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n!
(A � )n+1 + · · ·

= A �
[
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Q=7:7�Q�A[5TS�U>?;7:?KS8S8Q�*�3�Á 14 ÂÄÃ uF7�YX5>9;G-¤Xo-<=58Y%YX9;GPAF³�HI<j?;?KAË9;7­9;YX�FGPG�5><FtTAXA8HyAXA8Q H¨UXWX9
Á 18 D Ã D ´�Ff��Q 5><=oP587:<F?!<=H�GP9J?KAf5><=u=Y85%9@GP9@9!A�B;AC7:oPG-HyG�9;9;S Á��j³=9�+',V\XM{* Ã +

��o-7:?!7
?KAXApQ�³�7
?;?KS§�����E36A8oP<F70YXQ¨Z=Y8HyYX¤87�7�QFGPQ=7:QLtX7:m;7:QIt%G-m@?KAp<=9@?KA®5><FtTAXA�t%G-7�QI9@GPGPmr3
?6UjHyS8Q=Y8��7�<=9JtpA85>GPY8GPu=7:Q�³²Z=7:5%9@Y%YX9;G-7�QÒtX7�m@7�9@?!S­5><=uFYX5>9;7�7�Qv9;G-GPm@?6U%HyG�9;7�Q�³�¤Xo-<=58Y%YX9@G�3
A8G-Q=7�7:QFtpA8G-Z=u=<=QFQ�A8Q�³�Á 18 D Ã D ´�FC�ºQµwgYX9@wgYXmJU%onAXAT?!G-YXQ­9;7:5TSËÁ 18 D Ã D ´�Fz3K³Ä¤Xo-<=58Y%YX9@G�3®B;A
Á 18 D Ã D ´�Fz3r}T3EwgYX9JwdAXAp?@?!G©307:oPG2Á 18 D Ã D ´�Fz3r}T36.ä3O�=G-?;YXG-9;<=<=5>9@GP7:Q¢9;<=Z{?!7:7�Q�+�1²SpoPoPW8G-Q �²���E3
A8o-<=7�7:QsÁ 18 D Ã D ´¡F�3(B;A�Á 18 D Ã D ´�Fz3r}T36.­36�=G�?!YXG-9@<=<=5>9;GPAytXYXG-u�AXA8QÑHyA8oPo�G-Q{?KAXA�5><FtpApQ`*
HI<=5TApGP9@?!A¢5�A85>9;GÄ5><=u=Y89;oPY8587�m;YXAfB;AR�FonA89@H�ApoPY8587�m@YXQ¯9;G-9!S8o�?KS�tTSXS oPY8587�m;Y8H�ApoPo�GPA�5�S�U>?@3
?KSp7�QIB;Af5%<jtpAp?KAC9;7:<=m!A8A�tpApQRu=G-wewg7:m;7:QF?!GPAXA8o-GxU%ZF?KS8o-W8m@U%Z=HyS8Q

{
dC1(t)

dt
= K1CP (t)− (k2 + k3)C1(t)

dC2(t)
dt

= k3C1(t)
.
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G�<FtpAy*j�'Á 18 D Ã D ´�Ff��Q 5><=oP587:<F?!<FHyG-9@?KAf5><FtTAXA�tTA�oPYX5p7�m;Y8H�A8o-o�G¦Áº\X\F³=9�+�\{«XÀ Ã +

G�<FtTA89;9;Al*LB;A�u=G-æ�7�m@7�Q>?;GnAXApo-G�U%Z>?!S8o-WXmJU%Z=HyS89;9;S�:d��<z5TSVU%?;7:?@?rUVB@7�Q|9@U%HIÉ�YXoPG-7�Q»H�7�m@5>G�3
?6U%5>9;7:?§Y�tTAp?V�

CP (t) :
tpApo-?!G-H�YX�FoPA89@HyA8Q»Á 18 D Ã D ´�Fz36�=G�?!Y8G-9;<F<=9�Z=7
?!587�o-onS t,

C1(t) :
Z=Y8HyYX¤87�7�QFGP9;7:QR�����E3rApoP<=7:7�Q¯Á 18 D Ã D ´�F�3O�=G-?;YXG�9;<=<=9ÐZ=7:?;587�oPoPS t,

C2(t) :
Z=Y8HyYX¤87�7�QFGP9;7:QR�����E3rApoP<=7:7�Q¯Á 18 D Ã D ´�F�36}T3r.h36�=G�?!YXG-9@<=<=9�ZF7:?!587:oPoPS t,

K1 :
Á 18 D Ã D ´�F�3OHy7:m;5>5>GnA8G�Q=7�7:Q�t%GPm@?!AXA8H�G-9J?KA¨tTA8o-?;GPH�Y�tX7�m@GP9@<=YXQ{?!7�Q��=onA89@H�Ap9J3
?KAf5%<Fu=YX5>9;7:7�QÑ5><FtTAXA�tTA�9;G-GPm@?6U%H�SpQ=YX��7:<=9@tpAp5%G-Y=³

[ ¢)£¤ ¢)¥§¦ ],
k2 :

Á 18 D Ã D ´�F�3OHy7:m;5>5>GnA8G�Q=7�7:Q�t%GPm@?!AXA8H�G-9J?KAI5><=uFYX5>9;7�9@?!A�tpA8o�?!G-H�Y�tX7:m;G-9;<=Y8Qj3
?!7�Q¢�=oPA89;HyAXA8Q�5><FtTAXA�tTA�9;G-GPm@?6U%H�SpQ=YX��7�<F9@tpAp5%G-Y=³

[ 1¢)¥§¦ ],
k3 :

Á 18 D Ã D ´�FC�ºQ 5%<Fu=YX5>9;7:9!9!AlÁ 18 D Ã D ´¡F�3r}�3r.��º5%9@G�HI<=<F?;?;<=H�GP9@?!AI7:oPG�wgYX9JwgYp3
m@U%onAXAT?!G-Y8?KA¨5><FtTAXA�tTA�9;G-GPm@?6U%H�SpQ=YX��7�<F9@tpA85>G-Y=³

[ 1¢)¥§¦ ].
Áå\X\F³�9:+�\{«{��^>\{«XÀF+ Ã

È§YXH�YX¤87�7�QFGP9;7:Q»�����E3rA8o-<=7�7:QsÁ 18 D Ã D ´�Fz36�FG-?!Y8G-9@<=<F?@?KAyZ=7:?;587�o-onS T
5><FtpAXAVtpAªU%Zj3

?!S8oPW�9!AXA8u=AXA8Q�m!Ap?;5TA8GP9J?!<�A�GPQ{?!7�¤8m;YXG-HyA8o�oPA�u=G-æ�7�m@7�Q>?;GnAXApoPGxU%Z>?!S8o-WXmJU%Z=HyS8Q¨:b��<®U%o-7�H��=G
U%Z{?KS8o-WLZ=7
?!587�9J?KSI«�Z=7:?;587�7:Q

T
+�G§YX9;5TA�5>U%9;7:GPQF7�QªU%ZF?!S8oPW�YXQ�7:Q=9;G-H�H�S8G-9@7�Q�587�m@?!A8oP<%3

t%<=Q¢oPGPQF7VAXA8m@G-Q=7:Q uFG-æ�7�m;7:Q>?;GnAXApoPGxU%Z>?KSpo-W=³jYXQ m!Ap?;5TA8GP9@<

C1(T ) = K1

∫ T

0

CP (t)e
−(k2+k3)(T−t) dt+ Ce−(k2+k3)T .

:J,V«�<
G�AXAVtpA89@9!A©:J,V«�<f9JUjHIÉ�YXo-G

C
?!A8m;58Y8G-?;?!AXA»G-Q>?;7�¤Xm@YXGPHCG-9@tTA85>GPY8?!AF+\G§Y89;5TA`.0/2143O?;<F?!5>G�3

HI<=5>9@7�Q»A8o-<=5>9;Gb³�7�o-G(Z=7
?!587�o-onS
T = 0

³���Y8?!G-onA8A8QR7:oPG-HyG�9@?;WX9;9;Sy7�G�Y8oP7LH�7�m@5>5%GPA8GPQF7:?;?!AF³
9;AXA8u�A8A8QRu=G-æ�7�m@7�Q{?!GnA8A8o-G�U%Z{?KS8o-W8m@U%Z=HyS8o�o-7�:d��<�m;A�B@YXG-?;<=5>9;7:?

C1(0) = 0
B;A

C2(0) = 0
+

G�<=Q¢m!A�B@YXG-?;<=9
C1(0) = 0

9;GåB@Y8G-?;7:?KA8A8Q�U%Z{?KS8o-W%WXQI:r,�«�<�³�Q=G-GPQ G-QF?!7:¤Xm;Y8GPH�G�9@tpAp5>GPYXo�o-7
C9;AXA8u�A8A8Q�m!AT?!5TApGP9;<

C = 0
+{·zS8G-QCYXo-oP7�QC�����E3rApoP<=7:7�Q¢Á 18 D Ã D ´�Fz36�=G�?!YXG�9;<=<j?;?KAzZ=7:?;587�o�3

oPS
T
5%<jtpAXACU%Z{?KS8o-W

C1(T ) = K1

∫ T

0

CP (t)e
−(k2+k3)(T−t) dt.

:r,X,t<
,�}



�%GåB@YXG�?!7
?KAXApQ¢5�AXA�tTAª:J,X,�<�u=G�æ�7:m;7�Q{?!GPAXA8o-G-mJU%Z=HyS8Qu:b��<²ApoP7:Hy��A8A8Q U%Z>?!S8oPW%W8QfB;A�GPQ%3
?!7:¤Xm;Y8GPu�AXApQ Q�SpGPQ 9;AXAp?!<�UjZ{?KS8o-WC�=<=YXo-G-?@?KA8G�Q�Z=7
?!587:9@?KSy«CZF7:?!587:7�Q

T
�

C2(T )− C2(0) = K1k3

∫ T

t=0

∫ t

τ=0

CP (τ)e
−(k2+k3)(t−τ) dτ dt.

