO gravitational wave detector is
an optomechanical device, that monitors the position of a mechanical oscillator via
its coupling to an optical cavity [6].

Optomechanics is an excellent tool in creating and controlling mechanical quan-
tum states, giving rise to the field of quantum optomechanics [7]. Optomechanics
gives new ways to implement quantum systems in theory and experiments. A quan-

tum optical system where two optical modes interact via a non-linear medium can



be mapped to an optomechanical system where an optical and a mechanical mode
interact via photon momentum tranfer [8]. Trapping a particle in vacuum leads to
a highly isolated system diminishing the unwanted effects of its environment. Feed-
back and cavity back-action cooling can be used to cool particles to their quantum
mechanical ground state [9]. Both of these conditions are important when doing
experiments, where quantum effects may arise. Optical cavity coupled to a mechan-
ical oscillator can even produce entanglement between the mechanical modes and
optical modes [10].

There are many promising research areas where the use of levitated particles
could lead to new breakthroughs in the future. For example finding new physics
beyond the standard model of particle physics with highly sensitive detection of high-
energy physics at short distances that allows for the exclusion of dark matter models,
being able to prepare macroscopic superpositions of nanoparticles, or implementing
far-from-equilibrium processes. However there are still many technical challenges to
overcome before these advancements can be reached |[3].

A recent work by Vijayan et al. [11] demonstrated that it is possible to control a
cavity-mediated interaction of nanoparticles in a multiparticle optical system. They
showed for the first time that creating programmable cavity-mediated interactions
between nanoparticles in vacuum is possible. By controlling the system parameters
like optical frequencies, cavity detuning, and the position and mehcanical frequencies
of the particles, allowed them to choose which of the mechanical modes couple and
to precisely tune the interaction strength, resulting in strong coupling that didn’t
decay with distance between particles. Their work is an important towards exploring
many-body effects in interacting nano-particle arrays, and creating entanglement of
motion.

In this work develop an open quantum system model to characterize an optically

trapped nanoparticle in a cavity. We describe the physics behind optical trapping,



introduce the theory of open quantum systems, and apply it in the study of our
system.

First in section 1 we take a look at optical trapping: what are the forces used to
trap particles, and how they can be calculated in general using the Maxwell stress
tensor or using dipole approximation for a small particle. Then we see how these
forces are used in optical tweezers to trap a particle, and lastly take a look at what
optical cavities are and what they are used for in optomechanics.

In section 2 we take a look at the theory of open quantum systems. We derive
the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation for a general
open quantum system and we present also the Quantum State Diffusion (QSD)
unravelling of the QKSL master equation into an ensemble of pure states.

In section 3 we introduce the system we are studying, derive the GKSL equation
for the system from its general form and thus tie the real system into the theoretical
models.

In section 4 we aim to solve the master equation of our system using the methods
of open quantum systems. We use the QSD equation to find differential equation
for parameters of our ansatz state. In particular we outline how analytical solutions
for this important problem may be obtained.

The analytical model we derive for this system helps our understanding of the

general principles and the physics behind how the system behaves.

1 Optical trapping of nanoparticles

1.1 Optical forces

A photon carries momentum, so it excerts a mechanical force when it interacts
with a particle, whether it is absorbed, emitted, refracted or scattered. This force

can be used to trap nano- and microparticles in an optical field and to control



their mechanics. Solving the optomechanical forces acting on a particle is often a
complicated problem that requires approximation methods. The size parameter £ =
2“% of the particle, where a is the radius of the particle, n,, is the refractive index
of the surrounding medium and X is the trapping wavelength in vacuum, determines
the suitable approximate approach. For particles much smaller than the wavelength
of light, a < A (Rayleigh regime), and we can use the dipole approximation, and for
particles much larger than the wavelength of light, a > A (Geometric optics regime),
we can use ray optics. However, when the size of the particle is comparable to the
wavelength, a ~ A (Mie-Lorentz regime), no general approximation exists and we

need to solve Maxwell’s stress tensor of the system [12].

Maxwell’s stress tensor

Maxwell’s stress tensor characterizes the interaction between electromagnetic fields
and mechanical momentum. Its derivation can be found in full in [13].
To derive the stress tensor and the conservation law for momentum, we start

from Maxwell’s equations in vacuum

V x B(r 1) = —%B(r, ), (1)
V x B(r,t) —C—E%E(r, 0 + poj(r, ), 2)
VE(rt) = Sp(r.) (3
V.B(rt) =0, (4)

where E is the electric field, B is the magnetic flux density, j is the current density, p
is the charge density, c is the speed of light in vacuum, g is the vacuum permeability,
€p is the vacuum permittivity, r is the position vector and ¢ is time. We also need
the electric displacement field D = ¢)E and the magnetic field H = iB in vacuum.

Equation 1 is Faraday’s law of induction which states that a changing magnetic

field induces an electric field that is perpendicular to the magentic field. Equation 2



is Ampére’s law which states that a temporally varying electric field and/or current
density creates a magnetic field that is perpendicular to them. Equation 3 is Gauss’s
law for electricity that states that a charge density is the source for electric fields.
Equation 4 is Gauss’s law for magnetism that states that magnetic fields do not
have sources or sinks due to the nonexistence of magnetic monopoles.

To get the Maxwell stress tensor we operate on equation 1 by xe¢E and on

equation 2 by xpuoH, whereafter we add them together:

0 0
Eo(v X E) X E+M0(v X H) x H = —EOMOEH x E — EONOaE x H +MOJ X H,
(5)
where we have omitted arguments r and ¢ to simplify our notation. This relation

subsequently leads to

1 10
V-@mﬂ—mﬂmlimﬂﬂwﬁmﬂ—ﬁbqxB—Game] (6)

where £? = ETE is the strength of the electric field, H?> = HTH is the strength of
the magnetic field, and EET and HH" are dyadic products, with the superscript T
denoting the transpose. From the latter relation we define Maxwell’s stress tensor

T as
1
Tzq@ET—mHHT—§@ﬁ9+Mﬁ%L (7)

where T is the identity tensor. The last term is the total energy density of the
electromagnetic field. According to equations 6 and 7 the divergence of Maxwell’s

stress tensor fulfils

d1

T =
Vv dt 02[

E x H] + pE + j x B. (8)

Next we want to use the Maxwell stress tensor to calculate the mechanical force
acting on the particle. To do this we first integrate equation 8 over an arbitrary

volume V' that includes all sources p and j:

/v TdV—d CQ [ExH]dV+/(pE+j><B)dV. (9)



From this equation we recognise the Lorentz force law

F(r,t) = q[E(rt) + v(r,t) x B(rt)] (10)

—A@wﬁEmﬂ+ﬂnﬂxBﬁﬁMW (1)

where equation 10 expresses the force acting on a single particle of charge ¢ moving
at velocity v, while equation 11 represents the force for a distribution of charge
density p and current density j. By now using Stokes theorem on the left hand side

of equation 9 we get the conservation law for linear momentum

d 1
T nda = —— E x H|dV + F 12
| G B (12)
d
:_Ge G’mec ) 13
dt[ field + ) (13)

where OV is the surface of V', n is the unit vector perpendicular to it and da
is an infinitesimal surface element. In particular Ggag = fv C%[E x H]dV is the
momentum of the electromagnetic field within volume V' and Gecn is the mechanical
momentum, for which %Gmech = F gives the mechanical force.
We are interested only in the average force so we take a time average of the force
by integrating it over time
1 [T/2
(F) = —/ F(s)ds, (14)
T J 1)
where T is the duration of one oscillation period. The light used in optical trapping
is usually monochromatic (a laser), so T is simply the duration of one wavelength

of the light. From equations 13 and 14 we find that the average force is

«m=é¢ﬂnmwwwmw%@m» (15)

The expectation value for %Gﬁeld is zero over one period, so the average force is just

(F) = /W(T(r, £)) - n(r)da. (16)



Here we see that the force expression does not depend on the material parameters
of the object, but only on the electromagnetic field on the surface of the arbitrary
volume. The field however is now a superposition of the incident field and the field
scattered from the object, and of course the scattered field depends on the properties

of the object.