:J,�*}<
G�<=Q�m!A�B@YXG-?;<=9

C2(0) = 0
9@GåB@YXG�?!7:?!AXA8QIU%Z{?KS8o-W%WXQ�:J,�*}<
³XQ=G-GPQf9!A8A8u�AXA8Q�B@Y8Z=u=7
?;?!<�A�ZFYp3

H�YX¤X7�7:Q=G-9;7�Qª�����E3rA8o-<=7:7�QÑÁ 18 D Ã D ´�Fz3r}�3r.¯3O�=G-?;YXG-9;<=<j?;?KA�Z=7
?!587�o-onS T
5><FtTAXA�tTAI5�AXA�tTA

C2(T ) = K1k3

∫ T

t=0

∫ t

τ=0

CP (τ)e
(k2+k3)τe−(k2+k3)t dτ dt.

:J,VM�<
G§YX9@5TAfU%Z>?KSpoPWX9@9!S�:r,�M�<4G-Q>?;7�¤Xm@YXG-?!A�tTA¨wg<=Q=5{?!G-Y

CP (τ)e
(k2+k3)τe−(k2+k3)t

YXQ�9;7:��A8m@YXG-?;<FtpAF³>tXY8GPu�A8A8Q�G-Q>?;7�¤Xm@YXGPQ{?!G B@S8meB@7�9J?rU%9@?!SLHI<=<j?;?KAXAj+%·§G-GPQ=�=S�5TA8A�tpAp9@?KAC:J,�M�<
9;7:<=m!A8ACU%ZF?!S8oPW

C2(T ) = K1k3

∫ T

τ=0

∫ T

t=τ

CP (τ)e
(k2+k3)τe−(k2+k3)t dt dτ

= −
K1k3

k2 + k3

∫ T

τ=0

CP (τ)e
(k2+k3)τ

[
e−(k2+k3)T − e−(k2+k3)τ

]
dτ

=
K1k3

k2 + k3

[∫ T

0

CP (t) dt−

∫ T

0

CP (t)e
−(k2+k3)(T−t) dt

]
.

:J,V\,<
G�<=uFYX5>9;7�Q�58YX58Y8Q�A8GP9@m!A8uFGPY{A85{?;GPG�t%G-9@<=<=9

C(T )
³z7�o-G¨5><=u=YX5>9@7�Q Á 18 D Ã 3O�=G-?;YXG-9;<F<=9�³

9!A8A8u�AXA8Q�onSpZ>?!7:7�Q Áå\X\F³09�+D\X«XÀ Ã Q=YTB;A8oPoPA�onAp9;587:H�A8o-oPAÑ?!<j?!5>GP7:oPHyA89;9;A¯S89;587:Q¯B@YXZ=u=7�3
?!<j?®5TAXAVtpAp?(:J,X,t<'B;A�:r,V\,<ÄU%Z>?;7�7:Q��

C(T ) = C1(T ) + C2(T )

=
K1k3

k2 + k3

∫ T

0

CP (t) dt+
K1k2

k2 + k3

∫ T

0

CP (t)e
−(k2+k3)(T−t) dt.
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G�<FtTAÎMF��Á 18 D Ã D ´¡FC�ºQË5><=o-587�<j?!<=H�GP9J?KAä5><FtpAXAVtpAÎo-YX587�m@YXHyA8o-o-Gd³'B@YXQ=5TAäHyYXo-7�H�H�Ap?
5><=uFYX9;o-YX587�m@Y8?®Y�tTAp?®9@<=YXm!A8A8Q U%Z>?;7:U%u=7�9;9!S�tTA8o-?;GPH�Y8�=oPA89@HyA8o�YX587:m;Y%YXQ»Áå\X\F³�9:+�\{«XÀ Ã +

1(<F?!5>GP7:oPHyA89;9;A�B@YXZFu=7:?!AXA8Ql9;7:<=m!AXAVtpA85>9@G¦5%<jtpA89;9;A�My7�9;G�?!7
?;?6U{SÑÁ 18 D Ã D ´�Ff��Ql5><=ox3
587:<F?!<FHyG-9@?KA»5><FtpAXATtpAXA|o-YX587�m@YXHyA8o-o-G-AÑtTA89@?KA8A�tpA¯5><=u=YX5>9@7�Q°58Y858YXQ�A8G-9;m;A8u=GPYXA85{?!GPGxt%Gx3
9@<=<=9:+mG�<Ft%GP7:QË*�B;AhM`o-YX587�m@YXH�Apo-o-Gx?y��YXG-5%587�A�tTAp?ª?;YXGP9@GP9@?!AXA8Q�9;G�?!7�Q�³47
?;?!Sh5><FtTA89;9;A
M H�YXo-7�H�HyAT?�5><=u=YX9@oPYX587:m;Yp?LY�tTAp?�9;<=YXm;AXA8Q»U%Z>?!7
U%u=7�9;9!SRtTA8o-?;GPH�Y8�=oPAp9;HyA8o�Y8587�m;Y%Y8Q�+
G�<FtTA8QRMCoPY8587�m@YXH�Apo-o-G-A¨tTA89@?!AXACu=G�æ�7:m;7�Q{?!GPAXA8o-G�U%Z{?KS8o-W8m@U%Z=HyS

{
dCa(t)

dt
= K1k2

k2+k3
CP (t)− (k2 + k3)Ca(t), Ca(0) = 0

dCb(t)
dt

= K1k3

k2+k3
CP (t), Cb(0) = 0

.
:J,V}�<

´§G-æ�7�m;7:Q>?;GnAXApoPGxUjZ{?KS8o-W8m@U%Z=HySpQ�:r,�}�<0U%oP7:HyHyS8QyUjZ{?KS8o-WXQª9!AXAIm!AT?!5TA8G-9@?;<�ALtpA89@?!AXA�tTA8oPoPA
H�7�QF7:?!7:oPHyS8o-oPSÑ5><=G-Q�u=G�wewg7�m@7�QF?;GnAXApo-G�U%ZF?!S8o-WXmJU%Z=HyS8Q«:d��<¨U%oP7:HyHyS8QäU%Z{?KS8o-WXQ�+0´§G-wewg7
3
m@7�QF?;GnAXApoPG�U%Z{?KS8o-W8m@U%Z=HyS8Q�:J,�}}<ªA8oP7:H��=G§U%Z>?KSpoPWsm;Ap?!587�AXAsGPQ{?!7:¤Xm;YXG-HyApo-o-A`�=<=YXo-G-?;?!A8G�Q
ZF7:?!587:9@?!S�«fZ=7:?;587�7�Q

T
B;AC5�S�U>?;?!S8HyS8oPoPSIA8o-5%<F7�Z>?;Y{A

Cb(0) = 0
+#�®Ap?!5�A8GP9@<¢Y8Q

{
Ca(t) = K1k2

k2+k3

∫ T

0
CP (t)e

−(k2+k3)(T−t) dt

Cb(t) = K1k3

k2+k3

∫ T

0
CP (t) dt

,

B;Af5><=u=Y85%9@7�Ql58YX58YXQ=A8GP9@m!A8u=G-Y{A85{?!G-G�t%G-9;<F<=u=7�5>9@G
C(T )

9!AXApu�AXA8Q

C(T ) = Ca(t) + Cb(t)

=
K1k3

k2 + k3

∫ T

0

CP (t) dt+
K1k2

k2 + k3

∫ T

0

CP (t)e
−(k2+k3)(T−t) dt.
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uFYX5>9;7�9J?KA`Áå\>* Ã +������E3rA8o-<=7f58Y%Y89@?!<=<|9@GPGP9�oPS8Z=7:9�A8GPQ�A�5><FtTA8Q`\F+�¸¶HI<=5TApGP9;7:9@?!A Z=7:?;7
3
m@YX¤X7:7�Q=G-9;7�9J?KAl5><=uFYX9;58Y858Y%7�oPHyA89J?KAF+'��Z{?KS8o-W{SI:r,��}<�tXYXG-u�AXA8Q|9;Y�tX7�o�?KAXAR5><=o-oP7:5%G-Q|5><j3
uFYX9;58YX58Y%7:oPHyA8Q�ZFYXHyY8¤X7�7:Q=GP9@7�o-oP7²YX9;A8oPo-7²7�m;G-5>9;7�7:Q�+=Þ8YX945><=uFYX9;58Y858Y%7�oPHyA89J?KA�tXYXGPu�A8A8Q
7:m;Y8?@?KAXA

n
7�m@GPo-oPG�9@?!SRZ=YXH�YX¤X7:7�Q=G-9@?!AlYX9!A8AF³¦QFGPGPQ`5><=Q=5>GPQäYX9!ApQËÁ 18 D Ã 36�=G�?!YXG�9;<=<=5>9@GP5>9;G

9;AXA8u�A8A8Q




C1(t) = K11k31

k21+k31

∫ T

0
CP (t) dt+

K11k21

k21+k31

∫ T

0
CP (t)e

−(k21+k31)(T−t) dt

C2(t) = K12k32

k22+k32

∫ T

0
CP (t) dt+

K12k22

k22+k32

∫ T

0
CP (t)e

−(k22+k32)(T−t) dt+++
Cn(t) = K1nk3n

k2n+k3n

∫ T

0
CP (t) dt+

K1nk2n

k2n+k3n

∫ T

0
CP (t)e

−(k2n+k3n)(T−t) dt

.

:J,VÀ�<
¬ ��?�-�������	���%&�����O���� A%$%$��%&�����,�$���
	��� /%�-

C(T )
?KApm;58YXG�?;?KA8AC.D/2143O5TA8H�7�m;A8QlH�G�?;?KA8AT3

HyAXA������E36A8oP<F7�7:Qs5%<Fu=YX5>9;G-9;9!A¯YXo-7:tpA8QsH�7�m;5>5>GnApGPQ=7:7�Qs58YX58YXQ�ApGP9;�FG-?!Y8GP9@<=<=9@wg<=QF5>?;GPYT3
?!AF+=�j7�Y8Q�H�A89@9!A8Qª9;<=Z{?!7�7:Q¢��A8G-Q=Y8?!7
?;?;<�m;A8u=G-YX5{?!GPGxt%GP9@<=<=u=7:Q�587:9;5>GP�FG-?!Y8GP9;<F<=9Ð5TA8G-5%G-9J3
?!AÑA8o-<=7�7:QhZ=YXH�YX¤X7:7�Q=G-9;GP9J?KA¢5><=u=YX5>9;G-9@?!AF+2��oP7
?!7:?!AXA8Q�³(7
?;?!S

wi, i ∈ {1, 2, . . . , n}
³

?!A8m;58Y8G-?;?!A�tTAp?zZ=YXH�YX¤X7:7�Q=G-9@?!7:Q�YX9;A85><=u=YX9J?!7:Q¯H�Ap9;9!ApQ�9;<=Z{?!7:7�Q¯oPA89;587
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kij = 0
³p5><=Q

i ≥ m
B;A

\=,



j ∈ {P, 1, 2, . . . ,m−1}
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HyAXA8o-G-9;<F<=u=7�Q Q=YTB;A8o-onAj³j7:?@?KS

S∗(0)S(t) =
cSi(t)

di

=
n∑

j=1

|αj|
2e−βjt.
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S = D−1C

9;7:<=m!A8AF³�7:?@?KS

Ci(t) =
di

2

c

n∑

j=1

|αj|
2e−βjt.
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i
HyA8o-o-G�QyA8G-Q=Y{A�5><j3
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9@GP7:Q�HI<=5TApGP9;7:Q�o-YX587:m;YXHyA8o-o-G�Qfo-YX587:m;YXG-u=7�QIUjZ{?!7:7�Q=oPA89;587
?!<=Q�H�7:m;5>5%GPA8G-Q=7��=G�?!YXG�9;<=<Fu=7�Q
HI<=<j?!YX90Y8Qy�=oPA89;HyA8o-Y8587�m;Y8Q

P
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i
tpS8o-GP9J?!7�QC9;G-GPmJ?rU%HyS8Q=YX��7:<=9@tTA85>GPYXGx3

uF7�Q
kPi

B;A
kiP

7�m@Y8?!<=9:�

dSi(t)

dt
= kPiu(t)− kiPCi(t)

:b�X�}<
ÁºM{�%³�9:+��8}XM Ã +

�j<=o B@7:?!<FQ oPYX587:m;YXHyA8o-o�G-Q¹?KAp��A8<=5>9;7:9;9;A[t%G-m@?KAp<=9¯oPY8587�m;Y8H�Apo-o-G�9@?KAµU%H���S8m@GP9@?;W%WXQ�³
kiP

³=YXQ¢Q=Y8oPonAj+j1²S8oPo-WXG-Q�5�AXA�tTA89@?!AE:b�X�}<�B;S8S§B;S8oåB@7:oPo�7
dSi(t)

dt
= kPiu(t) = kPi

∫ t

0

u(τ) dτ.
:b�8}�<
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kiP > 0
B;Az�>U%5TSponS8QC�j+�*j+�,X+�*§Q=YTB;A8o-onA

βj

YXQI��YX9@G-?!G-G�t%G-Q=7�Q¨m@7VAXApoPG-o-<=5><�+
~�A8<F9;7:?@?KAy�j+��C5�S�U>?;?!S87�Q¢9!AXA8u=AXA8Q�³=7:?@?KS

Ci(T ) =
n∑

j=1

αj

∫ T

0

u(t)e−βj(T−t) dt,
:b�X�}<

H�GP9@9!S¢5TA8G-5>GPoPo-A
j ∈ {1, 2, . . . , n}

Y8Q
αj ≥ 0

+4ÁºM{�%³(9�+á�p}XMF+ Ã �jG B@YXG-?@?KApHyApo-o-A 5TAXAVtpA:b�X�}<ÄU%Z{?KS8o-W%WXQu:E�8�}<
³=9;AXA8u�A8A8Q
dSi(t)

dt
= kPiu(t)− kiP

n∑

j=1

αj

∫ t

0

u(τ)e−βj(t−τ) dτ.
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HyA8oPo-AI9@7��=<FYXoPG�?;?KApG-QªZ=7:?;587�9@?!S�«fZ=7:?;587�7:Q

T
+

Si(T )− Si(0) = kPi

∫ T

0

u(t) dt− kiP

∫ T

0

n∑

j=1

αj

∫ t

0

u(τ)e−βj(t−τ) dτ dt.
:E�p��<

k¢7�m;5>G�?KSXS8Q�U%Z>?KSpoPWXQu:E�p��<4YX9;AXA
∫ T

0

n∑

j=1

αj

∫ t

0

u(τ)e−βj(t−τ) dτ dt
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I = α1

∫ T

0

∫ t

0

u(τ)e−β1(t−τ) dτ dt+ α2

∫ T

0

∫ t

0

u(τ)e−β2(t−τ) dτ dt+ · · ·

+αn

∫ T

0

∫ t

0

u(τ)e−βn(t−τ) dτ dt.
:b}j,t<

±DA8G-Z=u=7
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I = α1

∫ T

0

∫ T

τ

u(τ)e−β1(t−τ) dt dτ + α2

∫ T

0

∫ T

τ

u(τ)e−β2(t−τ) dt dτ + · · ·

+αn

∫ T

0

∫ T

τ

u(τ)e−βn(t−τ) dt dτ

= −
α1

β1

∫ T

0

[
u(τ)e−β1(T−τ) − u(τ)

]
dτ −

α2

β2

∫ T

0

[
u(τ)e−β2(T−τ) − u(τ)

]
dτ

− · · · −
αn

βn

∫ T

0

[
u(τ)e−βn(T−τ) − u(τ)

]
dτ

= −

n∑

j=1

αj

βj

∫ T

0

u(τ)e−βj(T−τ) dτ +
n∑

j=1

αj

βj

∫ T

0

u(τ) dτ.
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S(0) = 0

³
9!A8A8u�AXA8Q oPYX�F<=o-?!A¨?!<FoPYX9

Si(T ) =
∑n

j=1
kiP αj

βj

∫ T

0
u(τ)e−βj(T−τ) dτ −

∑n

j=1
kiP αj

βj

∫ T

0
u(τ) dτ

+kPi

∫ T

0
u(t) dt.
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γj ≡

kiP αj

βj

B;A
K ≡ kPi −

∑n

j=1 γj

+��jGåB@Y8G-?@?KApHyApo-oPAf<F<=u=7:?zHI<=<F?@?!<TB;AT?
γj

B;A
K
U%Z{?KS8o-W%WXQu:b}8M�<49!A8A8u�AXA8Q�³�7
?;?KS

Si(T ) =
n∑

j=1

γj

∫ T

0

u(τ)e−βj(T−τ) dτ +K

∫ T

0

u(τ) dτ.
:d}8\,<

��o-7:?!<F5%9@GP9J?KA
βj > 0

³
kiP > 0

B;A
αj ≥ 0

9;7:<=m!AXAj³'7
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γj ≥ 0
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ai

5><=u=Y89;oPY8587�m;Y89;9!A
i
YXo-7:tTA8Q H�AT?!7�m@GnAXApo-G�QªH�SXSpm!SXSj+���o-58Y%YXQ

kijHyAp?;7�m;GPAXA8o�G-QyoPYX587:m;YX9J?KA
i
o-YX587:m;Y%YXQ

j
t%G-m@?KA8A8HyG�9@?KA�5%<jtpAXAVtpAf9;G-GPm@?6U%H�SpQ=YX��7:<=9@tpAp5>GPY=+

1²SpoPoPW8G-QIo-YX587�m@YX9@?!A
i
oPYX587:m;Y%YXQ

j
9;G-GPmJ?rU>tpSpQCHyAp?;7�m@GnAXApo-G�QIH�S8S8m!SzY8Q

kijai

+{~'YX587:m;YX9J?KA
i
��Y8GP9@t%G-m@?KA8A�tpApQ HyAp?!7:m;GPAXA8o�G-Q�5pYX58YXQ�A8G-9;HySXS8m;SI9!AXA8u=AXA8Q¢oPA89;587:H�ApoPoPA¨9;<FHyHyA

(kiP +
n∑

j=1
j 6=i

kij)ai,
:b}X�}<

B@Y89@?KA�5TS�U>?;7:?KS8S8Q�o-U%Z=7:Q=Q>U%9@Hy7:m;5>GPQ{?KSXS
kiiai

+>kRAp?!7:m;GnA8A8oPG�HyS8S8m;Sp?
a1, a2, . . . , an
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587:oPoPS

t
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dai

dt
=

n∑

j=1
j 6=i

kijai − kiiai.
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i ∈ {1, 2, . . . , n}
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da

dt
= Ka,
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a
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a1, a2, . . . , an
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Kij =

{
kij,

B@YX9
i 6= j,

−kii,
B@YX9

i = j.
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det (K− λI) = 0
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det (K) = 0
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m ∈ {1, 2, . . . , n}
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m,m + 1, . . . , n,

H�GP9@9!S
m ∈ {1, 2, . . . , n},
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CP (t)e
−β1(T−t) dt+ α2

∫ T
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CP (t)e
−β2(T−t) dt+ VBCB.
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εj = Cobs(Tj)− Ĉ(Tj) = Cobs(Tj)−
n∑

i=0

α̂i

∫ Tj
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CP (t)e
−βi(Tj−t) dt.
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C̃obs(Tj) = Ĉ(Tj) + ε̃j, j ∈ {1, 2, . . . , l}.
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[ε̃1 = ε5, ε̃2 = ε1, ε̃3 = ε7, ε̃4 = ε2, ε̃5 = ε7, ε̃6 = ε3, ε̃7 = ε5, ε̃8 = ε4] � . :bÀX�}<
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?;?KSL?!7:m;H�GP7�Q�B;S8mgB@7:9@?6Uj9J?KS¨tpA8G-Z=u=7
?KAXA8Q
�=A8onA8<j?;?KAp7�Q�³F9;G-oPoPSIA8oP5>GPY

ε7
7�9;G-GPQ{?rU>Uª5TA85>9;G'587�m@?!AXAF+

±2UXWXmJU%?6U%9@?!S�B;Ap?;587:?!AXA8Q¢oPA89;587:HyA8oPoPA¨9;��7:5{?!m!A8A8oPGPA8Q�A8o�U>U%9;G�9@UXWp?;?!7:7�o-onS

C̃obs =
[
C̃obs(T1), C̃obs(T2), · · · , C̃obs(Tl)

] �
.