Radiation pressure

Radiaton pressure is the pressure that electromagnetic radiation excerts on an ob-

ject. It can be calculated using the mechanical force in equation 16 as [13]

Pp = % = %/A(T(r, t)) - n(r)da, (17)

where the integration is done over an area A perpendicular to F.

As a special case, we consider an infinite plane irradiated at normal incindence by
a linearly polarized monochromatic plane wave. We choose n(r) = —n, and E||n,,
where the subscripts of the unit vectors refer to the x and z axes of a Cartesian
coordinate system. The total electric field is the superposition of the incident and

reflected parts
E(I‘,t) _ EORe[(eikz 4 Re*ikz)efm]nx, (18)

where Fj is the amplitude, k is the wave number, and w is the angular frequency of
the electric field, and R is a complex reflection coefficient with condition |R| < 1.
The magnetic field can then be calculated from the electric field using Faraday’s law

in equation 1:



1 1
H(r,t) =—B(r,t) = —— [ V x E(r,t)dt
Ho Ho

1 . 4 ,
= m EO%Re[(eZkZ + Re”"*#)e~™'|dtn,
=— EEO / Re[(ie** — iRe™"**)e~*!|dtn,,
Ho

E 1 , , ,
:_EO_RG[(ezkz o Re—zkz)e—zwt]ny
Mo W

::,/igzag{eue%z-fze—“w)e—ﬂﬁ}ny. (19)
0

Maxwell’s stress tensor is easy to calculate from equations 18 and 19. For brevity

we denote E = En, and H = Hn,. The only nonzero components of the stress

tensor are
1 1

Tow = —€0FE? — =g H? 20
1 3

Ty = —=€E* — ~poH?, (21)
2 2
1

T, = —E(GOEQ + poH?). (22)

Only the zz-component impacts the pressure, because the other ones are parallel to

the surface, and (T) - (—n,) = —(7.,)n,. The averaged zz-component is
Iy 9

where Iy = LcEf is the intensity of the plane wave. The full calculation of the zz-
component can be found in appendix A. The radiation pressure is then according

to equations 17 and 23

1
Prn, = — / (—(T..)n.)da = L E2(1 + |R[)n.. (24)
Al, 9

The radiation pressure depends on the energy of the electric field E3. The higher
the energies of the photons are, the higher is the force, and so also the pressure,

they excert on an object. The pressure depends also on the reflectivity |R|?*: the



minimum value Pg i = %OEOQ corresponds to a perfectly absorbing surface |R|* = 0,
and the maximum value Pg 00 = co B2 corresponds to a perfectly reflecting surface

IR]? = 1.

Dipole approximation

A particle much smaller than the wavelength of light can be approximated as a
dipole. We consider an electric dipole with dipole moment g = gs, where s is the
vector between the two charges of the dipole, and whose center of mass coordinate
is r. Owing to the interaction with the electromagnetic field, the dipole experiences

the mechanical force
F(r,t) = (u-V)E(r,t) +p x B(r,t) + 1 x (u- V)B(r, t). (25)

Here the first term is the force acting on a dipole due to an inhomogeneous electric
field, the second term is the force acting on a changing dipole due to a magnetic field
and the last term is the force acting on a moving dipole due to an inhomogeneous
magnetic field. For non-relativistic speeds (|F| < ¢) the last term is very small
compared to the others [13] and is therefore henceforth left out.

Using the product rule and Faraday’s law in equation 1, the second term in the

force expression in equation 25 can be written as

. d d
MXB——}I,XEB—FE(MXB)

:yx(VxE)—l—%(uxB), (26)

and so the force becomes

F:(M-V)E+px(VxE)+%(pr)

d
= wVE; + E(M x B). (27)

The time average of the force is then simply

(F) = sz‘VEz‘% (28)

)
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because (5 (pu x B)) is zero.
Next we take a closer look at the scenario with a monochromatic field of angular
frequency w as that is the case we are specifically interested in when later developing

our model. For a monochromatic field the real electric and magnetic fields are [13]

E(r,t) =Re[E(r)e™], (29)

B(r,t) =Re[B(r)e ™", (30)
where E and B are the complex amplitudes of the fields. Here

E(r) =Ey(r)e**®ng, (31)

B(r) :Bo(r)ei‘z’(r)nB, (32)

where Ey and By arer the real amplitudes of the electric and magnetic fields, respec-
tively, and ¢ is the phase of the complex amplitude. Considering a linear interaction
and isotropic particle with no static dipole moment, the induced dipole moment is
proportional to the complex polarizability a(w) = a,(w) + ia;(w) and the electric

field [13]:

p(r,t) =Re[a(w)E(r)e ™' = Re[ue ™). (33)

From equations 28-33 we then find that the average force over one cycle is
Qr 2 | Yo Qp 2
(F) =V ES + S ERV6 = V(B + aw(B x B), (34)

where the first term is the gradient (or dipole) force and the second term is the
scattering force.

The gradient force arises from the inhomogeneities of the field. Particles with a
positive real polarizability are pulled towards high-intensity regions of the field while
particles with a negative real polarizability are pushed out of them. At the extremum
of the optical field intensity the force is zero. Because of this the gradient force can

be used to trap particles (of positive polarizability) in the high-intensity region of
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Figure 1. Illustration of an optical tweezer. The particle in the middle (purple) is
trapped with a highly focused light field (blue). The light is focused with lenses
(pink). The forces acting on the particle are gravity (G) and the optomechanical
force, which consists of the gradient force and the scattering force (Fop = Faraa +
Fiat). In the focus of the optical field the net force is zero and the particle is
levitating.

the field, and that is exactly how particles are trapped in optical tweezers. The
scattering force is caused by the momentum transfer from the field to the particle
and is proportional to the field momentum Gygegq. It always pushes the particle in
the direction of the beam due to the positive imaginary polarizability, whereupon it

can be used to slow down (cool) the motion of the particle.

1.2 Optical tweezers

Optical tweezers are devices used to trap nano- and microscopic particles using
focused lasers. The method of optical tweezing was first proposed by Arthur Ashkin
in 1970 [2| and later demonstrated experimentally by him and his team in 1986 [14].
Since then optical tweezers have become an important tool in many fields, like in
microbiology for trapping singular cells [15].

In order to trap a particle in an optical field, there has to be a point where the
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F

Figure 2. Tllustration of the optical trapping force according to ray optics for parti-
cles bigger than the wavelength of the laser. Here are shown two rays and the force
F acting on the particle. The particle is always pulled towards the focus of the rays
(the crossing of the blue lines).

net force is zero. As we showed before the gradient force of an optical field has
exactly this property and it is the force that traps the particle in an optical tweezer
towards to the focus of the beam. Figure 1 shows an illustration of optical tweezers.
The laser is tightly focused using lenses and at the focus optical forces perfectly
counteract gravity which makes the particle levitate. In practice the particle is not
at rest but oscillates around the focus point.

For particles smaller than the wavelength of the laser, we can use the dipole
approximation and the trapping force is simply the gradient force in equation 34.
For particles bigger than the wavelength of the laser, the trapping force can be
calculated using ray optics. An illustration of the optical trapping force is shown
in figure 2. The illustration shows two light rays and how their trajectories change
when they interact with the particle. The change in the rays’ momenta have to be

matched by the change in the particle’s momentum, and so the particle experiences
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a force that always pulls it towards the focus of the beam. Again, the force consists
of two parts: the scattering force, in the direction of light propagation, and the
gradient force, which is perpendicular to it [12|. For intermediate particles the full
Maxwell stress tensor is needed to calculate the optomechanical forces.