�{*



kR7:m;5>G-?!SXS8Q¶?;<=oPY85%9@7�Q�Aê9;AXAp?;<�A¹tX7:5{?!YXm@GnAê9JU%HIÉ�Y8oPG-o-oPA
α̃(1) +�G�<=Q�7:u=7�o-onSv5%<jtpAp?@3

?!<=AÎt>UXWXm@U>?6Uj9@�=m;YX9@7�9!9;GPA�?!YXG-9@?;7:?KA8A8Q
k > 100

587�mJ?KAXAF³²9!AXA8u=AXA8QÒ?!<FoPYX9JtX7�5{?!Y8m;7�G-9J3
?KAêHI<=Y%u=Y89@?!7
?;?;<�A

k × n
3OH�Ap?;m;G-G�9;Gb³²B@YXQF5TA�m@G-t%GPQ

i
HI<=Y%uFYX9@?!AXA¹tX7:5{?!YXm;G

α̃(i) ³
i ∈ {1, 2, · · · , k}

+#~'YX�F<=5>9;G'tX7:5>?;YXm;7:GP9J?KA
α̃(i) HI<=Y%u=YX9J?!7:?!AXA8Q 587�9@5%GPA8m@tXY�tX7�5{?!Y8m;G

α̃ =
1

k

k∑

i=1

α̃(i).
:bÀXÀ�<

Ì sd�Ps-� Í ���#^�������$f^����(_hcg������cd�

��oP7
?!7:?!AXA8Q�³T7:?@?KS�Z�AVtpA8G-Q=Q=Y8?¦t8YXGPu�A8A8QIm@U%Z=H�G-?;7�oPo-S®tTA8m;GPA8Q=9@9;GPQF9!AzHf<F5TAXA8QI9;G�?!7�Q�³87
?;?KS
9!ApH�AXApQ�B@YX<=5>58Y%YXQ�5><=<=o-<Ft%GPo-onA�H�G-?@?KA8<F9@?!<FoPY85%9@GPo�oPA�YXQª587�9@587�Q�SXSpQ¢oPG-5>GPH�SXSpm;G�Q�9;A8H�A
tpA8m@GnApQ=9;9;Gb+j·zSpGPQ�m@U%Z=H�G-?;7�o-o�U%o-o-7®u�AT?KA8o-oP7®YXQªo-<=YXQFQ=YXoPo�G-9@?!A�9;<=Y8m;G-?@?KAXA�t>UXWXm@U>?6U%9²5><=o-oP7�3
5>GPQ¨B@YX<=58YXo-oP7�7:m;GP5>9@7�7:Q�+

��o-7:?!7
?KAXApQ�³�7:?;?!S
w1, w2, . . . , wl

Y�tTAp?|Z=7:?;5>GPoPoPS
T1, T2, . . . , Tl

9;<=YXm@G-?;7:?;?;<TB@7�Q
H�G-?;?!A8<=5>9;G-7�QI587�9@5%G-Z�A�B@YXQ>?;YXGPZFGPQ

σ1, σ2, . . . , σl

tX7:m;m!ApQ=Q=YXo-oPG-9;7
?2��ApGPQ=Yp?V+{��o-58Y%YXQ
α̂ =

[α̂0, α̂1, · · · , α̂n] � 5{U%9;7:GP9;G-oPoPS²��ApGPQ=YXG-o-o-A�oPA89;587
?!<=Q¨9@��7�5{?!m!A8A8oPGPA8Q�A8o�U>U%9;GPQ�?!<=o-YX9@tX7:5>?;YXm;GB;A

r = [r1, r2, · · · , rl] � =

[
ε1

w1

,
ε2

w2

, · · · ,
εl
wl

] �

��A8G-Q=Y8?;7:?;?;<ÑH�G-?@?KA8<=9Jt%GPm;ZF7:tX7:5>?;YXm;Gb³�5><=Q
εj
³
j ∈ {1, 2, . . . , l}

³�Y8Q�HySXS8m@G-?;7�o�?6U 5TAXA�3
tpA89@9!AE:dÀX}�<�+

±áUXWXm@U>?6Uj9§A8o-YXG-?;7:?!AXA8QªHI<=Y%u=YX9J?KA8HyA8o-o-AI5�A8GP5>G-oPoPA
j ∈ {1, 2, . . . , l}

Z�AVtpA8G-Q>?;Y

C̃obs(Tj) = Ĉ(Tj) + wj r̃j =
n∑

i=0

α̂i

∫ Tj

0

CP (t)e
−βi(Tj−t) dt+ wj r̃j.

:bÀX��<

G�AXA�tTA89;9;A�:dÀX��<D?;7�m;H�G-?
r̃j
tpA89J?KAXAVtpAp?®A8o-5><=��7�m;S8GP9@7�9@?!Sf��ApGPQ=Y8?;7:?;<=9@?KAIH�G-?@?KA8<=9Jt%GPm;ZF7
3

tX7�5{?;YXm;G-9@?KARt%UXW8m@U>?;?!S8H�SpoPoPSRA8GP5�AXA8Q=9;AXA8u=<FQhtX7:5{?!YXm@GPQsA8o-5>GPYXGx?KAj+'±2UXWXm@U>?6U%9;�=m;Y89;7�9;9;GnA
B;Ap?;587:?KA8A8Q¢�{Uj5�S8onSpQl�j+-,8+-,�t%GPG-Hy7:G-9;7:9;9;SC5�A8�=��A8o-7�7:9;9!A�5><FtTAp?!<FoPonA¨?KAVtpA8o-onAF+
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3 ñEð 4EW�Y\f�W4û6W�ùFÿÇø)U§ø�ûjø)h@ÿnV�U ù
Z\i0ø)h6ûjüDÿÇþKUzø)U ù,¸Lø�÷4û�f=ü0ü�hJþrü�Uzü¦ö
h2WbW�ù%þKhOhOV ÿnV�V�fFþOûFø�û>û�W�ý>ø)U ¸zü\f=üDÿÇø�û
fFþrø)U ûjþOhrü0ù{û�Z�hKhrþJù{ûjø)U
ZDÿÇþKUzü0þrùjú§ú§÷�ù%þrø)U ø'ù>ûjþJÿnZ0þOU²ûjþJþKU

.áU%5TS8oPS­A8oPY8G-?;7:?!AXA8Qq?!A8m;5�A89@?;7�oP7:H�ApoPoPAj³�H�G-?;7�QÒ�{U%5TS8onSp9;9!Sµ�j+-,|5><FtpAp?;<=Qvt>UXWXmJU%?6U%9J3
H�7�QF7:?!7:oPHyS8Q¹AVtj<FoPonAÎtXYXG-u�AXA8Q¹A8m@t%G-YXGPu=A­9@��7�5{?!m;AXA8o-GnA8Q=A8o-U>U%9;G-Q[?!<=o-YX9@tX7:5{?!YXm@GPQvt%Gx3
QFYX<F?;?!AF+®1²S8HyS8QsB;S8o-587�7:Qv7�u=7
?KSXSpQv?!A8m;5�A89@?;7�o-7�HyAXA8QÒ9;��7�5{?!m;AXA8o-GnA8Q=A8o-U>U%9;G-QË?!<=o-YX9J3
tX7:5{?!YXm@GPQ�H�GP7:oPGxtpA8o�?!A8G�9;7:Q�A8o-5%G-YXQ��=m@YX9;7:Q>?@?!GP�FGP9@?;7�G-u=7�Q�7�9J?!G-HyYXG-Q>?;GPAj+V.2m@YX9;7:Q>?;?;GP�=G-9@?;7�7�Q
AVt%<=oPoPAáB@YXZ=uF7:?KA8A8QI9@��7�5{?!m;AXA8o-GnA8Q�Apo-U>U%9;G-Q�?!<=o-YX9@tX7:5{?!YXm;G-QIA8oP5>G-YXQLo-<=Y8?@?KA8HI<=9JtpS8o-G�?�+�~�YT3
�F<=5>9;G#?KA8m@5TA89@?;7�o-onAXApQ�³XHyG�?!7�QC7�u=7:oPoPS�5TS89@G-?!7:oPo�U%?2?!G-onAp9@?!Y8o-o-G�9;7
?DY8HyG-Q�A8G-9@<=<=u=7
?0tXYXGPu�A8A8Q
B@Y8ZF?KAXAµH�GP7�o-GxtpA8o�?!A8G�9;7:oPo�7h9@��7�5{?!m;AXA8o-GnA8Q�Apo-U>U%9;G-Qv?!<=o-YX9@tX7:5{?!YXm@GP9@?!A|B@YXZ=uF7:?!<FoPoP7`��A8m!A�3
H�7:?;m;G-oPo�78+

Ì s-�gsd� ���2"> ���^��=��adcd�=�(��ae����$Vcd�Î��&�ag��$:��"> ����#^Tcd�Î�'cb����&(��"j�­"%$:��cb_|��cg����c
�%��7�5{?!m;AXA8oPGPA8Q�A8o�U>U%9;G-Ql?;<=oPY89@tX7:5>?;YXm;GPA

α̂ = [α̂0, α̂1, · · · , α̂n] � tXYXG-u�AXA8QÑ�=G�?KSXS�U%ZF?;7
3Q=Sy9!AT?!<=Q=Q=A8GP9JtX7�5{?!Y8m;GPQlm@7VA8o-GP9;AXAp?;G-YXQ=AzB;A�B@Y85TA8G-9@?KAftX7�5{?!Y8m;G-QÑA8oP5>G-Y8?KA
α̂i

U%Z>?;7�Q�Sy9!AT3
?;<=Q=Q�ApGP9;HI<=<j?;?!<�B;A8Q`m;7�A8oPG-9!AXAT?!G-Y8Q�AF+(�FAp?;<=Q=Q�A8G-9;HI<=<F?@?!<TB@G-7�Q

α̂i, i ∈ {0, 1, . . . , n},?;<=Q>?;7�HyAp?;?;YXH�G-7�QÑ?;GPZ=7
U%9@wg<=Q=5{?;GPYXG-u=7�Q
f(α̂i)

Y8oP7:?;7:?!AXA8Q�YXoP7
tpA8Q»HySXSpm;G�?!7:o-?6UVB;S�58YX58Y
tTS8oPG-o-oPS

[0,∞]
+Ä�j7:<=m!AXAVtpA85>9@G®?KApm;5TAp9@?!7:oPoPAXA8Q�³áH�G-?;7�QätX7�5{?!YXm@GPQ

α̂
B;A¯9@7�QµA8o-5%G-YXG-u=7:Q

α̂i, i ∈ {0, 1, . . . , n},
B;A85�A8<F?!<FHyG-7�Q¢YXH�GPQ�A8G�9;<=<F5%9@GnAftXY8GPu�AXApQlA8mJtjG-YXGPu=Aft>UXW8m@U>?rU%9J3

H�7�QF7:?!7:oPHyS8Q A�t%<=o-onAF+
r �=�=^Tcg�V"jad_`� Ì sd�"s ��oP7
?!7:?!AXA8Q�³�7:?;?!S¢5TAXAVtpA89@9!A�:E*8�}<�HySXSpm;G-?;7:?6U%Q¯58YXZ=G-Q�A8Q

εj?;<=Q>?;7�HyAp?!Y8Q�587�mJ?rU%HySpwg<=Q=5{?;GPY�YXQ
F
+{1²S8o-oPWXG�QftX7:5{?!YXm@GPQ

α
7�9J?!G-H�AXAT?!G-Q

α̂
��%$	B-��,�®YXQ

γα̂ =
/

F (α̂)− α.

1²Sp9;9!S�/
F (α̂)

?!A8m;58Y8G-?;?!AXA¢58YXZ=GPQ=A8Q
εj
587:m@?6U%H�Spwg<FQ=5{?!GPYp?KA

F
5TSVU%?@?KS87:QsoPA89;587
?;?;<�A

7:9@?;GPHyAXAp?!G-Q
α̂
Y%uFY8?!<=9;A8m@tXYXAF+

�%��7�5{?!m;AXA8oPGPA8Q�A8o�U>U%9;G-9;9;Sf��A8m!ApHy7
?!m;G-7�Q
αi, i ∈ {0, 1, . . . , n}

��YX9@G-?!G-G�tjG-9@<=<=9;7:Z=u=Y8GP9@?!A
9;AXAp?@?KAXAC9;7:<=m!Ap?!A�t%G-Q=YX<F?@?KAf?!<=o-YX9@tX7:5{?!YXm@GPQRA8oP5>GPY8G-u=7:Q

α̂i, i ∈ {0, 1, . . . , n},
587:m@?6U>3

HySpwg<=QF5>?;GPYXG-ZFG-Q�+j��Q�9;7:o-tTSXSF³j7:?@?KSLtjG-Q=YX<F?@?KA¨7:G�5{UX7:?!SfonAp9;587�HyAXApQªHySXS8m;G�?!7:o-HySpQ��%+-,
?!A�tpApoPoPAF³j58YX9;5�A

α
B;A

F
Y�tpAp?�?!<=Q{?!7:H�Ap?@?!YXH�GPAj+=·®GPG-Q=��S¨t%GPQ=Y8<F?;?!AfYXQ¢7:9@?!G-HyY8G-?KAVtTAF+

kR7�m@5>G-?KS8S8Q �{U%5TS8o-GP7:QR�%+-,X+�,ÄB;AC�j+�,X+�*L?KA8�=AXA8Qªt>UXWXmJU%?6U%9;H�7�Q=7
?!7�oPHyS8Q¢AVt%<=oPoPA¨oPA89J3
587
?;?;<TB;A�tX7:5{?!YXm@GPQ

α̂
7:9@?;GPHyAXAp?;?;7rB;A�9@U%HIÉ�YXo-7�G-Q

α̃(i) B;A�5TA8A�tpA89@9!Au:bÀ8}�<§H�S8S8m;G�?!7:o-o�U%Q
�8\



58YXZ=G-Q�A8Q
εj
587�m@?6U%H�STwg<=Q=5{?!G-Y8?KAl9JU%HfÉ�Y8oPG-o-oPA

F̂
+ÂG�<=QäYXo-7:?!7
?KAXApQ�³�7
?;?!SltX7�5{?;YXm;G-Q

α7�9J?!G-H�AXAT?!G-9;9;A
α̂
YXQRt%GPQFYX<F?;?!AF³#YXQlH¨UXWX9®tX7�5{?!Y8m;GPQ

α̂
7:9@?!G-H�A8Ap?!7:GP9;9;A

α̃(i) t%G-Q=YX<F?@?KAF+
1(YXGP9@GPQ 9;A8Q=Y%7:Q

/
F̂

(
α̃(i)
)
6= α̂.

:b�X«}<
G�AXA�tTA8Q¯:b�8«�<�QFYpB;ApoPoPA¢7:m;Y8?;<=9@?!A�/

F̂

(
α̃(i)
)
− α̂

tXY8GPu�AXApQh5TSVU>?;?KS8SltX7:5{?!YXm@GPQ
α̂
t%G�3

Q=YX<Fu=7�Q`7:9@?!G-HyY8GPQ=QFG-9;9!Aj+�/2u=7:oPo-7�7:Q�³(/
F̂

(
α̃(i)
) YXQ¯U%Z>?KS¢9@<=<=m;G05><=GPQ|5�AXA�tTA89;9;A�:bÀXÀ�<

HySXS8m;G�?!7:o�?6UÎ587�9@5%GPA8mJtXY�tX7�5{?!Y8m;G 1
k

∑k

i=1 α̃
(i) +Ð·zSpGPQµYXoPo-7�Q­9;��7�5{?;m!AXA8o-GnApQ�A8o-U>U%9;G-Q­?!<%3

oPY89@tX7�5{?;YXm;G-Q
α̂
t%GPQFYX<=u=7:Q

γα̂

7:9@?!G-H�A8Ap?!G-5>9;G�9!A8A8u�AXA8Q

γ̂α̂ =
/

F̂

(
α̃(i)
)
− α̂ =

(
1

k

k∑

i=1

α̃(i)

)
− α̂ = α̃− α̂.

:d�F,t<
/29J?!GPHyAXAp?@?!G-7:Q

α̃(i) oP<F5%<FH�SXSpm!S8Q k
5TA89JtpA87:9;9!AL7:H��=GPG-m;G�Q=7�Q§B;A85�A8<F?!<FH�A

F̂
onS8ZF7�9J3

?6U%UIu�Ap?!A8QC9@GP9!Spo-?KSpH�SpQI58YXZFGPQ�A8QI?!Y%u=7:oPo-G-9@?KA2B;A85TA8<j?!<=HyAXA
F
+X·zS8G-QfYXoPo-7�QI7�9J?!G-H�AXAT?;?!G

γ̂α̂

onS8Z=7:9@?6U>U�A89JU%Hy�F?;Y%Y8?;?;GP9@7�9@?;G�?;Y%u=7�o-oPG-9J?KA�t%GPQ=Y8<F?;?!A
γα̂

oP<F5%<FH�SXSpm!S8Q
k
5TA89JtpA87:9;9!AF+

~'<=5><=HySXS8m!SpQ
k
YXoPo-7�9@9!Afm@GPG-?@?KSVtpSpQ�9;<=<=m@GE³=��Sp?;7�7

/
F̂ (γ̂α̂) =

/
F (γ̂α̂) = γα̂.