The trapping force in an optical tweezer is [13]

F@) Q) =L, (35)

C

where P, is the power of the trapping beam, ¢ is the vacuum speed of light (as
before), and ¢, is the relative permittivity of the surrounding medium. We work in
vacuum, where ¢, = 1. Q(r) is the trapping efficiency, which in the Rayleigh regime
and with no particle losses depends on the normalized gradient of the light intensity
and the polarizability of the particle a [13]. The polarizability of a homogeneous

and isotropic spherical particle is the Clausius-Mossotti polarizability [12]

a(w) = 360%2(“) - (36)

(W) +2’
where €y is the vacuum permittivity, V4 is the volume of the particle, and e(w) is
the relative permittivity of the particle. Moreover, for small deviations z from the
focus, the restoring force is linear as (F') = —kx, where k is the trap stiffness. This
corresponds to a harmonic trapping potential U = %kxz.

Figure 3 shows a real photo of a levitating nanoparticle in optical tweezers,
taken by the Quantum Nanophotonics Group of the Vamivakas Lab in the Institute

of Optics at the University of Rochester.

1.3 Cavities in optical trapping

The basic model of an optical cavity is presented in figure 4. It is composed of
two parabolic mirrors facing each other. Between the mirrors is a standing wave,

the cavity mode with frequency w.. A nanoparticle placed in the cavity couples to
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Figure 3. Photo of a levitated nanoparticle by J. Adam Fenster, University of
Rochester.
https: / /labsites.rochester.edu/vamivakaslab /research/levitated-optomechanics/

Figure 4. Tllustration of a particle in an optical cavity. The particle is trapped in
optical field (blue area) and placed between mirrors in a cavity. The particle couples
to the cavity mode with frequency w,.
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the cavity mode and this interaction can be used to cool down the particle to its
quantum ground state.

The cavity can consist of two modes, one for trapping of the particle and one
for cooling, or the particle can be trapped in an external optical tweezer and placed
inside a cavity with only one mode, so that the trapping field and the cavity field
are orthogonal [6]. We are interested in the latter case.

In a cavity the light field is an active participant in the dynamics. Close to
equilibrium the combined system can be modeled as two coupled quantum harmonic
oscillators, instead of a mechanical oscillator in an external potential, as was the case
in optical tweezers without cavity.

Optical cavities are used for cavity assisted optomechanical cooling, where the
center of mass motion is cooled as photons are scattered off from the particle into
the blue-detuned cavity [16].

Optomechanical quantum control, preparing and controlling quantum states us-
ing optomechanical tools, requires that the particle is near its quantum ground state,
where thermal energy is much smaller than the mechanical energy of the oscillator:
kgT < h€2y;. Here kg is the Boltzmann constant, T is temperature, h is the re-
duced Planck constant, and €2, is the mechanical frequency. This condition can be
reached using cavity assisted cooling [9].

In a blue-detuned cavity, where the resonance frequency of the cavity is higher
than the center of mass motion’s, photons scattering from the particle due to op-
tomechanical interaction tend to scatter to higher energies in order to enter the
cavity resonance. This increase in photon energy comes from mechanical motion of
the particle, meaning that the particle slows and cools down. This process is called
the Anti-Stokes process.

The opposite process, where the photon scatters red-shifted, i.e. with a lower

energy that it had before, is called the Stokes process. This process increases the
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energy of the mechanical oscillator and therefore heats it up. These processes can

happen simultaneously and in order to cool the particle the Anti-Stokes process
must be dominant.

The rate of Anti-Stokes processes is A~, so the transition rate from n to n — 1
phonons is

Fn—)n—l =nA".

(37)

Similarly the rate of the Stokes process is AT and the transition rate from n to n+1
phonons is

Tt = (n+ 1)AT. (38)

When the cavity is blue-detuned the rate of the Stokes process is smaller than the
rate of the Anti-Stokes process.

Both the Anti-Stokes and the Stokes processes contribute to the full optome-
chanical damping rate

Dopt = A7 — AT, (39)
The average phonon number . =Y~ nP, is affected by the processes, so
i (n+1)AT —nA~ (40)

In the steady state ‘é—?

(41)

The rates of (Anti-)Stokes process can be calculated using Fermi’s golden rule,
using the optomechanical interaction Hamiltonian that we’ll calculate a bit later in
section 3 (equation 95) H; = goata(b + IST), where g¢o is the coupling strength, and

a' (a) and b (b) are the creation (annihilation) operators for the cavity mode and
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the mechanical mode, respectively. In the weak coupling regime the rates can be

calculated using quantum noise spectrum

Spp(w) = G? / dte™(aTa(t)a’a(0)) = G*Syn(w), (42)
where Sy is the photon number noise spectrum, that gives us the energy eigenstates

that the photons can scatter into, and is calculated in [17] to be

_ K
_ncavﬁ2/4+(A+W)2’

SNN(CU) (43)

where 7., is the average photon number of the cavity mode, « is photon dissipation
rate, and A = w; — W, 18 the detuning between laser frequency w; and cavity
frequency wegy-

Using the spectrums, we get that the (Anti-)Stokes process rates are

9_ K
goncavli2/4+ (A :F Qm)27

A* =Typp2 Srr (W = Fp) = QSSNN<W = FQy) = (44)

where xzpr is the zero point fluctuation amplitude of the position operator b+ l;T,
and go = Gxyzpr is the single-photon optomechanical coupling strength [9].
Inserting them into equation 41 we get that the steady state the phonon number
is
T Ll 11
At K244+ (A + Q)2

1~ (45)

The phonon number can be minimised by varying the detuning A. When k < Q,,,

the minimum is
_ R {2
i = (155)? < (46)

meaning that ground state cooling is possible.

2 Theory of open quantum systems

Some systems, where interactions with environment are insignificant, we can ap-

proximate as closed systems fully isolated from their environments. But in reality,
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no system can be fully isolated, and we need the theory of open quantum systems
to describe them.

Open quantum system theory can be used to analyse many different kinds of
systems in many different fields [18|. For example, in quantum optics it is needed
to describe light sources and dissipation of photons [19]. It can also be used to
describe phenomena in condensed matter physics [20], molecular physics [21], and
in quantum information protocols [22].

Open quantum system interacts with an external environment. Therefore when
we are interested in its dynamics we have to take into account not only the system
itself but also the dynamics of the environment and the interactions between the
system and the environment.

In open quantum systems the total system (with Hilbert space Hp, density
matrix pr and Hamiltonian Hr) is closed and consists of the system of interest
(Hs, ps, Hs) and the environment (Hg, pr, Hg), as shown in figure 5. The total
Hilbert space is a composite of the Hilbert spaces of the system and the environment
Hr = Hs ® Hg and each of the reduced density matrices of the subsystems can
be calculated as a partial trace of the total density matrix: pg(t) = Tre[pr(t)] and
pe(t) = Trs[pr(t)]. The total Hamiltonian consists of a bare system term, a bare

environment term, and an interaction term:
HTIH5®HE+]I5®HE+QH], (47)

where « is the strength of the system-environment interaction and the interaction

Hamiltonian can be decomposed as
Hp = Zsi®Ei7 (48)

where S; € B(Hg) and E; € B(Hg) are bounded operators of Hg and Hg, respec-

tively. In practice, the boundedness assumption is often relaxed.
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Total system: 7, pr, Hr

Environment:
He, pe, He

System:
Hs, ps, Hs

Figure 5. The total system is composed of the system we are interested in and the
environment it interacts with.

The equation of motion for the total system is given by the von Neumann equa-

tion

pr(t) = —i[Hr, pr(t)]. (49)

The next goal is to reduce this equation to find the equation of motion for only
the system, effectively removing the environment from the equation and making
it easier to solve. This way we find the Gorini-Kossakowski-Sudarshan-Lindblad

master equation (GKSL) for the system [23, 24].