:b�{*}<
kRSXS8m;G�?!7:oPoPS8S8Q�5�AXA�tTA8QI:b�F,t<4A�t%<=oPoPA¨t%GPQ=Y8<=u=7�Q¢9;<FZ>?!7:7�Ql5pYXmgB;Ap?@?!< 7�9@?;GPHyAXAp?@?!G

α̃ ′ = α̂− γ̂α̂ = α̂− (α̃− α̂) = 2α̂− α̃.
:b�XM}<

��oP7
?!7:?!AXA8Q�³�7
?;?KSÎ7:9@?!G-H�A8Ap?;?;G-7�Q
α̃(i) oP<F5%<FH�SXSpm!S k

YXQÒm@GPG-?@?KSVtpSpQË9;<F<=m;Gb+²1²S8oPo-WXG-Q
HySXS8m;G�?!7:o-HySpQ¢�j+�,4B;AC5�AXA�tXYTB@7:Q�:b�8«t^j�XM}<4QFYpB;ApoPoPA

/
F (α̃ ′) =

/
F (α̂− γ̂α̂)

=
/

F (α̂)−
/

F (γ̂α̂)

=
/

F (α̂)−
/

F̂ (γ̂α̂)

=
/

F (α̂)− γα̂

=
/

F (α̂)− (
/

F (α̂)− α)

= α.
:b�8\�<

G�AXA�tTA8QÌ:b�8\,<�HI<=5TAXA8Qäo-<=5><=H�S8S8m!SpQ
k
YXoPo-7�9@9!Alm;GPG�?;?!S�tTS8Qh9@<=<=m;G4tX7:5>?;YXm;G-Q

α
7�9J?!Gx3

HyAXAp?!G-9;9;A
α̃ ′ 7�G�YXoP7²t%GPQ=YX<j?;?KAj+j/2u=7:oPonS�5><FtpAT?!<=Q�Q><=H�7�7�m@GP9@7�Qª7�9J?!G-H�AXAT?!G-Q�t%G-Q=YX<=u=7:Q

58YXmeB;AXA8H�GP9@H�7�Q=7
?!7�o-HyS8QqYXQ=¤X7:oPHyA8Q�AsYXQÒ9;GPG�?KSÎA8G-Z=7:<F?!<FtTA�7�9@?;GPHyAXAp?;G-QqtpA8m@GnA8Q=9@9;G-Q
5TA89Jt%<�+
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Ì s-�gs-� ���2"> ���^��=��adcd�=�(��ae����$Vcd�`��&(ag��$
��"> ��V��^Tcd�`��ag 'cg���ª½��= j��&(_`���Î�(^���$:"j�����
��cd��cb$
��"%cd��"%��"%$:��cd_`��cd�'��c

G�AXAVtpA89@9!Ay:b*8��<�HySXS8m;G�?!7
?rU%QR58YXZFGPQ�A8Q
εj
587:m@?6U%H�Spwg<FQ=5{?!GPY8Q

Fεj
(x) = PF (εj ≤ x)AVt%<=oPoPA`tXYXGPu=AXA8QqHySXS8m@G-?;7�o-o-ShH�GPo�o-7l?!A8Z�A8Q=9;AsoP<Ft%<=o-oP7

ρ ∈ [0, 1] ρ
�&�#�+-�����	" A /%��#%&�� K�

:g��7�m@à�7�Q{?!G-oP7�<
p(α̂i, ρ) = {a|PF (α̂i < a) = ρ} .

:b�{�}<
1(YXG-9;G-Q|9;A8Q=Y%7:Qh7:9@?;GPHyAXAp?;?;G

α̂i

YXQ
100ρ

�=m;YX9@7�Q{?!GP9@9!A¢?!A8��A8<=5>9@GP9@?!A¢�=GP7:Q=7�H��=G05><=G-Q
p(α̂i, ρ)

+I.2m@YX9;7:Q>?;?;GP�=G-9@?;7:?;?!S
p(α̂i, ρ)

7:GytXYXG-u�A[HySXS8m@G-?@?KS8SË5TAXAVtpA8Qú:b�{�}<¯A�t%<=o-onA
ApQ�A8o-U>U>?;?;GP9@7�9@?;GE³§B@YX9�587�mJ?rU%HySpwg<=Q=5{?;GPY

Fεj

Y8Q ?;<=Q>?;7�HyAp?!Y8Q�+C1²S8oPo-WXG-Q¶t>UXWXmJU>?rU%9J3
H�7�QF7:?!7:oPHyS8o-oPS¢onAp9;587:?;<=Qs9@��7�5{?!m;AXA8oPGPA8Q�A8o�U>U%9;GPQ|?!<=o-YX9@tX7:5{?!YXm@GPQsApoP5>GPYXQ

α̂i

B;A85TA8<F?;<j3
HyA8QCA�t%<=o-onA§tXYXG-u�AXA8QfonA89@587VA�Z�AVtpA8G�?!<=QC58Y8Z=GPQ=A8QC587�mJ?rU%HySpwg<=Q=5{?;GPYXQC7:9@?!G-H�A8Ap?;?;G

F̂εj

+
��oP58Y%YXQ [

α̃
(1)
i , α̃

(2)
i , · · · , α̃

(k)
i

] � �{U%5TS8oPS89;9!S��j+�,ª5><FtTAp?!<=o-onA¢?!A�tTA8oPoPA¢HI<=Y%u=Y89@?!7�3
?;<=QLt%UXW8m@U>?rU%9@�=m;YX9;7�9;9;G-QI?!<FoPYX9JtX7�5{?!Y8m;G-?�9@GP9!Spo-?KSVtpS8Q

k×n
3OHyAp?!m;G�G-9;G-Q�9;A8m!Ap587

i
+8��o-7:?!7�3

?!AXA8Q�³�7:?@?KS°tX7�5{?!YXm@G [
α̃

(1)
i , α̃

(2)
i , · · · , α̃

(k)
i

] � Y8Q°B;S8meB@7�9J?!7:?@?rU¹9;G�?!7�Q�³�7:?;?!S
α̃

(1)
i ≤

α̃
(2)
i ≤ · · · ≤ α̃

(k)
i

+�·®U>?

p̃(α̂i, ρ) = {a|PF̂ (α̂i < a) = ρ} = α̃
(X)
i ,

H�GP9@9!S
X
YXQ�onSpZ=GPH��=SXS8Q�58YX5pYXQ�A8G-9;oP<F5%<F<=Q �>UXW8m;G-9@?!7
?;?6Uy?!<=o-YXQ

ρk
A8m@tXYF+%��Z=u=G-9@?!S87�Q

?!S8HySf5�AXA�tTAXA8QI:b�F,�<49!AXApu�AXA8Q�³�7
?;?KS

p̃(α̂i, ρ) = max
{
0, α̃

(X)
i − [γ̂α̂]i

}
= max

{
0, α̃

(X)
i − (α̃i − α̂i)

}
.

:b�8}�<
G�AXAVtpAXA :d�X}�<¶tXYXG-u�AXA8Q 5�S�U>?;?!SXS¥5TAXAVtpA8Q :b�{��<�7�9@?;GPHyAXAp?@?!G-Q�AF+Î/29@?!G-H�A8Ap?;?;G-7�Q
o-<=5><=HySXS8m!SpQ

k
YXQÑYXo-?!A�tTAy9;G-?!S�9@<=<=m@7�H��=G¦H�G-?!SC?KA8m@587�H��=G�587�mJ?rU%HySpwg<=Q=5{?;GPYXQÑ7:9@?!Gx3

HyAXAp?@?!G�Z=A8oP<F?!AXA8Q�+%1(YXG-9;G-Qª9!A8QFY%7�Q�HyG�?KS�onS8Z=7:Hy�=S8Q�SL��A8m;A8H�7:?!m@G
ρ
YXQ�B;A85TA8<j?!<=HyA8Q

S8S8m;GPA8m@tXY�B;Af«zB;A�,�9;G-?!Sf9;<F<=m;7:Hy�=G
k
tTAXA8u=G�?KAXApQ�+

±�S8ZF7�Q=Q=7
?;?!S87�9@9!S¢7:9@?!G-HyAXAp?!G-Q
α̂i

tjG-Q=YX<j?;?KAª5�AXA�tTA8Q�:b�XM}<®?KAp��AXA8QÑtpSpZ=7�Q{?KS8HyS8ox3
oPS 9;G-G-?!SªtjG-Q=YX<=9

γ̂α̂

³'?!A8��A8Z{?!<=<|7:9@?!G-HyAXAp?!G-Q
α̂i

B;A85TA8<j?!<=HyA8Q¯9;G-GPm@?6U%HyG�Q=7�Q�+�1²S8HyS8Q
t%<=Y85%9@G�HIU8WX9²5TA8A�tpA8A�:b�X}}<4YXQ¢HI<=Y85TAp?;?!A�tTAC9@7�<=m;AXAVtpA89@?;G

p̃ ′(α̂i, ρ) = max
{
0, α̃

(X)
i − 2[γ̂α̂]i

}
= max

{
0, α̃

(X)
i − 2(α̃i − α̂i)

}
.