2.1 Gorini-Kossakowski-Sudarshan-Lindblad master equation

Lindblad equation is the most general generator for Markovian dynamics in an open
quantum system. We derive it here from microscopic dynamics in a system described
in figure 5. The derivation follows [25].

We work in the interaction picture, where both density matrices and operators
depend on time, as opposed to Schrodinger picture where only density matrices

depend on time, and Heisenberg picture where only operators depend on time. In
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the interaction picture, an arbitrary operator A € B(Hr) is represented as a time-
dependent operator A(t) = e/(Hs®letls®@Hp)t Ap—i(Hs@le+Is®HE)t and evolves due to
the system and environment Hamiltonians, while the time evolution of the density

matrix comes from the interaction Hamiltonian, as given by equation

Prll) _ ol i11(0). (1) (50)

Integrating this over time, we get the equation

t
pr(t) = pr(0) = i [ dslEL1(5), ()] 61)
0
Then we insert this pp(t) back into equation 50

V) — el (), 0(0)] - o? [ Sl i) pr )] (52)

and then do the same thing again to pp(s) in the integral, using p(t) as the initial

condition and integrating backwards in time,

Ha/m/mﬂf (E(s), [H1(5"), po(s)]
— ialH (1), pr(0)] — /MWNHE®ﬁNm, (53)

0
where on the last line we have assumed that the interaction between system and
environment is weak, i.e. o is small, and therefore the term of order o? is very small
and can be left out.

This equation 53 is for the total system, and to find the equation of motion

for only the system we are interested in, we have to take a partial trace over the
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environment
dps(t) . dpp(t)
(if =Tre[ = t
— — iaTepl T4 (1), 7 (0)] — o2 / ASTep[1(1), [F11(), b (D). (54)

This still depends on the total density matrix. We assume that at time ¢ = 0 there
are no correlations between the system and the environment and so the total system
is in a separable state p;(0) = pg(0) ® pp(0), and that initially environment is in a

thermal state

Hpg
R e kBT
pE(O) = — Hp <55>
Trle *57]

where 7' is the temperature and kg is the Boltzmann constant. Going forward we
set kg = 1. Using the form 48 for the interaction Hamiltonian H;, we can calculate

that the first term in 54 is

Tep[H (1), pr(0)] =Trp) | Si @ Ei, pr(0)]

where we have assumed (E;) = Tr[E;pp(0)] = Tr[pg(0)E;] = 0, Vi. If (E;) is not

zero, we can rewrite the interaction Hamiltonian as
Hy =Y S ®(E — (E)lp), (58)

where clearly now (E; — (E;)Ig) = 0. To cancel out the effect that this change has

in the system dynamics we need to add a driving term a ) ,(E;)S; to the original
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system Hamiltonian. This way the total Hamiltonian remains unchanged:

Hy =H; @1 +1s ® Hg + aH;

=(Hs+a) (E)S)@Ip+1s@ He+a ) S ® (B — (E;)lg)
=Hs®Ig+1s® Hg + aHy, (59)

and we can assume that (F); = 0.

Because the interaction between system and environment is very weak, we can
assume that the system and the environment are always noncorrelated and therefore
the environment is always in thermal state. Corrections to this assumptions are
higher order in . The total state at time ¢ is then pp(t) = pg(t) ® pr(0) and

equation 54 becomes

dpg(t)
dt

— / AsTrg H (), [H1(5). ps(t) © (0] (60)

By taking the upper limit to infinity and changing the integration variable s — ¢ —s,

we obtain Redfield equation

dps ()
dt

— / T ASTe R0, (s — 1), ps0) @ ). (61)

To ensure the complete positivity of the evolution given by the master equation,

we must do a rotating wave approximation. Before that we define a superoperator

HA =[Hg, A], VA € B(H). Operators fulfiling

HS;(w) =[Hs, Si(w)] = —wS;(w), (62)

S} (w) =[Hs, S} (w)] = wS] () (63)

are the eigenoperators of the superoperator and form a complete basis of B(H).

Then we can write the system operator S; from the decomposition of interaction
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Hamiltonian 48 in this basis

Si=> Siw). (64)

We change back to the Schrodinger picture for the system part of the interaction

Hamiltonian by expression
Sk _ ethSSke—thS _ ethSe—zt(Hs—i-w)Sk _ e—zthk. (65)

We apply these changes for the interaction Hamiltonian in equation 61, and after

some calculations [25| we get

di)gt(t) = 3 (e Iy (W) [Si(w)ps(t), SEW)]
+ e[S (W), ps (D SEW)]), (66)

where factors Ty(w) = [° dseinTr[EL(t)El (t — $)pg(0)] include the effects of the
environment.

Here |w—w'| gives the frequency of the oscillation for each term. If |w—w'| > o?,
the term oscillates much faster than the system evolves, since o? is the strength of
the interaction and so é gives the time scale of evolution. Such terms do not
contribute to the overall time-evolution of the system and we can leave them out of
consideration.

We have already assumed that the interaction between the system and environ-
ment is weak and « is small. Taking o — 0 we are left with only the resonant terms

w = ' in equation 66:

dps(t)
dt

=Y (Cu@)Siw)ps(t), SHw)] + Ti(@)[Si(w), ps(t)SHw)])- (67)

w,k,l
This is the rotating wave approximation.

We divide the operators I'y;(w) into Hermitian and non-Hermitian parts as

Tp(w) = %W(w) +ima(w), (68)
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where the Hermitian part is

Y (w) =l (w) + T (w)”

—/OOO dsewsTl"[E () Ei(t — 9)pp(0)] + /OOO dse™**Tr[E5 ( VE(t = 5)pp(0)]

:/000 dsei“’sTr[Ek( tE(t — $)pg(0 /0 ) se ST Ek( HE(t + 5)pp(0)]
= /_ h dse* Tr[ B! (5) By (0)] (69)

and the non-Hermitian part is my(w) = 35T (w) — T (w)*). Using this form for

I'wi(w) equation 67 becomes

di)c?t(t) - Z((l’m(w) + im(w))[Si(w)ps (1), SZ(W)]

2
w,k,l

+ (%w (w) = ima (W) [Si(w), ps (1) SE(w)])

_Z Vi (W ps(t )ST( )

w,k,l
1 . ) R
- 5{511(00)&(00)7 ps(t)}) — imalSH(w)Su(w), ps(t)]). (70)
Then we change fully back into the Schrodinger picture using pg = s pge=#Hs
s P
On the left hand side we get
dp d, . .
g :&(eltHspSe—ZtHs)
— i HeptHs popitHs | itHs dps _ine  aHs . —itHs,
=iHge" " Spge +e T —e — e pge 1Hg
d .
—¢ittls (fts e s 4 ie™s [ Hg, pgle™"1s, (71)

and, because operators Sy are eigen operators for H, we can take out the exponential

factors in each term on the right hand side in equation 70
Sll. ((,U)Sl (w)eitHSpse—’itHS :S"L (w)eitHS eithl (w)pse_itHS

:eitHsefithl]; (w)eiwtsl (w)psefitHg

—c s 51 () Sy (w) pge™Hs. (72)
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The calculation is almost identical for the other two terms. Then we can cancel out
the exponential factors on both sides of the equation 70. This gives us the master

equation on Schrédinger picture

dps _
dt

. 1
—i[Hs + Hp, ps(t)] + Y (mua(w) (Su(w)ps (t)Sf(w) — E{Szi(w)sz(@, ps(t)})),
(73)
where H; = EWM Wle,i(w)Sl(w) is called the Lamb shift Hamiltonian. We denote
the full Hamiltonian H = Hg + H;.
To get the Lindblad equation we still need to write this in diagonal form. ~(w) =

(Yr(w)) is a positive matrix so it can be diagonalized using a unitary transformation

O as
di(w) 0 ... 0
Ov(w)O'" = O dQ('W) ' O : (74)
0 0 ... dy(w)

Then we define operators L, = >, OjS;, which form another orthonormal basis.

Using these operators we rewrite the master equation in a diagonal form:
=~ UH, ps(t +de ps(t)Li(w) = S{Ly(w)Li(w), ps(®)})- (75)

Ly, are the jump operators, which describe the stochastic part of the dynamics based
on how the environment affects the system.

If there is only one relevant frequency w Lindblad equation simplifies to

d
T~ SO+ Xl Lars(01] - (LD ps®)). (10
2.2 Unravellings (Quantum State Diffusion)

We start with an ensemble of state vectors, that satisfy a stochastic differential

equation, and whose density matrix satisfies a deterministic master equation. This
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is called an unravelling of the master equation. Each unravelling corresponds to only
on master equation, while a master equation can have many different possible un-
ravellings. One of the unravellings for Lindblad master equation 76 is the Quantum
State Diffusion (QSD) [26, 27].

In QSD the ensemble consists of normalized pure states [¢;) and the density

matrix is the ensemble average of the projection operators for these states:

p(t) = (L (@) P @D)])- (77)

The QSD equation can be derived by first writing the stochastic differential equation

for state vector |¢;) in Ito form |28, 29]:

[de) = [o)dt + ) Jur)déy. (78)

where the first term is the drift of the state vector, and the sum is the stochastic fluc-
tuations. Here d&; are independent complex Wiener increments, with independent

and equal fluctuations in their real and imaginary parts, and which satisfy

(d€x) = 0, (d&xd&) =0, (d&id&) = dpdt. (79)

Also the fluctuations at different times are assumed to be independent, so the process
is Markovian.
The fluctuations must be orthogonal to the state vector (¢y|ux) = 0 to preserve

the normalization of the state vector. This means that

(|dv)) = [v)dt and (|dy)(de]) =2 ug) (ug|dt. (80)

The change in the density matrix p is in [t6 formalism

dp =d([¢)(¥]) = (|d¥){&[ + [¢) (d] + [dep)(dy])
= p=lo) (] + [ (0] +2 ) fug) (unl. (81)
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The stochastic terms are orthogonal to [¢) (1], so using the Lindblad master equation
76 for p and initial density matrix p, = [1)(¢|, that projects onto a pure state, we

see that they are
23~ ) (un] =(1 = [¢) (T = [) (&)
k
(T~ W) ([, )+ 3 (LapL — S{LLLe, o)~ [9)0)

k

= (= [$) @D Iel) (WILLT = [$) (), (82)

and from this we see that

Ju) = (L) = (L)) 1) (83)

The drift is given by

ple) =lv) + ) {vle)
(Wlply) =(vl) + {vl¢) = 2Re(Y|v), (84)

and so

v) =pl) — (o)) = pl) — <§<w|p|w> +ic)|v), (85)

where ic = iIm((x)|v)) is a purely imaginary phase change function that does not
affect the physics of the system and is by convention set to zero so that the equation
simplifies back to Schrodinger equation in absence of an environment.

Similarly as before we insert p from Lindblad equation 76 and using initial density
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matrix p, we can solve |v)

|v) = = i(H[P) (DY) — [} (H))
+ Z(Lkh/})@) - %(LLLkW)(@/)Iw + [} (L) (Li)))

—%( ) o) + iLH) o)
S (L LD o) — SULILAWII0) + (L)L) W)
== )+ N gL = D ) (56)

The full stochastic differential equation for the state vector is therefore

) = — H [t + (LD L — 3 LLL — 2 (LD(L] e

+ Z[Lk — (L)) [¥)d&. (87)
k
This is the non-linear QSD equation in It6 form.
However, for our system we want to use a linear QSD equation in Stratonovich
form, so we can solve the equation we using normal rules of calculus. For this reason
we next write the linear QSD equation by simply excluding the non-linear terms [29]

v = — iHo)dt — 37 SILLA)AE + 3 Ly (58)
k

k
This linear form no longer preserves the norm of the state for individual states, but

on average produces the GKSL evolution.
In this case, the linear QSD equation is the same in both Itd6 and Stratonovich

forms, but in Stratonovich form it is usually written in differential form
|¢ = —iH|) — Z LTLkw )+ anmw (89)
where the new noise 7, = % has properties

k() = 0, (mk(@)m(s)) = 0, (ne(t)ni(s)) = KOt = s). (90)

This form of writing implies that we can use normal rules of calculus when solving

the equation.
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3 System under study

We are interested in a system, where a nanoparticle is trapped in optical tweezers
and placed in an optical cavity. We use a Febry-Pérot cavity, where one mirror is
movable, making it possible to adjust the length of the cavity. This system includes
two modes, a mechanical mode for the center of mass motion of the particle and a
cavity mode for the optical cavity, that interact. We do not take the polarization of
the optical field into account, so we have simply assumed that the field is a scalar.

The Hamiltonian part of the dynamics must therefore include both modes and
the interaction between them, and the non-Hamiltonian part of the dynamics, given
by jump operators L,, and L.,,, describe the decay of the modes.

To write the GKSL equation for this system we need to know the Hamiltonian
H and the jump operators Leq,, L,. We use a similar approach as in [9].

The tweezer field creates a harmonic potential to trap the particle, meaning that
the Hamiltonian for the mechanical oscillator trapped in the tweezer field, but not

coupled to the cavity field is
/\-‘—A
Hyo=wbb, (91)

where w; is the mechanical frequency (the frequency of the harmonic trap), and b
(l;T) is the annihilation (creation) operator for the mechanical mode [7].

The cavity mode can also be described by a harmonic oscillator, so its Hamilto-
nian is
Hca'u = wcav(i)&Tdv (92)
where we., () is the cavity mode frequency, which depends on the length of the
cavity, and @ and a' are the annihilation and creation operator for the cavity mode.

Creation and annihilation operators satisfy the usual commutation relation [a, a'] =

1=[b,b].
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The presence of the particle disturbs the cavity field and mimics a change in
cavity length [6]. The cavity frequency depends on the length of the cavity and
in this way also depends on the displacement of the particle z. We can write the

displacement dependence as

8wcav

e T (93)

wcav(‘%) ~ Weaw + x

where we are only interested in linear terms. We define optical frequency shift per

displacement G = 8“5}‘” and use it to write the cavity Hamiltonian as
ean ()80 % Weayid'd — 2GiTa = weand'@ + go(b + b )a'a, (94)

where 7 = prF(l; + Z;T) is the position operator for a particle in a harmonic trap,
Tzpr 18 the zero point fluctuation amplitude, and gy = Gz pp is the single-photon
optomechanical coupling strength. This gives us the free cavity mode Hamiltonian

A

H oo = Wea@'@ and the interaction Hamiltonian

iy = goata(b+ ). (95)
Our full Hamiltonian is then
H = Ho+ H; = weapd'a + winb b+ goata(b + b, (96)

where we have denoted the full free Hamiltonian of the system Hy = ﬁm,o + }AIca'U,O-
We change into a frame rotating at the frequency of the driving laser w; with a

. . P iworala . . .
unitary transformation U = 2% % where the new Hamiltonian is

B
H=U(H,+ H)U + i

A A N “ . ATA
=Ho+ H; — wralaera'at

St wnb b+ goata(b+ b)), (97)

where 0 = w;, — Weqy 18 the detuning of laser frequency from cavity frequency.
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We divide a into classical part and quantum part @ = @ + a’, where @ = (a) is
the average coherent amplitude and @’ is a fluctuating term that going forward we

will denote with simply a. The interaction Hamiltonian is then

Hr=gola+a)(a+a)b+b) (98)

—golla)? + aa + a*a + afa)(b+ b))

~go(aa’ +a*a)(b+ b)), (99)

where in the last equation the first term is left out, because it implies an average

radiation pressure F' = G|a@|? that can be omitted by shifting displacement’s origin

E__ The last term was left out because a < .