�X}



Ì s-�)s-) ���0"> ��V^T�F��abcg������ae����$Vcd� ��&�ag��$:��"% ����#^pcd� ��ag 'cg��� ad&��#�V�V��_»&�$
�=��adcg"%�
_`�F�=^��=��_hcd�("%�

�j��7:5>?;m!AXApoPGnApQ�A8o�U>Uj9@GPQ`?!Y%u=7:oPo-G-9@?!7:Qä��A8m;A8Hy7
?!m@GP7:Q
αi, i ∈ {0, 1, . . . , n},

7�9J?!G-H�AXAT?@3
?!G-7�Q

α̂i

?!A8m;5>5><=<F?@?KA|tXYXG-u�AXA8Q­A8m@t%G-YXGPu=A¯HI<=Y%uFYX9@?!A8H�Apo-oPA»5><=o-oP7:5%G-QÎ?!<=o-YX9@tX7:5>?;YXm;G-Q
A8o-5%G-YXo-o�7

α̂i

oP<=Yp?;?KApHI<=9@tpSpoPGd+á1²SpoPonApG-Q=7:Q���������%��#�"-��!%$	B��	>�!�"-� A ���01�,�����}�Ç%�:g? Ú Yp3O9;GPuF7�u
à�Y8QFÝ�u=7:Q=à�7�GPQ{?!7:m@tpApo$<2tXYXGPu�A8A8QªHI<=Y%u=YX9J?KAXA¨oPA89;587:H�A8o-oPA�5TAXA�tTA8Qu:d�X}�<ÄA�t%<=o-onA¨A8oPA8m!A�3
B;A¯:do-Y Ú 7:mªÉ�YX<=QFuP< αiL = p (α̂i, (1− ρ)/2)

B;AhU%oPS8m!A�B;A�:d<F�=��7�m�É�YX<=QFuP<
αiU =

p (α̂i, (1 + ρ)/2)
³áB@YXGPuF7�QÒtpSpoPG-9;9!SÎYXQ

100ρ
�=m@YX9;7:Q>?@?!GnA�7:9@?;GPHyAXAp?!G-Q

α̂i

B;A85�A8<F?!<%3
HyA89@?!AF+BG�<F?!7:Q»�>U%5TS8oPS89;9;S¢�j+�*j+�*y?!Y%uF7:?;?;GPG-Q�³��=m;YX9@7�Q{?;?!G-�=GP9J?!7:G-?KS

p (α̂i, (1 + ρ)/2)
B;A

p (α̂i, (1− ρ)/2)
7:G�tXYXG�HySXS8m@G-?@?KS8S�5TAXAVtpA8Q�:d�{�}<ÄAVtj<FoPoPA¨A8Q�A8o�U>U%?@?!G-9;7�9J?!Gb+F·®7�YXQ�7:9J3

?!G-HyY8G�?!A�tTAI5TAXAVtpA8QI:b�8}�<Ä?KA8�=AXA8Q�t>UXWXm@U>?6Uj9@Hy7:Q=7:?;7�oPHyS8QRA�t%<=o-onAF+
�%��7�5{?!m;AXA8oPGPA8Q�A8o�U>U%9;G-Q���A8m;A8H�7:?;m;GP7:Q���YX9;G�?!G-G�tjG-9@<=<=9;7:Z=u=YXQ�t%<=Y85%9@G>tXYXG-u�AXApQLA8oPA8m!A�3

B;A8Q�AL5TSVU>?;?KS8S¨H¨UXWX9ÐA8mJtXY{A¨«F³VB@YXoPo-YXG�Qy7:9@?!G-H�A8Ap?!G-Q
α̂i

 2-�%&�2�#�P-��&��%&��������%��!�"-� A ���01�,�������
�!%&����%b:dYXQF7
369@GPu=7:uyà:YXQFÝ�u=7:Q=à�7zG-Q>?;7�m@tTA8o$<¦9;AXA8u�A8A8Q

[0, p̃(α̂i, ρ)]
+j�j7:<=m!AXAVtpAp?Ä7:9;G-Hy7:m;5>G-?

Z�AptTA8GPQFQ=YXoPo-G�9@?KATtpAp?4?!YXG-9;�=<=Y8oP7�G-9;7:Q o-<=Y8?;?!A8HI<=9@tTS8oPG�Q�HySXS8m@G-?@?KSpH�G�9@?KSj+
��$Vcb_|"%^� � 'c Ì sd�"s 1�A8m@5TA89J?!7�o-onA8A8Qq?KA8�=A8<=9@?!AF³¦B@Y89;9!AÎZ�A8o-<F?KA8A8QËHySXS8m;Sp?KSh?;YXGP9r3

�=<=Y8oP7�G-Q=7:Q¹oP<=Y8?@?KA8HI<F9@tpS8o-Gb³áB@Y8Z=YXQ
95

�=m@YX9;7:Q>?;?;GnAµ7:9@?!G-H�A8Ap?!G-Q
α̂i

B;Ap5TA8<F?;<=H�Ap9@?KA
5><=<=o-<=<�+F��o-7:?;7:?KA8A8Q��{U%5TS8oPS89;9;Sf�j+�,z5><FtpAp?;<=oPoPA�?KAVtpA8oPoPA�HI<=Y%u=Y89@?!7
?!<=Qyt>UXWXm@U>?6U%9;�=m;YT3
9;7:9;9@GPQ¨?;<=oPY89@tX7:5>?;YXm;G-H�AT?!m;G-G�9;G-Q�9;G-9!S8o�?KSVtpS8Q�?;<=oPYX9JtX7�5{?!Y8m;G-?

α̃(1), α̃(2), . . . , α̃(1000) +�1²S8ox3
oPW8GPQª5TA8A�tpApQI:b�X}}<ÄHy7:m;5>GPQ{?!WTB;SI5�S�U>?;?!S87�Q

X =
«F³��{�

· 1000 = 950
B;Af7�9J?!G-H�A8Ap?;?!G

α̂iYXQ
95
�Fm;YX9@7�Q>?;GP9@9!Af?KA8��Ap<=5>9;GP9J?KAC�FGP7�QF7�H��=G�5><=GPQ

p(α̂i;
«F³��{�

) = p̃(α̂i;
«F³��{�

) = α̃
(950)
i − (α̃i − α̂i).

·zSpGPQ YXo-oP7:Q�Z�A8oP<j?!<=5>9;G�oP<=Y8?@?KA8HI<F9@tpS8o-G-5>9@G�9;AXA8u�AXApQ
[0, α̃

(950)
i − (α̃i − α̂i)]

+
��$Vcb_|"%^� � 'c Ì s-�gs ~�Ap9;587:?!AXA8QI9;7�<Fm!AXAVtpA85>9;Gj?!<F?;5>GPHI<=9;9;A8mgB;ApQf*§58Y%7�ZF7�Q=5>G-oPWXQIQ><j3

H�7�m;Y�ÀCA8QF7�9@?;7�9;GPA8QRA8GP5�A8GP9J?KAI5><FtTA8<=9@?!ACtpA89J?KAXAVtpA8Q ?!<=o-YX9;9@��7�5{?!m@GPQ
{β̂1 = 5

³
67300 ·

10−4; α̂1 = 3
³
54143·10−3}

A8o-5>GPYXQ
α̂1
?;YXGP9@�=<=YXo-7�G-Q=7�Q�oP<FY8?;?!A8HI<=9@tTS8oPGd³OB@YXZ=YXQ�5><=<=o-<=<

:bA}<²«F³��X�F³X:dÉP<²«F³��{�zB;AE:gà�<²«F³��X�C�=m@YX9;7:Q>?;?;GnA�7:9@?;GPHyAXAp?!G-Q
α̂1
B;A85TA8<j?!<=HyA89@?!AF+#~(Ap9;5><F?

9;<FYXm;G�?!7:?!AXA8Q 5TSVU>?;?KSp7�QÑklAT?!Z=7:H�AT?!GPà�A��%+�«¨36YXZ�B@7�oPHyA8AF+
¸§oP<=5>9@G�HI<FY%u=YX9@?;7:?KA8A8QCo-GPQF7VAXA8m@G-9@?!AzGPQ{?!7:m;��YXo-YXG-Q>?;GPA§5TSVU%?@?KS87:Q�G-wn3E?!G-7:u=YX9@?;YXQfA8GP58YT3

B@7�Q�B;A��FonA89@H�ApQ�Hy7:m;5>5>GnApGPQ=7:�=G-?;YXG-9@<=<=5>9;G-7�QyA�t%<=o-onA��=oPA89;HyA8Q�H�7:m;5>5>GnA8G-Q=7��=G�?!YXG�9;<=<j?@3
?KAf5><FtpAXAVtpACwg<FQ=5{?!GPY
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:d5><FtTA�*8«�<�+

�{�
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G�<FtTA�*8«F�T1(<F?!5>G-Hf<F9;9!ApmgB;A8Qf*§58Y%7:Z=7�Q=5>G-oPWXQIQ><=H�7�m;Y�ÀzA8Q=7�9J?!7:9;GnApQCA8G-5TA8G-9@?!A®5%<jtpA8<=9r3
?!AftTA89@?!AXA�tTA��FonA89@H�A8Q�H�7�m@5%5>GPA8GPQ=7:�=G-?;YXG-9@<=<=9Jwg<=Q=5{?!G-Y=+

1²S8HyS8QyB;S8o-587�7:Q»HI<=Y%uFYX9@?;7:?KA8A8Q�9;��7:5>?;m!AXApoPGnApQ�A8o�U%U%9@GPQl?;<=oPYX9JtX7�5{?!Y8m;G-QyB;AªGPu Ú à
3
?;GP7:u=YX9@?;YXQ�wgm@7�G-HyG-Q¶587:9;5>GP58YXZ{?!G-7�Q

Tj, j ∈ {1, 2, . . . , 26}
³zB;AêZ�A�tTA8G-?@?!<TB@7:Q¡5><j3

uFYX9!A8mJtXY
B@7�Q
Cobs(Tj), j ∈ {1, 2, . . . , 26}

³yA�t%<=o-onAê5TAXAVtpA8Q :bÀX}}<ÎApm@tXY �=G-9@?!7:GP9r3
9;S

Tj, j ∈ {1, 2, . . . , 26}
+��jG�?;?!7:QvonAp9;587:?!AXA8QvG-u Ú à�3O?!G-7�u=Y89@?!Y8Qv��ApGPQ=Y8587�m@?;YXGPH�G�7�Q

wj, j ∈ {1, 2, . . . , 26}
³'A�t%<=o-onA��>U%5TS8oPS89;9;SR�j+-,8+N*ªHySXS8m@G-?;7�o�?6UR��A8G-Q=Y8?!7
?;?;<»HyG�?;?!A8<=9J3

t%G-m;Z=7
tX7�5{?!YXm@G
r = [r1, r2, · · · , r26] � =

[
ε1
w1

, ε2
w2

, · · · , ε26
w26

] � +=1²S8HyS8Q¨B;S8o-587�7:Q¢HI<=Yp3
uFYX9@?;7:?KA8A8QÎ5TA8A�tpAp9;9!A�:bÀX�}<¨7:9;G�?!7:?6U%oPoPSl?KAVtpA8o-onAÑApoP5><=��7�m;S8G-9;7�9J?KS�u�Ap?!A89@?!A�Z�A�tTA8GPQ=QFY8?
C̃

(1)
obs, C̃

(2)
obs, · · · , C̃

(100)
obs

B;A`oPA89;587
?KAXA8Qµ9@��7�5{?!m;AXA8o-GnA8Q�Apo-U>U%9;G-Q�?!<FoPYX9y5TSVU%?@?KS87:Q°9@UXW8?J3
?;7�7:Q�S¨Q�S8G�?KS�Z�AVtpA8G-Q>?;YpB;A�5><FtTAXA�t%G-oPonA�G�wn3O?!G�7�u=YX9J?!YTB;AF+{1(<=o-YX5>9;7�Q=AI9;AXAp?;<TB@7�Q�tX7:5{?!YXm@GP7�Q
ApoP5>GPY8?