MeffWn

by 0z =
We assume & = /Nicep € R and define the optomechanical coupling strength

g = go\/Ncap- Then the interaction Hamiltonian is
Hy=g(a+ah)b+b). (100)

The full cavity optomechanics Hamiltonian H is

H=—8dta+wbb+gla+a)b+b). (101)

It describes the coherent coupling between cavity and mechanical modes [7].
We have two modes so we have two jump operators: L., = a the cavity annihi-
lation operator, and L,, = ¢ = b+ ET the mechanical position operator for a particle

in harmonic trap (¢' = ¢, (¢*) = ¢*). These give us the dissipation term for cavity
~ /\T 1 /\T/\
Leaw|p) = k(apa’ — i{a a, p}), (102)

which describes the decay of cavity mode at rate x due to the presence of the
particle and photon losses caused by mirror imperfections, and the diffusion term

for mechanical mode

L =T(apq — {7 p}), (103)
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which generates decoherence of the mechanical motion at rate I' due to recoil heating
caused by light scattering off the particle [7].

The full Lindblad master equation that describes our system is then

A

. . . .o 1
p=ilp, H] + r(apa’ — S{a'a, p}) + T(apq — 5{a p}). (104)

4 Particle dynamics

4.1 Solving the stochastic differential equation

We have a master equation [30]

A

. o L PSR S
p=ilp, H] + r(apa’ — S{a'a, p}) + T(apa — 5{a p}), (105)

where H is given by equation 101, and we want to solve the dynamics of the system.
We use quantum state diffusion to change the problem from a master equation for
a density matrix to a stochastic differential equation for state vectors. The QSD

equation in this case is

0 - r
ol = —iHG) + §aln) — Salalv) +mialve) - 5@Ne),  (106)

NOY iy

where the noises & and 7; have properties

<§:> =0, <§t§9> =0, <7];€k> =0, <77t778> =0,

(&&s) = kAt — ), (nmg) =To(t — s). (107)
We aim to solve p that satisfies the master equation as the expectation value

P = <|¢t><@/}t|> (108)

We use the Stratonovich method to solve the stochastic differential equation, so

we can use the product rule

O ununl = 1) (el + ) (109)
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The derivative of state p is then

9 o= el) = (el + )l

() (] + 810 (Wl — Satalg) (ol + mialy) l — 5@l (i
iSO IE + &l o’ — T (laa + mlwdd — S0 i)
= — i, p] = 5{a'a, p} + (& [V wal) + (&) (i)t
— A& o)+ Al ) + e i (110)

Comparing the terms in this equation with the terms in the master equation 105,

we get the equation

k(| (l)a’ = adg ) (Wil) + (Eln) (Wil)al, (111)

which can be solved by using the Furutsu-Novikov theorem. We get the solution

(& (el = 5 (o) (wn)a (112)

Similarly for the mechanical mode we get equation

Lo (Wel)a" = alnf [e) (Wel) + (nelabe) (i) (113)

with solution

90 i = 5 e wndhat (114

Next we assume that the state is of the form
[¢r) = €¥10,0), (115)

where X is an operator consisting of the annihilation operators of cavity mode and

center of mass motion

~ ~ 1 1 - ~
X =l b — Sr(a)? - 58(1)*)2 —zalh) (116)
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Taking a derivative of this state we get
0 N . ot 1. 1, ot gt
510 = Fple) + AaTn) + b ) = S7(aT)* ) = S3(0)* () — 2aTb [ab). (117)

We want to calculate the stochastic differential equation 106 explicitly in terms
of the parameters in our ansatz (A, u, r, s, z, and N) and the creation operators
in order to compare it to equation 117 and in that way find individual differential
equations for each of the parameters. If we can solve the time dependency of all
the parameters in our state, we then know how our state changes in time. Here we
present only the main parts of the calculation. More detailed calculations can be
found in appendix B.

To do this we need to first calculate how the creation operators a and b operate

on the state |¢)). We define a new operator a(f) as

a(0) = e "X aefX. (118)
Its derivative is
3@(9) —= —e X [X, a)e"X (119)
89 ) )
where the commutator is
[X,8] = —A+ral + 25, (120)

We do the same for the mechanical mode annihilation operator I;, whose commutator

is
X0 = —p+ sb + zal. (121)

The creation operators commute with operator X and its exponential:

1X,al] = 0= [, al], (122)
X,67=0=[%,5], (123)
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so the derivative 119 becomes

0 .

Ta0) = A —rat — 2
800,(0) A—ra' —zb (124)

By integrating this over 6 we see that

1
a(1) — a(0) = / d@%d(&) =\ —ral — zb
0

e XaeX =a+X—ral — z@T, (125)

and by operating with this on [¢;) we get the result of how the annihilation operator

operates on the state:

e~XaeX|0) = a|0) + (A — ra — 2b')|0)
aeX|0) = (A — ral — 2b)eX|0)

alie) = (A —rat — 25 [). (126)

For operator b we get the corresponding solution

Blun) = (11— b — zal)|gs). (127)

Now that we know how the annihilation operators a and b operate on the state,
we can calculate how different quadratic combinations of creation and annihilation
operators operate on it:

atafy) =(Aa' = r(a)? - 25 [u),
B blun) =(ub — s(b)? — za'b") ),
@by =[Ap — 2 — (rp+ 20 )il — (sA+ 2p)b’ +r2(al)? + s2(b')?
+ (57 + 22)atb )|,
ab'[i) =0 — =(b)? = ra'd) ).
a'bleyy) =(pa' — z(a")* — salal)|vy)
B bje) =(ub' — 5(6')? — 2a1b") )

B lb) =(u? — s — 2zpat — 2spb’ + 22(@h)? + $2(0)2 + 25200 ). (128)
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Using these, we can write the QSD equation 106 in terms of the ansatz state pa-

rameters:

o .
231 = = iH ) + €lalun) - Salal) + v - 5 l)

r
2
=lGA+ 0 —igOp = 2) = ST + 1= )]|vn)
1
+ [10N —ig(—2 A+ pu(l —7r)) = &r—mnjz — 5/1)\ + Tzpa’|ehy)
. . * " 2l
+ [—iwp —ig(—zp + A1 = s5)) = &z —n (1 — s) = Tu(l — $)]b |iby)
1 1
+ [—idr +igz(1 —r) + ST = §Fz2](d7)2|wt)
. . 1 2 l 2
+ [iws +igz(1 —s) — 5F(1 —8)%](b )*|y)
1 .

+ [iz(w — 0) —ig(2® +rs—1r —8) + hz +Tz(1 - s)]dTbTWt). (129)
By comparing the terms with the same combination of annihilation operators in this
equation and in equation 117 we get differential equations for each of the parameters

in the ansatz state

% =GN+ —ig(Ap— 2) — %F(MQ +1-5s), (130)
A =(i6 +igz — %/@))\—igu(l —r)=&r—nz+zp, (131)
o =(—iw +igz = I(L = s))p — igA(1 — 5) = &'z — g/ (1 — s), (132)
i =(2i6 + 2igz — K)r — 2igz + 22, (133)
5= — 2iws — 2igz(1 — s) + (1 — s)?, (134)
2 =(i0 — iw — %/@—F(l —8))z+ig(z2+rs —r —s). (135)

These equations give us the time dependence for the parameters of the ansatz. This

shows that the solution of the QSD equation is of the form [¢;) = N,:ej(lﬁ|07 0).

4.2 Norm of the state

We want to be able to calculate the expectation values for creation and annihilation

operators and their combinations. We can do this by taking a derivative of the
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~ T ~
norm of the state (;|1¢) = |N|?(0]eX eX|0) with respect to one of the parameters

Al

in operator X = Aal + MZ;T — 1r@")? - s(b')? - 2t For example, we get the

expectation value for operators a' by taking a derivative of the norm with respect

to the parameter A
9 9 2y % 201X ot X - o1
o ey = oo INTP(0]e™ e7]0) = [N(0]e™ a'e™|0) = (v]a’lye) = (a').  (136)

This can naturally be expanded for expectation values for combinations of the op-

erators. For example

@' = =2t (137)
X o T

To calculate the norm we first define new state vectors
R . RS
Ju) = "' |0), [Jo) = e 0), [Ju,v) = "+ |0), (138)
that have the property

1 2 1 2
/d2u—e”| /d%—e'” l|w, v) (u,v|| =L (139)
7r

(0

Then we want to know how the creation and annihilation operators operate on the

vector (u,v||. We find that

o] =5 (01 HP) = (0] P = {u, vl (140)
o0 * 2\ k
T u*a~t _v*b __ (ua) ~T _v*b
(u,v]|al =(0]e*"%aTe o> ale
k=0
*\2
it ut)® o
=(0[(a" +u*(a'a + 1) + ( 2) (a'a? +a) + ...)ev""
=(0|u* i (Wa)" oi s _ wH0]e™ B = (| (141)
kzo k‘ Y Y
with corresponding equations for b and v:
~ 0
<U,U||b :—<U,U||, (142)

ov*
(u, o]t = (u, ] (143)
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By reorganising the terms in equations 126 and 127 we find that |¢;) is an

eigenvector for operators a + ra' + zlA)T and b+ SBT + za' with

(a+ral + 28 ) [ih) = N,

b+ sb + zaD) ) = ple).

Using these properties we get equations

M, v||1y) =(u, v||(a + ral + ZIA)T)Wt) = (i + ru* + 20")(u, v||y),

ou*
+ sv* + zu”) (u, v||[¢y).

0
plas ol =

(144)

(145)

(146)

(147)

Let’s define f(u*,v*) = (u,v||¢y) and assume that it is of form f(u*,v*) =

e9® ") Then from equations 146 and 147 we get a pair of partial differential

equations

0
—g+rut+ 20" = A =0,
ou*

av*g+sv*+zu*—u:0,

from which we can solve g(u*,v*) and therefore f(u*,v*):

1 1
g(u™,v*) =\u* + pv* — §r(u*)2 - 53(?}*)2 — zu™v*,

* *_ 1 *\2_ 1 *\2 * 0k
f(u*,v*) :6)\” Fpv*—5r(u*)?—5s(v*)*—zu*v

)

and finally use this form to calculate

[, vlloe) |* =1 f (u”, 07

1 1
=exp[A\u* + Nu + pv* + pfv — —r(u)? — ir*uQ

2
1 1
. —S(’U*)Q o —S*UQ

k ok *
— 22UV — Z uv).
2 2 )

(148)

(149)

(150)

(151)

(152)
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Then we can write the norm of the state as
2 20 L -
(Wel) = | du | dv—e (W] [u, v) (u, v[)
1
= [t [ e
:%/d2ve|v2+pv*+u*vés(v*)Q%s*vQ
T

/dQUG—u|2+()\—zv*)u*-l—()\*—z*v)u—ér(u*)z—;r*uz (153)
Both the integral over u and integral over v are of the same form

l/d2ueu|2éb(u*)2§b*“2+ﬁu*+5*u. (154)
s

We solve it in this general form, so the solution can be easily applied to both
integrals.

First we want to switch to a matrix notation. We define a vector

U
u= , (155)
u*
and a matrx
a b
A= , (156)
b* a

where a € R and b € C. Then the product

1 1 1
§uTAu = alul* + §b(u*)2 + §b*u2, (157)

is almost the same form as the exponents in equation 153.

With the help of the eigenvalues of matrix A, we aquire the diagonal form
A= CDC',

where

a—1[b| 0 1 [=b b
0 a+]y V208l g gy
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To achieve the wanted form, we need to add terms that are linear in u. To do

and use it to write the linear terms as a

this we define another vector B =
/6*

vector product
B*u + fu* = Blu. (158)

The exponent in the norm 153 can then be written in matrix form as

1
Q:—§uTCDﬁu+ﬁTu. (159)
Next we transform the vectors with CT
0
U= = Clu (160)
’EL*
-~ B
B=|__|=0C8 (161)
g
so the exponent is then
3" (162)

We can write it also in the form
1~ .
Q=-;(a-D'B)D(a—D"'B)+ ;8 DB (163)
because
W~ DB Du — D LD+ L+ uB)) — 13 D
——(w'—= D 'B)'D(u' — D ,B):—iuDu—l—i(uﬁnLu,B)—?B Dg
1 ~ 1ot~
— §~TD&+,BT1]— 55*1)@ (164)
and () remains unchanged due to the added term %BTD_lf'}.
Now we can write the integral in matrix form
! / Pue—E-DBDE-DB)+1 D15
(165)

™

™
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To solve it, we change the integration parameter d’u to d*u. We can write u in

terms of 4 as

1 b(u* — 1)
V2R o) + @) 1o

and use it to calculate the Jacobian for the tranformation

at At b 1 1 b b
J = ou ou - = 167
0 ol VABIVE VEVRE D (167)
aal
So d*u = —%d% and the integral 165 becomes
1 / (Pue—3@D'B)Da-D'B+18' D1 _ b 3B’ D B / Pie—3@D'B)DE-D"'B)
T Al
b 1ﬂ D~ 1,3 2
7T|b| Vdet D
_2b 1 istopotp
bl /a2 —JoP?
:2_b 1 em(am'Z_éb(ﬁ*)Q_%b*ﬁz)
bl \/a? — b2 ’
(168)
where
Lyopop=tprap=tp L | © Vg
2 2 20 @ =P | e,
1 2 1 * 02

Now we can solve the norm in full. In the integral over u in equation 153 our

parameters are a = 1, b =1, and § = A — zv*, so the solution for the integral is

1 /d2ue|U|2+()\Z’U*)u*+()\*z*v)u%r(u*)2ér*uz
m

1 1
*|2 * * 2 * *
e eXp[1—|r|2<|/\_ZU | —57“()\ — 2"v) - 5" (A — zv%))]

2r 1 1 1
= ex A2 = Zr(A)2 = 2022 — |22 |v]?
el R r O e e
1 1
+ (A = N)zv" 4+ (rA* — A\)z"v — Er(z*)QUQ — 57“*22(21*)2)], (170)
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and putting this back into the full integral of the norm gives us

e (AR 3r)?=1rea?)

(WUilhy) =—F—= 2 et
4

1— |7“|2
X %/d” exp[—(1+ . ’_Z|;n‘2)|v|2 + (o + %)v*
WlTP 1| NP =5 = 5r70)
TN T _1|b‘2<aw? SISl )
where the parameters are now a =1 + 5 |2, b=s+ - | |2, and 8 = pu+ %

In the special case where there is no interaction between the particle and the

cavity z = 0 and the norm is

(hlih) = e 7 e
RN BN

(AP=dr(y)?=4x2) 28 T (=) = 3s7%).

(172)

5 Conclusions and outlook

Using optical fields to trap and control particles has proven to be a useful tool in
many research fields. It has so far been used among other things to trap individual
cells, bacteria and viruses, and in gravitational detectors. As the technology is
developed further, it may find use in even more wide-ranged applications, like in
highly sensitive commercial acceleration sensors.

Quantum optomechanics is a promising tool quantum mechanics research. It
can be used to create highly isolated, quantum entangled states and using feedback
and cavity cooling particles can be cooled to their quantum ground states. In the
future, it could be used to generate quantum many-particle systems and macroscopic
quantum superpositions.

In this work we described optical forces and how they are used in optical trapping.
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We saw how the optical force can be calculated from Maxwell stress tensor in general
case, or by using the dipole approximation in the Rayleigh regime.