α̃
(i)
1 > 0, i ∈ {1, 2, . . . , 100}

³�YXQÑ7:9;G-?;7:?@?rUR5�A89@tpAVtpA89@9!ALB;S8meB@7�9@?6U%5>9;7�9@9KSª?!A8<j3
o-<=58YX9@9!A�ÀF+"G�7�9@5%GPA8m@tXY85%9@G

α̃1
9;AXA8u�AXApQR«F³�«X«{*8«X*X*8}XÀj+

~'YX�=<=5>9;G�Z=A8oP<F?;<F?Ä?!YXG-9;�=<FYXoP7:GP9@7:?ÄoP<=Y8?@?KA8HI<=9JtpS8o-G�?DH�S8S8m!ST?KSXS8Q�?!A8<=o-<=58YX9;9;AIÀ¨7�9;Gx3
?;7:?6U%GP9@?!SC��Apm!A8H�7:?;m;GPQ

α̃
(i)
1

A8m@tXYXG-9@?!AF+=1(<=o-YX5>9;7�5>9@G(9!A8A8u�AXApQ�³�7
?;?KS

:bA�<
p(α̂1;

«F³��X�
) = α̃

(99)
1 − (α̃1 − α̂1) ≈ 0

³�«
1019,:gÉP<

p(α̂1;
«F³��{�

) = α̃
(95)
1 − (α̃1 − α̂1) ≈ 0

³�«
08808

B;A
:dà�<

p(α̂1;
«F³��X�

) = α̃
(75)
1 − (α̃1 − α̂1) ≈ 0

³�«
05893.

B;Af9;G-GP94tpA89J?KAXAVtjG-5>9;G�?!YXG-9;�=<FYXoP7:GP9;G-5>9@G�o-<=Y8?@?KA8HI<=9JtpS8o-7�G-5>9;G
:dA�<

[0; 0
³�«
1019],

:gÉP<
[0; 0

³�«
08808]

B;A�:gà�<
[0; 0

³�«
05893]

+
�XÀ



1�A8<=o-<=5>58YRÀj���FAT?KAXAª��ApGPQ=Y8?;7:?@?!<TB@7:Q»H�G-?@?KA8<F9@t%GPm;ZF7�G-u=7�Qlt>UXWXmJU%?6U%5>9!7�Q`A�t%<=o-onA�HI<=YT3
u=YX9J?!7
?;?!<=A¯Z�A�tTA8GPQ{?!Y�tX7�5{?!YXm@GnAÑtpAp9@?KAXAVtpAp?C?!<=o-YX9@9;��7�5{?!m@GP7:Q�Q=YXo-onA89J?KAÑ7�m@Y{AVtpAp?yA8o-5%G-Y8?
α̃

(i)
1

5TAp9@tpAVtpA89@9!A�B;S8meB@7�9@?6U%5>9;7�9;9!SF+

i α1, [1/ ê ] i α1, [1/ ê ] i α1, [1/ ê ] i α1, [1/ ê ]ó�ë ötí ö�ï
·10−5 ð�î ïtí ô�ï

·10−3 ötì ô�í ë�î
·10−3 ë�ò ñtí§ò�ö

·10−3ñ�î ì�íõð�ï
·10−3 ð�ì ïtí§ó�ö

·10−3 ö�ò ó�í î�î
·10−3 ë�ï ñtí§ò�ë

·10−3ñtì ì�í ë�ñ
·10−3 ð�ò ô�í î�ô

·10−3 ö�ï ó�í î�ò
·10−3 ë�ô ñtí ë�ò

·10−3ñ�ò ò�í î�ë
·10−3 ð�ï ô�í�ì8ö

·10−3 ö�ô ó�í�ì8ö
·10−3 ë�ó ð�í§ò�ë

·10−3ñ�ï ò�í§ò�ñ
·10−3 ð+ô ô�í§ò�ì

·10−3 ö�ó ó�í ï�ö
·10−3 ë�ñ ð�í ô�ì

·10−3ñ�ô ò�í ñ@ð
·10−3 ð�ó ô�í ï@ð

·10−3 ö�ñ ó�í ô�ñ
·10−3 ë@ð ð�í ô�ð

·10−3ñ�ó ò�íõð�ó
·10−3 ð�ñ ô�í§ó�ï

·10−3 ö@ð ó�í ñ�ó
·10−3 ë�ö ötí ô�ô

·10−3ñ�ñ ò�íõð�ë
·10−3 ð�ð ô�í ñtì

·10−3 ö�ö ó�í ö�ô
·10−3 ë�ë ötí ñ@ð

·10−3ñ@ð ïtí î@ð
·10−3 ð�ö ô�í ñ�ñ

·10−3 ö�ë ó�í ëtì
·10−3 ì8î�î ì�í î�î

·10−2ñ�ö ïtí�ì8ë
·10−3 ð�ë ô�íõð�ò

·10−3 ë�î ó�í ë�ô
·10−3ñ�ë ïtí ô�ì

·10−3 ö�î ô�íõð�ë
·10−3 ëtì ñtí î�ö

·10−3
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��oP58Y%YXQ
θ
HyG-5TSL?KApZ�A8Q=9;Af9;��7:5>?;m!AXApoPGnApQ�A8o�U%U%9@GPQ�tX7�5{?!Y8m;GP9J?KA

α
m;G-GP�F�=<FtpA¨��A8m;A8Hy7
?!m@GE+

1(YXGP9@GPQR9;A8Q=Y%7:Q
θ = ϕ(α)

³#HyG-9;9!S
ϕ
YXQl�=A8m!A8H�7:?;m;G-Q

θ
B;A�tX7:5{?!YXm@GPQ

α
tpS8o-GP9@?!SCm;GPG-�j3

�=<Ft%<=<j?;?KAC5%<jtpAXAVtpACwg<=Q=5{?!G-Y=+
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K1
onA89@5><=5TAXAVtpAXA

:bMj,t<ÄtpA89J?KAXAC5�AXA�tTA
K1 = ϕ(α) =

n∑

i=0

αi

B;AfHy7:m;5>5>GnA8G-Q=7�7:Q¢uFGP9@?;m;G-É=<=<F?;GPY�tXYXo�U>U%HyG-Q
VD

onA89@5><=5TAXAVtpAXA�:dM{*}<ÄtTA89@?!AXAC5TAXAVtpA

VD = ϕ(α) =

∫ ∞

0

n∑

i=0

αie
−βit dt =

n∑

i=0

αi

βi

.

��o-7:?!7
?KAXApQ�³07:?@?KS|��Apm!A8H�7:?;m;GPQ
θ
7:9@?;GPHyAXAp?;?;G

θ̂ = ϕ(α̂)
Y8Q­HI<=Y%u=YX9J?!7:?@?!<­7:9J3

?!G-HyY8G-HyApo-o-AätX7:5{?!YXm@GnA
α
9;��7�5{?;m!AXA8o-GnApQ�A8o�U%U%9@GPQË?;<=oPYX9JtX7�5{?;YXm;G-oPoPA

α̂
+§/29@?;GPHyAXAp?;G-Q

θ̂
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α̃(i) 5�S�U>?;?!S87�Qª��Apm!A8H�7:?;m;7�G-9@?!A θ̃(i) = ϕ
(
α̃(i)
) +F��oP58Y%YXQ�tX7:5{?!YXm@G

Θ̃ =
[
θ̃(1), θ̃(2), · · · , θ̃(k)

] +¦±07�5{?!Y8m;GPQ
Θ̃
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θ̂ ′ = θ̂ −
[
Θ̃− θ̂

]
,
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Θ̃
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Θ̃
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θ̃(1) ≤

θ̃(2) ≤ · · · ≤ θ̃(k) +�/29@?;GPHyAXAp?;GPQ θ̂
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ρ
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p̃(θ̂, ρ) =
{
θ̂|PF̂ (θ̂ > θ) = ρ

}
= θ̃(X) −

[
Θ̃− θ̂

]
,
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Θ̃
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X
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[θL, θU ]
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θ
YXQ

[θL, θU ] =
[
p̃
(
θ̂, (1− ρ)/2

)
, p̃
(
θ̂, (1 + ρ)/2

)]
.
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θ̂ ′ = θ̂ −
[
Θ̃− θ̂

]
= 2θ̂ − Θ̃.

1²SpoPoPW8G-QLB;A85�A8<F?;<=H�ApQ
ρ
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p̃(θ̂ ′, ρ) =
{
θ̂|PF̂ (θ̂

′ > θ) = ρ
}
= θ̃(X) − 2

[
Θ̃− θ̂

]
.
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