We went over the basics of open quantum system theory and derived the Lindblad
master equation and the corresponding quantum state diffusion equation for open
quantum systems.

Then we applied these concepts to develop and open quantum system model
for optically trapped nanoparticles. We found the Lindblad master equation for
our system and solved it using stochastic methods for an ansatz state. We also
calculated the time dependent norm for the state.

We found a way to analytically solve the master equation. It gives us insight to
the principles of why the system behaves as it does.

In this thesis we studied a basic model of a nanoparticle trapped in an optical
cavity. There are many ways this model could be expanded upon in the future.
For example we could add an external control field to control the dynamics of the
system.

We excluded the polarization effects by using non-polarized light in our model.
By considering a model with polarized light and comparing it with the basic model
we can study how the polarization affects the system dynamics.

Our model had a particle trapped in an optical cavity, but we could also consider
a case with no cavity, simply a particle levitating in an optical trap. Comparing
these systems would show us how the presence of the cavity affects the dynamics of
the particle.

Optical traps can be used to trap multiple particles at once, so we could study a
system of two or more particles trapped in the field. This could give insight to the

interactions between particles in the absence of external forces.
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A zz-component of the average Maxwell stress ten-
sor

We want to calculate the zz-component of the average Maxwell tensor for a plane
wave. The electric field is now

E(t) =EyRe[(e™* + Re™™**)e~™!|n,
=Ey[cos(kz — wt) + R, cos(kz + wt) + R; sin(kz + wt)|n,, (173)

where Ej is the amplitude, k is the wave number, and w is the angular frequency
of the electric field, and R = R, + iR; is a complex reflection coefficient, and the
magnetic field is

H(t) =, /;—OEORe[(eikz — Re™™#)en,
0

=, /;—OEo[cos(k;z — wt) — R, cos(kz + wt) — R;sin(kz 4+ wt)|n,. (174)
0

The zz-component of the average Maxwell stress tensor is then

1
(T,.) = — §<60E2 + poH?)

1
=— 5(60E§[COS(’€Z — wt) + R, cos(kz + wt) + R;sin(kz + wt)]?

+ poiEg[cos(k:z — wt) — R, cos(kz + wt) — R;sin(kz + wt)]?)
Ho

=— %(eoEg[cosz(kz — wt) + RZcos®(kz + wt) + R?sin®(kz + wt)
+ 2R, cos(kz — wt) cos(kz + wt) + 2R; cos(kz — wt) sin(kz + wt)
+ 2R, R; cos(kz + wt) sin(kz + wt)
+ cos?(kz — wt) + R2 cos?(kz + wt) + RZ sin?(kz + wt)]
— 2R, cos(kz — wt) cos(kz + wt) — 2R; cos(kz — wt) sin(kz + wt)
+ 2R, R; cos(kz + wt) sin(kz + wt))

1
=— 5(60E§2[0052(k;z — wt) + R2cos®(kz + wt) + RIsin?(kz + wt)

+ 2R, R; cos(kz + wt) sin(kz + wt)])
=— eOEg%j /: [cos®(kz — wt) + R2 cos?(kz + wt) + RZsin?(kz + wt)
+ 2R, R; coos(kz + wt) sin(kz + wt)|dt
S eOEOQ%%(l +R2+ RY)
€o

=~ 2E(1+ |RP)

__ %(1 +IRP), (175)

where Iy = 2cEf is the intensity of the plane wave.
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B Derivation of the equations of motion for the
ansatz state

The QSD equation for our system is

B )
5plve) = —iHle) + & aldy) — a'alie) +nfalve) — —q *[4be), (176)

where the noises ¢ and 7; have properties

<§Z<> = 07 <£t§s> - O < > = <ntns>
(6&5) = ro(t — ), (mng) = T'o(t — 8)- (177)

We try to solve it using an ansatz state

) = €¥]0,0), (178)
where X is
o yat ~f 1 ~T\2 Lot 2 17
X =Aa" + ub —57’(@) —és(b) A (179)

The time derivative of this state is

0 . .
D iy = Ny + 3o + ') — @) — SaG8 ) — 2 ). (150)

We define a new operator:

a(0) = e % aeX (181)
and take the time derivative of it:
0 o o2 Co . )
%a(e) = —e " Xae" + e aXeN = —e X [X a)e" . (182)

The commutator [X, d] is easily calculated:

= —A+ral +Zb (183)

and we can clearly see that the other commutators are
1X,0] = —u+5(3T 4zt (184)
[X,a")=0=[e",a] (185)

X0 =0=[%0]. (186)
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So the derivative is then
o .
%d(ﬁ) = e XX — e

By integrating the derivative over 6 we see that

1
a(1) — a(0) = / 029 / dO(n —rat — 2b') = A —rat — 2b'

Xt eX e 0XpTetX — N _pat b (187)

00 0
— e XaeX =a+r—rat —2b. (188)
Then we operate on |¢;) on both sides and get the result
e XaeX|0) = al0) + (A — raf — z0)]0)
aeX|0) = (A — rat — 2b))eX|0)
al) = (A —ral — b)), (189)
For operator b we get the corresponding solution
blun) = (11— sb' — za") o), (190)

and using these solutions we can calculate how different quadratic combinations of

creation and annihilation operators operate on the state |¢;):

ataly >=<AT r(ah)? — zalb) ),
b Blaby) =(ub’ — (832 — 2018 ) ),
ablub) =a(u — sb — za®) )

(1 — sb )\ —rat — 2b') — 2(1 + &T(A — vt — )|
— (sA + zu)b + rz(ah)? + sz(bT)2

=\ — 2z — (rp + 2\)a!

+ (s + 22)atb ),

ab'[un) =(Ab — 2(8')? - A*é*>|¢t>

1bloy) =(ual — 2(al)? - silah)luy)
Dbju) =(ub — s(b)? — zal) )

) [( —sfb—zam—sif — za") — ]

~2 > A
b Wt :b(ﬂ —sb —za )|¢t> =

=(u? — 5 — 2zpal — 25,ub + 22 (a"? + s (b )2+ 2s2a'h’ )abe). (191)

The first term in the stochastic differential equation 176 is

(bt b+ g(ab+ ab 4+ ath+ ath)ley),

_”:IWt) -
at + (wp — g(sh + zp — A))ET

= —i[g(\t— 2) — (X + g(rp + 2\ — )
+ (10 4 gz(r — 1)) (a")? + (—sw + gz(s — 1))(?;[)2

+(2(6 —w) + g(z2 +rs—1r— 5))&T3T]]wt>, (192)
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the second, third and fourth terms are

Faliy) =€ (A — ral — 2b)|y), (193)
—Zatafy) = — S — r(a)? - zah) ), (194)
nial) = (u+ (1 — )b — za"le), (195)
and the last term is
_%rqﬂw __ %r(if b 8+ (8D ) = _%r(if 1420+ (B1)2) 1)
=— %F[MZ +1—s5—2zpal —2u(1 — s)l;T + 2% (ah)?
4 (1= 25+ 82) (02 + 22(s — Db | |vy). (196)

Combining these we get the full differential equation for the state

8 __.’\ A~ _EATA * A _EAQ
§|¢t> = —iH|¢y) + &faly) ¢ aly) + n; qlie) 5 )

66N+ — igOw = 2) — ST ( + 1= 8)]1v)

1
+ [i0X —ig(—2 A+ p(l —7) = &r—mn;z — 55)\ + qu]dTWQ

+ [—iwp — ig(—2p+ A1 — ) = &z —nf (1 — 5) — Tp(1 — 8)]b [1)

1 1
+ [—ior +igz(1 —r) + 557’ - §F2’2](&T)2|¢t>

F [iws +igz(1 — s) — %F(l 262

+ [iz(w — ) —ig(2® +rs—r —s) + %ng +Iz(1 - s)]&T3T|wt). (197)
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